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An Exposition on the Algebra and Computation
of Persistent Homology.

ABSTRACT. We discuss the algebra behind the matrix reduction algorithm for persistent ho-
mology, as presented in the paper “Computing Persistent Homology” by Afra Zomorodian and
Gunnar Carlsson, in the lens of the more modern characterization of persistence modules as
functors from a poset category to a category of vector spaces over a field adopted by authors
such as Peter Bubenik, Frederik Chazal, and Ulrich Bauer.

AUTHOR’S NOTE FOR THE SECOND VERSION.

This copy of the paper is a corrected version of the expository paper submitted in February
2024 before my final oral examination (defense). Because of time constraints and other personal
and health issues, a non-negligible number of errors were not fixed or were not caught in time.
Listed below are the major differences and changes:

(i) Section 2.3 and Section 2.5 contain significant changes and corrections in the exposition
and commentary. The definitions and results presented remain mostly the same, e.g. with
minor changes in notation.

(ii) The entirety of Section 2.4 is re-written. When I was first writing this section, I only
had a tenuous grasp of graded module theory, and this was reflected in the definitions
and explanations I provided. I was also missing a number of important definitions (e.g.
graded submodule) and results (e.g. quotients of graded modules by graded submodules
are graded).

(iii) Introductions to Chapter 3 and to Chapter 4 are added.

(iv) Errors in the commentary and examples of Section 3.2 were fixed. Additional commentary
and images were included at several points.

(v) Section 3.3 had several significant errors, e.g. missing definitions for objects used in the
next chapter, incorrect examples. Some crucial results, e.g. Proposition 3.3.18, were also
not identified in the previous version.

(vi) Section 4.3 “Graded Invariant Factor Decompositions and SNDs” of the old version was
divided into three sections for better exposition: Section 4.3, Section 4.4, and Sec-
tion 4.5. The content is mostly unchanged, with some additional commentary and minor
changes to formatting.

(vii) Section 4.6 “Matriz Calculation of Homology of Graded Chain Complexes” was missing
in the old version because I forgot to uncomment the import line in my KTEX set-up and
somehow missed this in the review. This section contains a brief explanation about how
the results for ungraded chain complexes extend nicely for graded chain complexes, and
another example calculation of persistent homology.

(viii) The list of symbols in Appendix A1l is now grouped by topic. Corrections made in
the previous chapters are also reflected here. Several errors and formatting issues were
corrected in Appendix A2. Some comments made in the previous chapters involving
modules were collected and moved to Appendix A3.

Please note that a significant part of the edits done in this version have not been reviewed or
approved by my advisor (Dr. Christine Escher) as these were made after I had graduated.

— Jason Ranoa
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Introduction

Topological data analysis (TDA) is a relatively new field of study that seeks real-world applications of the theory
of algebraic topology. One such application involves the identification of features on finite datasets (as finite
metric subspaces of RY) by investigating a family of topological spaces constructed using said dataset over some
parameter.

For example, given the dataset X = {x, 72,73, 74} C R? with x; = (2,22), 25 = (6,15), x3 = (22,30),
and x4 = (30, 15), we can construct a family {X, : r € R>} of topological subspaces of R? by taking the union
of 2-disks centered at each x; with radius r € [0,00). This construction produces 6 subspaces distinct up to
homeomorphism, as illustrated below:

N X . X . X

X3 X0 Xi0.9 X115 X13
(r=3) (r = 6) (r =10) (r =10.9) (r=11.5) (r=13)

The collection of homology groups H,(X,) with » € R>¢ and n € Ny and the images of the maps H,(X,) —
H, (X;) on homology induced by the inclusions ¢*" : X,, — X, is what we call the persistent homology of the
family {X,}. This persistent homology then is used to determine certain characteristics of the dataset X. In
the example above, we can determine that the points of X are near one another since the space X, merges into
one path component as early as r = 10.9.

In practice, the calculation of persistent homology happens at the level of simplicial complexes. Following
the example above, an abstract simplicial complex C.(X) called the Cech complex of X with parameter r is
constructed for each r € R>( using the following rule:

For each subset S of X with n = card(S) > 1, S is an (n — 1)-simplex of C,(X) if and only if
the collection of the 2-disks centered at each x; € S with radius r has non-trivial intersection as
subspaces of RZ.

There are seven distinct abstract simplicial complexes in the family {C,.(X) : 7 € Rso} of Cech complexes, as
illustrated below. For clarity, the elements {x1, z2,x3, x4} of X are denoted as {a, b, ¢, d} respectively when used
as vertices of C,(X).

*C *C C C (] C C

C3(X) Cs(X) C10(X) C10.9(X) C11.5(X) C13(X) C15(X)
added a, b, c,d added ab added cd added bc added abc added ad, acd full complex of X

The collection {H,,(C(X)) : r € R>o} of simplicial homology groups then determines the persistent homology
of X by the Nerve Theorem, which primarily states that H, (X,) = H,(C,(X)) as abelian groups for all € Rx
and n € Ny.

In this expository paper, we consider a more general case and discuss the persistent homology H,,(K,;F) of
No-indexed filtrations K, = {Kt}teNo of abstract simplicial complexes (wherein K; C K whenever t < s). More
specifically, we talk about the algebraic background needed for the matriz reduction algorithm for persistent
homology discussed in the following paper:
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Computing Persistent Homology [ZC05] by Afra Zomorodian and Gunnar Carlsson.

The concepts discussed in this paper were then used as basis for a number of software packages such as Ripser
[Bau2l], a C++ package written by Ulrich Bauer that calculates the persistent homology of Vietoris-Rips filtra-
tions, taking finite metric subspaces of RY as input.

This expository paper talks about the concepts in [ZC05] in the perspective of category theory. We have
included an introductory-level discussion of category theory in Appendix A4. For general texts on category
theory, we recommend Category Theory in Context [Riel6] by Emily Riehl and Introduction to Homological
Algebra [Rot08] by Joseph J. Rotman.

Much like how the homology groups H, (K; R) of a simplicial complex K with coefficients in a principal
ideal domain (PID) R are encoded as R-modules, we characterize the persistent homology H, (K,;F) of a
filtration K, with coefficients in a field F as a persistence module over F. This paper is organized as follows:

In Chapter 1:

In Chapter 2:

In Chapter 3:

In Chapter 4:

We provide necessary background information involving simplicial complexes and simplicial
homology with coefficients in a PID R, as well as identify a number of results that will be
useful in the characterization of persistent homology.

We define persistence modules over a field F as a diagram, i.e. as functors Poset(Np, <) —
Vecty, describe the interval decomposition of a persistence module (which is unique up to
persistence isomorphism), and present a category equivalence between the category Persy of
persistence modules and the category GrModyy,) of graded F[x]-modules.

We introduce simplicial filtrations as functors of the form Poset(Ny, <) — A-Simp and
characterize the persistent homology of these filtrations as persistence modules. We also
describe how simplicial homology can be extended to the case of persistence modules, which
we call simplicial persistent homology, and discuss the objects in GrModg,) brought about
by applying the category equivalence between persistence modules and graded modules.

We discuss how the invariant factor decomposition of the homology of free chain complexes
of R-modules can be calculated using the Smith Normal Decomposition (SND) of matrices
over R and how this calculation can be extended to the case of graded F[x]-modules. We also
discuss how this method of calculation, along with simplicial persistent homology, can be
used to find the interval decomposition of persistence modules corresponding to persistent
homology.
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Chapter 1. Simplicial Homology

In this chapter, we review a number of definitions and results involving the simplicial homology of simplicial
complexes. In the field of persistent homology theory, the term simplicial complex is conventionally used to

refer to an abstract simplicial complex

Note that this chapter is not supposed to be a rigorous or thorough treatment of simplicial homology
theory but instead covers constructions that are immediately relevant in our discussion of persistent homology.
As such, proofs for most of the propositions and theorems in this chapter are not provided in this paper but
can be found in standard algebraic topology textbooks. This chapter is divided into the following sections:

Section 1.1. Simplicial Complexes and Geometric Realizations

We discuss abstract simplicial complexes, which are representations of certain topological

spaces, and review some terminology and results.

Note that, after this section, we often drop the modifier abstract when referring to an

abstract simplicial complex, following convention.

Section 1.2. Simplicial Homology with Coefficients in a PID

We provide definitions for the constructions involved in the simplicial homology of (abstract)
simplicial complexes and identify homology as an invariant of the homeomorphism type of

topological spaces.

Section 1.3. Functorial Constructions in Simplicial Homology

We define the category A-Simp of (abstract) simplicial complexes and simplicial maps
and discuss why the constructions discussed in the previous section correspond to func-
tors A-Simp — Modyi and A-Simp — Ch-Mody; where Modpy refers to the category of
R-modules and R-module homomorphisms and Ch-Modg refers to the corresponding chain

complex category.

This functorial perspective of simplicial homology will be relevant in Chapter 3 when

we discuss persistent homology.
Listed below are the main references used in this chapter (in order of decreasing relevance):
1. An Introduction to Algebraic Topology [Rot88] by Joseph J. Rotman.
2. Algebraic Topology [Hat02] by Allen Hatcher.
3. Elements of Algebraic Topology [Mun93] by James Munkres.
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Section 1.1. Simplicial Complexes and Geometric Realizations

In this section, we define a combinatorial representation of topological spaces called a simplicial complex. There
are generally two types of simplicial complexes used in algebraic topology:

1. Abstract Simplicial Complexes (given in Definition 1.1.1), which are combinatorial representations. We
have found that, in the field of persistent homology, the term simplicial complex conventionally refers
to this type of simplicial complex. We follow this convention in this expository paper.

2. Geometric Simplicial Complexes (given in Definition 1.1.8), which are representations of topological
spaces as a collection of subsets of RY for sufficiently high N. Note that, in the more general field of
algebraic topology, the term simplicial complex usually refers to this type of simplicial complex, as seen
in [Hat02] and [Mun93].

For clarity, we do not drop the modifier abstract and geometric when discussing simplicial complexes in this
section. However, under certain finiteness conditions, there is a correspondence between these two types of
simplicial complexes.

We start with a definition for abstract simplicial complexes, taken from [Rot08, p141].

Definition 1.1.1. An abstract simplicial complex K is a collection of nonempty subsets of some set V'
such that the following properties are satisfied:

i. For allv € V, {v} € K, i.e. all vertices are in K.
ii. For all sets 7 € K, if ¢ is non-empty subset of 7, then o € K.

The set V is called the vertex set of K, denoted Vert(K) := V, and an element v € V is called a vertex of
K. If V is finite, K is called a finite simplicial complex.

A simplex o is a set in K. If card(c) = n 4+ 1, then ¢ € K is called an n-simplex of K with dimension
n € Ny denoted by dim(c) = n. A face of o is another simplex 7 of K such that 7 is a subset of o, denoted
T Co. If dim(7) = dim(o) — 1, 7 is called a facet of o.

The dimension of K, denoted dim(XK), is the maximum dimension of its simplices. In this case, we say K is
n-dimensional and write dim(K) = n. A simplicial complex L is called a subcomplex of K if every simplex
7€ Lisin K.

Remarks. (1) Note that, in the context of calculating simplicial homology (as in Section 1.2) and simplicial
persistent homology (later in Section 3.3), we often assume that the simplicial complex K is
finite. While we make an effort to identify this finiteness condition when relevant, some papers
(e.g. [Z2C05]) implicitly assume that simplicial complexes are finite.

(2) Outside of this section, we often denote m-simplices using string notation as opposed to set
notation for brevity, e.g. we write abe to refer to the 2-simplex {a, b, c}. We justify this convention
later in Section 1.2 under Remark 1.2.2 in the context of simplicial homology.

Note that card(A) refers to the cardinality of some set A. In this paper, we have chosen not to use the
conventional notation of |A| for cardinality since the operator | — | is used differently in the context of simplicial
complexes. Note that for simplices o, card(c) = dim(o) + 1. We state some remarks about the vertex set
V := Vert(K) of a simplicial complex K:

1. The vertex set V is often not explicitly identified in a specification of K since V can be identified by

V=U,ex© and V=U{o €K :cad(o) =1}

i.e. as the union of all simplices of K i.e. as the union of all 0-simplices of K
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2. Observe that K can be seen as a subset of the power set 2V of V. Therefore, if V is finite, then 2V is
finite and K C 2V is also finite as a set.

As a sidenote, the notation 2V for the power set of V' comes from the fact that for each set P € 2V,
the set P can be seen as a collection of choices, one for each v € V, whether either v is included in P
or not included in P (i.e. two possible choices for each v € V).

While the vertex set V := Vert(K) of an abstract simplicial complex can consist of points in RY for sufficiently
high N, the elements of V are often defined and interpreted to be indeterminates. Consequently, the vertex set
V and the simplicial complex K generally do not have inherently topological or geometric characteristics. Hence,
the modifier abstract in the name abstract simplicial complexes. As a sidenote, some references call abstract
simplicial complexes as combinatorial simplicial complexes for the same reason. We provide an example of an
abstract simplicial complex below.

Example 1.1.2. Let V = {a,b, ¢,d} be a set of indeterminates. The collection K, as given below, is an abstract
simplicial complex:
{a}, {0}, {c}. {d},
K = {avb}v{a’c}v{bvc}v{avd},{b,d};
{a’ b, C}7 {a7 b7 d}
Observe that the non-empty subsets of {a,b,c}, i.e. the sets {a,b}, {b,c}, {a,c} and {a}, {b},{c} are all in K.
The same applies to those of {a, b, d}.

Abstract simplicial complexes can be related to each other using simplicial maps. We provide a definition
below, taken from [Rot88, p141].

Definition 1.1.3. Let K and L be simplicial complexes.

i. A function f : K — L is called a simplicial map if for all n-simplices 0 = {vg,...,v,} of K,
f(0) = {f(vo),..., f(va)} is a simplex of L (not necessarily of dimension n).

ii. If there exists a simplicial map f : K — L such that o is an n-simplex of K if and only if f(o) is an
n-simplex of L, then we call f a simplicial isomorphism and say K is isomorphic to L. Note that
f: K — L is a simplicial isomorphism if and only if f : K — L is a bijection (between sets of sets).

Note that a simplicial map f : K — L is determined by its restriction f : Vert(KX) — Vert(L) into the vertex
sets of K and L.

Observe that a simplicial isomorphism is a correspondence between the vertex sets of two simplicial com-
plexes. As such, we can interpret a simplicial isomorphism to be a relabeling or renaming of the vertices of a
simplicial complex. We provide an example of this renaming below:

Example 1.1.4. Let K be as given in Example 1.1.2 and define the simplicial complex L using the simplicial
map f : Vert(K) — Vert(L) given by a — vy, b+ va, ¢ — v3, and d — vy. Then, L is as follows:

{a},{b},{C},{d}, f {vl},{vg},{vg},{v4},
K =< {a,b},{a,c},{b,c},{a,d},{b,d}, p ——— L =< {v1,v2},{v1,v3}, {ve,v3}, {v1,v4}, {va,va},

{aab7c}7{aab7d} {’Ul,'UQ,’U?,},{'Ul,'UQ,’U;L}

We can also define L first as above and define the simplicial map f : K — L by a — vy, b — v9, ¢ — v3, and
d +— vy, i.e. writing a correspondence between the vertices of K to those of L. In this case, f defines a simplicial
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isomorphism.

To gain topological information from abstract simplicial complexes, we relate them to geometric simplicial
complexes. As suggested by the modifier geometric, these are composed of geometric spaces like lines, triangles,
and their n-dimensional analogs and are, therefore, more suited for topology-related interpretations, e.g. as
spaces in RY. Before we provide a definition for geometric n-simplices, we list some notation and terminology
for affine spaces and convex hull below, taken from [Rot88, Chapter 2].

1. A subset A C R¥ is an affine space if for every pair of distinct points x,y € A, the line passing through
x and y is contained in A. Equivalently, A C RY is an affine space if there exists a € RY and a vector
subspace V of RY such that A = a+V = {a+v:v €V}, ie. an affine space is a translated vector
subspace of RY.

2. Given a set X C R¥, the affine hull aff(X) of X is the smallest affine space in RY that contains X.
If X = {x03x17 e 7-7;71}, aﬁ(X) is given by

n n n
aff(X) = {Ztixi ERNIZti = 1} = {$O+Zti($i_m0)5tly-~-atn ER}

1=0 =0

= xo + span{zy — xg,...,Tn — To}

We call aff(X) the affine hull spanned by X.

3. Aset X = {z9,71,...,7,} in RY is called affinely independent if the only subset Y of X such that
aff (V) = aff (X) is X itself. Equivalently, X is affinely independent if the set {z1 — x0,..., 2, — zo} is
linearly independent. X is called affinely dependent if X is not affinely independent.

4. Let A C RY be an affine space such that A = a + V for some a € RY and subspace V of RY with

dimension n (as a vector subspace). Then, the dimension of A is n, denoted dim(A4) = n, and we call
A an n-plane. If A is spanned by an affinely independent set {xg,...,z,}, then dim(A) = n.

5. The convex hull conv(X) of a set X C R¥ is the smallest convex set in RY containing X. If
X =A{zo,...,z,}, then conv(X) is given as follows:

conv(X) = conv ({zo, ..., 2n}) = {Zt% eRV: Zt =1 with ¢, >0}

Observe that conv(X) C aff(X).

Note that there are various properties listed above that need to be proven, e.g. an affine space is translated
vector subspace and dim(A) is well-defined. We refer to [Rot88, Chapter 2| for such properties. We provide an
example below involving affine spaces and the affine independence/dependence of sets.

Example 1.1.5. The sets A = {a,b,c} C R? and P = {p,q,r,w} C R3, as illustrated below, are affinely
dependent sets. The affine dependence of A can be shown by the non-empty intersection of the affine hull of
{a,b} (aline) with {c} and that of P by the non-empty intersection of the affine hull of {p, g, r} (the yz-plane)
and {w}.

AT L+ P00 o{lﬁ a _“\Q
ook ' ‘ o @ q<(00,% 9§26
ic a \ine ol wereds q,b '— Lj&r 53233’“&%‘“‘9 N ot .

7;5,63 &M L P weoa) 04,3 mﬁt\:&
aﬁnelavdeeem\; ’ RO
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Symbolically, aff{A} = aff{a,b} and aff{P} = aff{p, q,r} despite {A} # {a,b} and {P} # {p,q,r}. Note that
sets {a,b} = A\ {c} and {p,q,r} = P\ {w} are both affinely independent.

Having these definition for affine planes and convex hulls allow a nice characterization of geometric n-
simplices, as stated below.

Definition 1.1.6. A geometric n-simplex o = [z, ..., 7,] in RV is the convex hull ¢ := conv(xo,...,7,)
of some affinely independent set X = {o,...,2,} of points in RY. The elements o, ...,z, are called the
vertices of o and we say that o is spanned by X. The dimension dim(o) of o is given by dim(o) := n. When
n is arbitrary or unambiguous, we may refer to o as a geometric simplex.

A simplex 7 spanned by some Y C X is called a face of 0. When dim(7) = dim(o) — 1, 7 is called a facet of
o. The (geometric) boundary of ¢ is the collection of all its facets.

Remark. Observe that the terminology for geometric simplices is similar to those of (abstract) simplices. This
choice is intentional.

We provide an example below.

Example 1.1.7. Let X; = {(0,0)}, X2 = {(-1,1),(1,-1)}, and X5 = {(0,1),(—1,-1),(1,—1)} be collections
of points in R%Z. All X1, X», X3 are affinely independent. Illustrated below are the simplices spanned by
X1, X5, X3 respectively with selected points expressed as linear combinations of the corresponding vertex sets.

| 0 | e Vearconbiding e Y-
0o | | v \‘ D=0 0D
° [ N | ‘ a=00)= 3640+ 50,0
| i‘ A f e (-4, 8= 20,0 +§0-D;
LT T e aeol e conbrdos € Yo ‘
X (¥l %] b= (00 = (0,0 * {(,-0+30,-0

As a consequence of the affine independence requirement of the geometric simplices, it can be proven that
each geometric n-simplex is a homeomorphic copy of every other geometric n-simplex, not necessarily living in
the same ambient space RY. See [Rot88, Theorem 2.10, Exercise 2.2.6]. Intuitively, this means that there is a
distinct geometric shape expected of an n-simplex for each n € Ny. For example:

1. Any geometric 0-simplex is a point.

2. Any geometric 1-simplex is a line, homeomorphic to the 1-disk D* = [-1,1] C R.

3. Any geometric 2-simplex is a filled-in triangle, homeomorphic to the 2-disk D? (a circle with its interior).
4. Any geometric 3-simplex is a solid tetrahedron, homeomorphic to the 3-disk D? (a solid sphere).

Thus, there is usually no reference to the ambient space RY and we assume that the ambient dimension N is
large enough, similarly to how we refer to other topological constructs like S™ (the n-sphere). More generally,
an n-simplex is homeomorphic to the n-disk D™ for all n € Ny (with D° taken to be point R® = {0}). This
relationship also extends to the geometric boundary of n-simplices for n > 1. For example:

1. The boundary of a geometric 1-simplex [zg, 1] is the set {[z1],[z2]} of O-simplices, which is homeo-
morphic to the 1-sphere S® = {—1,1} C R. Note that the topological boundary of D! = [~1,1] as a
topological subspace of R is given by 9(D') = S°.

2. The boundary of a geometric 2-simplex [z, x1, Z2] is the set {[zq, z1], [z1,22], [T0, x2]} of 1-simplices.
Observe that the union of these 1-simplices form a loop, which is homeomorphic to the 1-sphere S!, the
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topological boundary of the 2-disk D? as a topological subspace of R?, as illustrated below:
N

%
i E Y%VWM&%T D‘o;‘h/ Vx.,xﬂ
% X O e— 2
J'Q\'MVK’X (¥, %, ¥ (%, %]

That is, the union of the boundary of a geometric n-simplex is homeomorphic to the topological boundary
D™ = 5" of the n-disk as a subset of R" where S™ refers to the n-sphere 5™ = {z € R""! : [z| = 1}. Once
we have established the relationship between geometric simplicial complexes and abstract simplicial complexes,
this notion of boundary extends to the simplices of abstract simplicial complexes as well. We see this later in
Section 1.2 in the context of simplicial homology.

A geometric simplicial complex is then a collection of these geometric simplices with certain properties.
We state this in more detail below.

Definition 1.1.8. A geometric simplicial complex K is a collection of simplices in RY such that
i. If 0 € K, every face of ¢ also belongs in K.
ii. If 0,7 € K, then o N7 is either empty or a common face of ¢ and of 7.

We write Vert(K) to denote the vertex set of K given by the union of all geometric 0-simplices of K. The
Euclidean space RY is called the ambient space of K. A simplicial complex L is called a subcomplex of K
if Vert(L) C Vert(K). If K is a finite set, then K is called a finite geometric simplicial complex.

The underlying space or polytope |K| of K is the topological subspace of RY given by |K| := J, ¢ 0,
i.e. the union of all simplices of K. A topological space X is called a polyhedron if there exists a geometric
simplicial complex K and a homeomorphism h : |K| — X. In this case, the pair (K, h) is called a triangulation
of X.

Remark. In this expository paper, we somewhat abuse notation for triangulations of topological spaces by not
specifying the homeomorphism h : |K| — X, i.e. we often say that K is a triangulation of X.

We want to emphasize that geometric simplicial complexes are a specific type of representation of topological
spaces and that both conditions, as given in Definition 1.1.8, have to be satisfied. In particular, an arbitrary
collection of simplices {c;},.; does not make a simplicial complex. We provide some examples below.

Example 1.1.9. The first two collections of simplices listed below correspond to geometric simplicial complexes
but the third does not.

1. The solid tetrahedron in R? as a geometric simplicial complex.

b “C& [‘ﬂ 1 [C] m
¢ i singes: Tail, [a.d] la, cl 943, U,A), Tady;
s fabic), Ta,b,dl, \ia,c;d],(b,c,o\l
a 4 Bedeges fabed)
% aterahdon oy R,

Note that a, b, ¢, d are points in R? with unidentified coordinates and are not indeterminates.

2. A geometric simplicial complex in R2.
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A\, ConeticSogid Cogx K = €
, 0-cighee (a3, D03, 13, 04, e, 0§ 7
a . 1’5\“Q\(£S fh. A, ledd, M,@,Wﬂ]/ [le ’
¢ a'siﬂq\ic&’ foc.dd
{ Lok

As with the previous item, a,b, ¢, d, e, f are points in R2.

3. The collection H, as illustrated below, is not a geometric simplicial complex since it violates condition
(ii) of Definition 1.1.8. One such pair that violates condition (ii) is the pair [a, c] and [c, d] since their
intersection, [c, d], is not a face of [a, c].

v Calechin =7
0-¢ingies - Tad, V3, T, (Y, (€3 7

¢ d-anies a6, W&, Tacd, Todl, Tcéd,tAed i
& eniees® Lapc), Teded;

¢ Zin\K"

Observe that simply adding the simplex [a, b, ¢, d] to H does not fix the issue. The set {a,b, ¢, d} is not
an affinely independent set and, therefore, cannot generate a simplex. That is, the simplex [a, b, ¢, d] is
not defined.

Abstract simplicial complexes and geometric simplicial complexes are related using the following concept:

Definition 1.1.10. The vertex scheme Ky of a geometric simplicial complex K¢ is the abstract simplicial
complex given by Ky := {A C V : A spans some simplex in K} with Vert(Ky) = Vert(Kg) (as sets). Given
a simplicial complex K 4, we say that geometric simplicial complex K¢ is a geometric realization of K 4 if
the vertex scheme Ky of K¢ is isomorphic to K 4.

Observe that, while we can always generate an abstract simplicial complex from a geometric simplicial
complex, the converse may not be true. However, if the abstract simplicial complex in question has finite
dimension, there always exist a corresponding geometric simplicial complex. We state this as a theorem below.

Theorem 1.1.11. Existence and Uniqueness (up to Homeomorphism) of Geometric Realizations

Every abstract simplicial complex K with dimension dim(K) = d has a geometric realization in R2¢+1. Fur-
thermore, the polytopes of the geometric realizations of K are unique up to homeomorphism.

Remark. We refer to [Mat03, Theorem 1.6.1] for proof of the existence claim and [Mat03, Proposition 1.5.4]
for the claim of uniqueness up to homeomorphism.

The proof of the existence claim relies on constructing a geometric simplicial complex K¢ using
the moment curve. Label the vertices of K by Vert(K) = {v;},.;. By assumption, dim(¢) < d and
card(o) < d+ 1 for all simplices 0 € K. We can determine a lower bound on the dimension N of
the ambient space RY needed for Kg by considering an upper bound on card(c U 7) with ¢ and 7
distinct simplices of K:

card(oc UT) < card(o) + card(7) < (d+ 1)+ (d+1) =2d+ 2

We define N = 2d+1 and consider the moment curve (t) : R — R24*! given by v(¢) = (¢,2,...,t22+1).
The moment curve has the property that for any set G C v(R) with card(G) > 2d + 2, any subset of
G of cardinality 2d + 2 is affinely independent (i.e. G is in general position). We construct a vertex
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set X = {w;},.; of Kg by assigning a unique ¢; € R for each vertex v; € Vert(K) and defining
= (t;). Then, we define K¢ by the condition: {v;,,...,v;,} is an n-simplex of K if and only if
[:L’zo, ..., x;,] is a geometric n-simplex of K¢.

Observe that this result tells us that every abstract simplicial complex of finite dimension determines a
unique topological space by a geometric simplicial complex and that, assuming the dimension is finite, we can
go back and forth between representations as convenient. We provide an example below.

Example 1.1.12. The figure below illustrates a number of representations of the 2-disk D?.

. . " Me“‘
bnu\xﬁﬁam verlek e [aﬂa.s?‘\\:“\jﬂ;“: ePag) (Q(eﬂﬁam?\ M@m‘%@\\

! l fa3, £¥%, 163, ¢L ! a3 058 sk, l a
. 4 ia b3 {blc—i >: fd., azz’/ ia’, “ﬁl Y .
¢ 0l ia oic% 1 .5, 0,05 te a
% (e Ke Ka ¥e 7% (ded
eamdicomicid Ao onigd  Aletmot Singeia 6@\4@’( S “%
CoWgleci Ok wif erdees Ol wifierlies  Covglecin
$a,v,ct 0., 0y, 0%

The correspondence between these representations are identified below:

e e
N —

1. The geometric simplicial complex K¢g in R? with Vert(Kg) = {a,b,c} is a triangulation of D? with
vertex scheme given by the abstract simplicial complex K 4.

2. We relate K 4 to another abstract simplicial complex K p with Vert(Kpg) = {a1, as, as} using a simplicial
isomorphism. We can interpret this to be renaming of the vertices a,b,c of K4 to a1,a92,a3 of Kp
respectively.

3. Kp has a geometric realization given by the geometric simplicial complex Ky in R with Vert(Ky) =
{e1,€2,e3} (the standard basis vectors on R3). Observe that Ky is a triangulation of D? either by
inspection of K or by application of the uniqueness result of Theorem 1.1.11 on |Kg| = D2.

Observe that by Theorem 1.1.11, K4 with d = 2 is guaranteed to have a geometric realization in R2¢+1 = R®.
Note that the theorem does not state that 2d + 1 is the minimal dimension and, therefore, this example does
not contradict said theorem.
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Section 1.2. Simplicial Homology with Coefficients in a PID

In this section, we discuss the homology of simplicial complexes with coefficients in a PID R. Note that the
examples presented in this paper mostly consider cases wherein the coefficient ring is R = Z (in this case, the
homology group is an abelian group) or R =T is a field (in this case, the homology group is a F-vector space).

The construction of simplicial homology involves the creation of a chain complex of R-modules from an
abstract simplicial complex. We use the following definition for chain complexes, taken from [Rot88, p317].

A chain complex Cy = (Cy,0pn)nez of R-modules is an Z-indexed collection of R-modules C,,
and R-module homomorphisms 0, : C,, — C,,_1 such that for all n € Z, 9, 0 911 = 0. The R-
modules C,, are generally called chain groups and the homomorphisms 9,, are called differentials
or connecting homomorphisms.

We follow the convention in [Rot88] and use an asterisk (x) as the “placeholder” for the index of a chain complex.
In contrast, other references, e.g. [Riel6; Rot08], use a bullet (o) and write Cy = (Ch,, Op)nez. We reserve the
use of bullets for persistence modules, introduced later in Chapter 2.

We start with the definition for the chain groups in simplicial homology, adapted from [Rot88, Chapter 7].

Definition 1.2.1. Let K be a simplicial complex and R a PID. For each n € Z with n > 0, define the n*®
simplicial chain group C,(K;R) of K with coefficients in R to be the R-module with the following
presentation:

Generators: All (n+ 1)-tuples (vg, v1, . ..,v,) such that v; € Vert(K) and {vo, ..., v,} is an n-simplex of K.

Relations: For n = 0, none. For n > 1, (vo,v1, ..., Vn) = (Sg07)(Vr(0), Vr(1), - - - » Un(n)) foOr all permutations
7 [n] = [n] with [n] = {0,1,...,n} where sgnm = %1 refers to the parity of .

For n € Z with n < —1, define C,,(K; R) to be the trivial R-module. An n-chain is an element of C,,(K; R). If
R = 7, we often write C,,(K) := C,,(K;Z) and call C,,(K) the n*® simplicial chain group of K, i.e. without
reference to the ring Z.

Remarks. (1) For brevity, we usually use the term “chain group” when referring to a simplicial chain group if
the relation to a simplicial complex is clear from context, e.g. we say C,,(K; R) is a chain group
of K if it has been stated that K is a simplicial complex.

(2) The (n + 1)-tuple (vo,v1,...,v,) described above can be seen as a total order (alternatively,
linear order) on the n-simplex o := {vg, v1,...,v,}. In the statement above, it just so happens
that the indexing ¢ on the vertices v; seems to follow the total order on [n] = {0,...,n} C Ny.
Note that there cannot be repeated vertices on (vo,...,v,). Otherwise, card(c) < n and o
cannot be an n-simplex.

In the context of simplicial homology, the index n € Z is usually called the dimension since each n-simplex
corresponds to an n-dimensional object. We follow his convention throughout this paper to distinguish n from
other indices. Note that the dimension being possibly negative for simplicial chain groups is not an issue since
Cn(K; R) for n < 0 is trivial. In fact, some references like [Hat02; Mun93] do not define such groups since chain
complexes in said references are not typically discussed outside a topological perspective.

Observe that Definition 1.2.1 defines simplicial chain groups as quotient modules and that the elements
of C,(K;R) are cosets of formal sums of orderings of n-simplices of K. Relative to the conventional coset
notation, elements of C,,(K; R) should be written as sums of terms of the form [(vo, ..., v,)] where (v, ..., v,)
is a specific ordering of the n-simplex {vy, ..., v, }. To avoid the abundance of grouping symbols and for brevity,
we introduce alternative notation below.
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Remark 1.2.2. For each n-simplex o = {uvg,v1,...,v,} of some simplicial complex K, define the string
vov1 - - v, and the symbol [vg, ..., v,] to refer to the coset [(Uo, .. ,vn)] € Cn(K; R), specifically with coset
representative (vg, ..., ).

Note that we prefer using the string notation outside this section since we will be defining simplicial homol-
ogy groups later. That is, we prefer writing vovy - - - v, for elements of C, (K; R) so that we write [vgvy - - - vy],
as opposed to [[vg, v1,...,vy]], for the elements of the simplicial homology group H,(K;R) (defined later in
Definition 1.2.9). The notation [vg,...,v,] seems to be taken from that of geometric simplices, as stated in
Definition 1.1.6.

Next, we state a result about simplicial chain groups being free modules, taken from [Rot88, Lemma 7.10].

Proposition 1.2.3. Let K be a simplicial complex and R a PID. For all n € Z, C,,(K; R) is a free R-module.

Proof. For n < —1, C,(K; R) is trivial and therefore free. Assume n > 0. Let G, be the free R-module
generated by (n + 1)-tuples (vo,...,v,) such that {vg,...,v,} is an n-simplex of K. Let S, be the
(free) submodule of G, generated by elements of the form (vo, ..., v,) — (sgnm)(vr(0y, - - - Vr(n)) With
{vg,...,vn} an n-simplex of K and 7 : [n] — [n] a permutation. By definition, C,(K; R) = G,,/ Sy.
For each n-simplex o = {vp,...,v,} of K: define G,, , to be the free R-module generated by all
(n + 1)-tuples of o and S, » to be the (free) submodule of G, , generated by elements of the form

(V0, -+, 0n) — (sgnT)(Vr (0 - - - Ur(ny). Then,

Gn:®Gn7U 5 Sn:@sn}a and Cn<K7R>:LC;”:@<CS¥n70>

oeK oeK S
dim(o)=n dim(o)=n dim(o)=n

Therefore, it suffices to check that each (G, o/ Sn,») is a free R-module.

Let 0 = {vg,...,v,} be an n-simplex of K. Note that by labelling the vertices of o, we are
implicitly imposing a total order on o. Let (o) := (vg,...,v,). Let 7 : [n] — [n] be a permutation
and let (o) € Gy, refer to the tuple (o) := (Vr(0), - -+ Ur(n))- If ™ is an identity permutation, then

(o) = (sgnm)(oy) = (o) = (1)(0) = 0. Otherwise, () — (sgnm)(o,) # 0.

Let B, » be a set of elements in G,, , such that (0)—(sgnn)(ox) € By, » if and only if 7 : [n] — [n]
is not the identity permutation on [n]. Then, B, , is a basis of S, , and {(¢)} U B, , is a basis of
Gn.o. Therefore, the quotient G,, » /Sy.» is a free R-module with basis {[o]} with [o] := (o) + Sh.0.

Therefore, C,,(K; R) is a free R-module. A basis B, of C,(K;R) can be generated from the
union of the bases {[¢]} for each summand Gy, /Sy o u

Remark. In the proof above, we consider the direct sums to correspond to internal direct sums, wherein the
elements of the direct sum need not be tuples. For example, R{(a) @ R(b) = {ria + r2b: 11,72 € R}
(internal), as opposed to R{a) ® R(b) = {(r1a,r2b) : 1,72 € R} (external). However, since these two
notions uniquely determine an R-module up to R-module isomorphism, these are used somewhat
interchangeably.

We want to emphasize that in most texts including [Hat02] and [Rot88], simplicial chain groups are typi-
cally defined on oriented simplicial complexes. Below, we provide definitions for these notions, relative to our
definition of chain groups as stated in Definition 1.2.1.

Definition 1.2.4. Given an n-simplex 0 = {vg,...,v,} of K, the coset [vg,...,v,] = [(vo,...,vn)] €
C,(K;R) is called an oriented n-simplex. An orientation on a simplicial complex K is a total order
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on the vertex set Vert(K) of K. An oriented simplicial complex is a simplicial complex equipped with an

orientation.

Remark. Recall that a total order < on a finite set A = {ao,...,a,} corresponds to a linear ordering of
the same set, i.e. an ordered sequence (ag, a1, ...,a,) of elements of A defines a unique total order
ag < ap < --+ < an of A. Following that convention, we usually equip a orientation to a simplicial
complex K by using a tuple (vg,...,vx) corresponding to a total order on Vert(K) = {vo,...,vn}.

Note that if the vertices of K are indexed with a totally ordered set (e.g. some subset of Z), the total
order on Vert(K) is often defined to correspond to the total order on said indexing set.

Observe that Definition 1.2.1 does not require that the simplicial complex be equipped with an orientation
beforehand. Here, we interpret orientation on the simplices of K (not of the simplicial complex K) to be more of a

consequence of the definition of chain groups. In particular, the relation (vo,...,vn) = (sgnm)(Vr(0ys - - - Ur(n)) €
Cn(K; R) corresponding to an n-simplex o = {vg,...,v,} of K with n > 1 in Definition 1.2.1 corresponds to
the following equivalence relation ~ on the set of all total orders (written as tuples) on o = {vg, ..., v, }:
(Vo,...,Up) ~ (Vr(0)--+>Vn(n)) if  7m:[n] — [n]is an even permutation
(v0,---svn) ~ —(Vx(0)s+-->Vrm)) if 7:[n]— [n]is an odd permutation

Note that parity (i.e. sgnm) is not defined for permutations w : {0} — {0} on one element. The relation ~
produces two equivalence classes for each n-simplex ¢ of K with n > 1, which are often interpreted to correspond
to orientations of the n-simplex o as a geometric object (hence the name). We list some of these interpretations
below:

For n = 1: The geometric simplex corresponding to a 1-simplex {a, b} is a line segment. Then, an orientation
on {a,b} is interpreted to be a choice in direction of said line segment, as illustrated below:

f“lb’ls (“lb) (b/ ﬂ
a \ a \ a \
b b b
For n = 2: The geometric simplex corresponding to a 2-simplex {a, b, c} is a triangle (more specifically, the
convex hull of a triangle). An orientation on this simplex is often interpreted to be a choice in the

direction of rotation about an axis normal to the affine 2-plane spanned by {a,b,c}. The 6 = 3!
possible total orders on {a, b, ¢} partition into two orientations, as illustrated below:

f (a9i0) ‘
“ (oc,a) (| (cib,a) Q
“ (c.ab) || (va.c) ‘J

Note that which rotation is considered “counterclockwise” is determined by the right hand rule
on the chosen direction of the normal vector. This rotation can also be interpreted as a choice
of direction of the vector normal to the place, denoted in the illustration above by the red part
of the axis.

Then, multiplication of [vg, . ..,v,] by —1 € R is interpreted to be a reversal in orientation. Unfortunately, this
interpretation loses effectiveness in higher dimensions (n > 3) as it becomes harder to describe or visualize the
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orientation of n-dimensional objects. It does, however, provide a justification for the definition of boundary
maps.

Instead, we interpret an orientation on K to correspond to a choice of basis on each of the chain groups
Cn(K;R) of K. Since each n-simplex o = {vg,...,v,} of a simplicial complex K is a subset of the vertex set
Vert(K) of K, an orientation on K imposes a total order on ¢ by restriction. Consequently, an orientation on a
simplicial complex K uniquely identifies an (n + 1)-tuple for each n-simplex of K. This motivates the following
definition:

Definition 1.2.5. Let K be a simplicial complex and R a PID. Let <’ be a total order on Vert(K), i.e. an
orientation on K. For each n € Z with n > 0, let the standard ordered basis K,, of C,,(K; R) induced by
the orientation on K be the following set, ordered lexicographically with respect to <':

K, = {[vo,...,fun] :{vg,...,vn} is an n-simplex of K and vg <’ -+ <’ Un}

with [vg,...,v,] as described in Remark 1.2.2; i.e. the symbol [vg, ...,v,] and the string vov; - - - v, both refer
to the coset in Cy,(K; R) specifically with coset representative (vo, ..., vp).

Remark. Observe that there is an immediate one-to-one correspondence between the elements of I, and the
n-simplices of K. Earlier in the proof of Proposition 1.2.3, C,,(K; R) is shown to be a direct sum of
free R-modules G, » /Sy, one for each n-simplex o of K with basis determined by some arbitrarily
chosen total order (expressed as a tuple) on o. K, simply specifies which total order of o is chosen
for each summand G, » / Sn,». That is, the claim of K, being a basis of C,,(K; R) is given by the
same proof as Proposition 1.2.3.

Note that the lexicographic order on /C,, is not entirely critical for the construction of chain groups. For
example, [Rot88] defines an orientation on K more generally to be a partial order on K that restricts to a total
order on o for each simplex o € K. In this case, we are not guaranteed that every vertex vy and wy of K
are comparable and lexicographic order may not be well-defined. Then, IC,, can only be considered a standard
basis, as opposed to a standard ordered basis. However, since we will be calculating simplicial homology using
matrices in Chapter 4, having a “default” order on /C,, becomes convenient for exposition.

Since we have defined an orientation on a simplicial complex K to be a total order <’ on Vert(K), a
lexicographic order on K, is well-defined. More specifically, we refer to a lexicographic order on the tuples
(vo, . ..,vn) of the coset representative of Cy, (K; R). Given two n-simplices {vo,...,v,} and {wo,...,w,} of K:

there exists k € [n] such that
[vo, .-, vn] < [wo,...,w,) if and only if v =w; foralli=0,...,k—1
and v, < wy,

In practice, this means that we compare the k" elements of (vo, ..., v,) and of (wo,...,w,) in increasing index
k € {0,...,n} until the vertices v and wy, are different. Then, whichever coset comes first in the order of K,
is determined by whether vy, or wy, comes first in the order of Vert(K) (i.e. the orientation on K).

Below, we provide an example wherein we identify the chain groups of a simplicial complex K along with
the standard bases on said chain groups.

Example 1.2.6. Let K be a simplicial complex on the full simplex of V' = {a, b, ¢, d}, i.e. the n-simplices of K
are exactly the subsets of V' of cardinality n + 1 and K has the geometric realization of a solid tetrahedron.

Equip K with the orientation by V = (a,b,c,d). Observe that the total order on Vert(K) =V is denoted
using a tuple. Given below are the standard ordered bases ), on the chain groups C,,(K) = C,(K;Z) of the
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oriented simplicial complex K:

Ko = ([al. 1 [c], [a1) K2 = (la,b,c], o, b ], [o, c,d]. b, ¢, ]

K1 = ([0,8), o) la,d), b, b, dl. [e. ) Ks = ([a,b,c.d))

with £ = 0 for n € Z with n # 0,1,2,3. Observe that for n = 2, the oriented n-simplex [a, b, | comes before
[a, b, d] since the first two entries match and we have ¢ < d as elements of V' on the third entry. Similarly, [a, ¢, d]
is listed before [b, ¢, d] since on the first entry, we have a < b on the first entry.

Following Remark 1.2.2, we may write [vg, . .., v,] as a string vg - - - v,, of vertices for brevity. Then, we can

th

describe the n'™ chain groups C,,(K) of K as follows:

Z{a,b,c,d) ifn=0
Z{ab,ac,ad,be,bd,cd) ifn=1
Cn(K) = < Z{abe, abd, acd, bed) ifn=2
Z{abcd) ifn=3

otherwise

o

Examples of elements of C3(K) include o1 = 2abe — abd and o9 = 3acd 4 Tabe — 10bcd.

Next, we provide a definition for the boundary map related to the simplicial chain groups.

Definition 1.2.7. Let K be a simplicial complex and R a PID. For each n € Z with n > 0, define the n'"
boundary map or the n'* boundary homomorphism 9, : C,,(K;R) — C,_1(K;R) to be the R-module
homomorphism given by

8,1([1;0,...71;”]) =3 (1) [vo, - By vn] = Y (=1 v, Vim1, Vi1, 5 U] (E1)

i=0 1=0
where ¥; indicates the removal of the vertex v; in the ordering (vo,...,v,). For n < 0, 9, : Cp,(K;R) —
Cp—1(K; R) can only be the trivial homomorphism since Cy,(K; R) = 0.
An n-cycle is an element of ker(9),, C C,,(K; R) and an n-boundary is an element of im(9y,4+1) C Cp41(K; R).
Remark. It can be verified that Equation (E1) is well-defined for any choice of coset representative of o €
Cn(K; R) (relative to Definition 1.2.1) and produces a well-defined homomorphism. In particular,

for any oriented n-simplex [o] = [vg,...,v,] with an arbitrary coset representative (vo,...,v,) and
for any permutation 7 : [n] — [n], it can verified that

n n

On([v0, -, vn]) = D> (=1)[v0 -y 05, -, vn] = (380 7) D (1) [0r(0)s -+ s i)y - - > V()]
=0 =0
=: (sgnm) 871([7)”(0)7 . ,vﬂ(n)]).

with the first and second equality being given by Equation (1).

Next, we state the property that determines that the collection of chain groups and boundary maps form
a chain complex.
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Proposition 1.2.8. For each n € Z, 0,,05,+1 = 0. That is, im(9,41) C ker(9,).

Remark. This can be proven by direct calculation on a coset [vg, ..., vnt1] € Cry1(K; R) with representative
(vo, ..., Unt1). A similar argument is presented under the proof of [Rot88, Theorem 4.6].

Observe that this property on {9, } allows us to take the quotient of the R-module ker(d,,) by its submodule
im(9,+1). This quotient is exactly the simplicial homology of a simplicial complex. We state this in more detail
below.

Definition 1.2.9. The simplicial chain complex of a simplicial complex K with coefficients in a PID R
is the chain complex C.(K; R) := (Cn(K; R), 8")nez of simplicial chain groups C,,(K; R) and boundary maps
On : Ch(K; R) — C,—1(K; R), illustrated as the following sequence:

an an an an_
1 (K R)—25C (K R) 5 C 1 (K R)——1s -+

For each n € Z, define the n'" simplicial homology group H,(K;R) and the n'" Betti number 3, (K; R)
of K with coefficients in R as follows:

ker(0y,)

H,(K;R):= ()

and Bn(K; R) := rank(H,(K; R))

If R =17, we write C\(K) := C.(K;Z) and H,(K) := H,(K;Z).

Remark. We follow the convention by [Rot88] and use (%) as the “placeholder” of the index n € Z of the chain
complex C, = (Cy,, d,,) with chain groups C,, and differentials 9,, : C,, = Cj,_1.

Observe that if the simplicial complex K is a finite simplicial complex, then the n*® chain group C,(K; R)
must also be finitely generated for all n € Z. In this case, H,(K; R) is a finitely-generated module over a PID
R and the Structure Theorem (Theorem 4.1.1) for finitely-generated modules over R applies. We discuss this
and a method of calculating the homology of free chain complexes using matrices over R later in Chapter 4.

One of the key characteristics of simplicial homology is that it is an invariant of the homeomorphism type
of topological spaces. We state this in a theorem below.

Theorem 1.2.10. Let K and L be simplicial complexes and let R be a PID. If the geometric realizations of
K and L are homeomorphic as topological spaces, then H,(K; R) = H,(L; R) as R-modules.

Remark. We refer to [Rot88, Theorem 7.13] for a proof. This theorem actually generalizes to the case of
homotopy equivalence, which is an equivalence weaker than a homeomorphism.

Note that there are other ways to define the homology of a topological space. With simplicial homology,
we can define the homology group H,(X; R) of a topological space X to be the homology group H, (K;R) of a
triangulation K of X. Observe that this is well-defined by Theorem 1.2.10, i.e. H,(K;R) is determined up to
isomorphism regardless of the triangulation K. Note that this definition requires that a triangulation of X exist
in the first place. Homology can also be defined using other representations of spaces, e.g. singular homology
of topological spaces, simplicial homology of A-complexes, and cellular homology of CW-complexes. The key
point here is that all these homology theories must produce isomorphic homology groups as with simplicial
homology. We refer to the discussion in [Hat02, Theorem 2.27] about singular homology and [Hat02, Theorem
2.35] about cellular homology.

We can take advantage of this by comparing results from other homology theories against results from
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simplicial homology. This becomes particularly useful when the triangulations of a relatively simple space are
cumbersome or unwieldy. We provide an example of this below.

Example 1.2.11. Let K be the abstract simplicial complex given as follows, with simplices written as strings
(following Remark 1.2.2) for brevity and with vertex indices always taken modulo 3.

nine 0-simplices of K : Vert(K) = {ao, a1, az, by, b1, ba, co, 1,2}
a1 bibit1  cicita

twenty-seven 1-simplices of K : a;b; b;c; ca; fori=0,1,2
aibiy1 biciy1  ciaiqn

i b bibiiscs s
eighteen 2-simplices of K { Wi@i10i41,  DiDA1CHL,  GOHIGHT gy 0,1,2 }

aibibiy1,  bici,cit1,  CiGq, Qg

We can interpret K to be a geometric simplicial complex in R? by defining the vertices of K as follows:

2 2 2
For each i € {0,1,2}: a; := T(Wi, ﬂ-), b; == T(Wi,—ﬂ>, ¢ = T(Wi,—w),

3 3 3 3 3
cos(u) (R + 7 cos(v))
with T'(u,v) = | sin(u)(R + rcos(v)) | withr =1 and R =5.
rsin(v)

We illustrate K as a geometric simplicial complex below and claim that there exists a triangulation |K| — T2
to the torus 72 parametrized by T'(u,v) with (u,v) € R x R.

The Geometric We use the following color scheme for the simplices of K and their correspond-
Simplicial Complex K: ing images in 72 under the triangulation |K| — T2.

red : In K, the vertices a; and the three 1-simplices a;a;11 for i €
{0,1,2}. In T2, the major circle given by T'(u, %) with u € R.

blue : In K, the vertices b; and the three 1-simplices b;b; 1 for i €
{0,1,2}. In T2, the major circle given by T'(u,—%) with u € R.

green : In K, the vertices ¢; and the three 1l-simplices c;c;41 for ¢ €
{0,1,2}. In T2, the major circle given by T'(u, —7) with u € R.

The Torus T° purple : In K, the nine 1-simplices a;b;, b;c;, and c;a; for i = 0,1,2. In
by T'(u,v), (u,v) € R x R: T2, the three minor circles connecting the vertices a;, b;, ¢; given
by T(%’Ti,v) for v € R for each i =0, 1, 2.

gray : In K, all eighteen 2-simplices (triangles) and the nine 1-simplices
aibi+1, bici-&-la and Citit1 for i € {O, 1, 2}

For each i € {0,1,2}, the thin gray loop in 7? that connects the
vertices a;, biy1, ¢i2 are given by T'(¢, 3+ %’rz —t) with t € R.

Observe that K has 9 4+ 27 + 18 = 54 simplices and calculating its homology groups by hand can be very
cumbersome to do by hand, e.g. C;(K;Z) has 27 basis elements. Since K is a triangulation of T2, we can use
Theorem 1.2.10 and the known homology groups of T2 to determine H,,(K;Z) up to Z-module isomorphism as
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follows:

Z ifn=0

ZoZ ifn=1
Ho(KriZ) = Ho(T5Z) = Hy(r2) = 00 0

VA ifn=2

0 ifn>3

For constrast, [Hat02, Example 2.3, p106] uses delta-complexes to calculate H,(T?) and the chain groups
corresponding to Co(T?), C1(T?),Co(T?) have 1, 3, and 2 basis elements respectively. As a sidenote, it has been
proven that the minimal triangulation of 72 consists of fourteen 2-simplices (triangles).
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Section 1.3. Functorial Constructions in Simplicial Homology

In this section, we discuss the functorial nature of the construction of the simplicial chain complex C.(K;R) =
(Cn(K ;R),@n)n ez for a simplicial complex K, as discussed in Section 1.2. For reference, we briefly discuss
categories and functors in Appendix A4. We consider the following categories in this section:

1. The category Modpg of modules over a PID R and R-module homomorphisms.
2. The category Ch-Modp, of chain complexes of R-modules and of chain maps.

Note that the category Ch-Modg has an accompanying chain homology functor H,(—) : Ch-Modr — Modg
with the following assignments: Let C, = (C),, On)nez and A, = (A,, ap)nez be chain modules with R-modules
C,, and A,, and differentials 9,, : C,, — Cp,—1 and o, : A, — Ap_1.

1. H,(—) maps C, to its n** homology group H,,(C.) defined by H,(C,) = ker(9,)/im(d,,1). Note that
this is well-defined since im(9y,+1) C ker(9,,) by the definition of chain complexes.

2. Given a chain map f. : C, — A, with f. = {f, : C, = An}, oy, Hn(—) maps f. to the R-module
homomorphism H,(C,) — H,(A,) induced by the map f, : C,, — A, and the quotient (or cokernel)
construction. Note that the map on H,(C.) — H,(A.) is well-defined since f,_10, = a, o f, by
definition of a chain map.

We claim that simplicial homology, as discussed in Section 1.2, corresponds to a composition of functors: one
that creates the simplicial chain complex C,(K; R) of a simplicial complex K and the n'" homology functor
on Ch-Modpg. Recall that a functor F' : C — D between categories C and D is an assignment of objects and
morphisms of C to those of D such that the following properties are satisfied:

(F1) For each morphism f : X — Y in C, the functor maps f to a morphism with domain F(X) and
codomain F(Y), i.e. f— F(f): F(X)— F(Y).

(F2) The functor respects identity of objects and of morphisms: For all objects X in C with identity
morphism idx : X — X, the morphism F(idx) : F(X) — F(X) is exactly the identity of F(X) in

(F3) The functor respects composition of morphisms: For all composable pairs of morphisms f: X — Y
and g:Y — Z, F(go f) = F(g) o F(f).

In this section, we argue that the construction of the n*® chain group C,(K; R) of a simplicial complex K and
of the simplicial chain complex C,(K; R) correspond to the functors by defining the morphism assignments for
both and showing that the properties above are satisfied. To start, we state a result involving the formation of
the category of simplicial complexes.

Theorem 1.3.1. Abstract simplicial complexes and simplicial maps form a well-defined category.

Remark. This theorem is taken from [Rot88, Theorem 7.7], which states “a routine check” as proof. We believe
this refers to checking that the axioms listed in the definition of category, i.e. as listed Definition A4.1,
are satisfied. Since simplicial maps can be seen as functions between sets of sets, the composition
law and the identity morphism designed to each abstract simplicial complex follow those on the
category Set of sets and functions. Then, it suffices to check that composition is unital with identity
morphisms and is associative, i.e. Definition A4.1(iv,v).

Definition 1.3.2. Denote the category given in Theorem 1.3.1 by A-Simp and call it the category of sim-
plicial complexes and simplicial maps, or the category of simplicial complexes for convenience.
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We want to show that the construction of the chain groups in Definition 1.2.1 correspond to a functor
A-Simp — Modpy with Modpg being the category of R-modules and R-module homomorphisms. Definition 1.2.1
determines the object assignment. Below, we provide a definition for the corresponding morphism assignment,
taken from [Rot88].

Definition 1.3.3. Let f : K — L be a simplicial map between simplicial complexes K and L. For each n € Ny,
define the homomorphism f, 4 : C,(K; R) — C,(L; R) on the n*" chain groups induced by f as follows:

[f(vo), f(v1),..., f(vy)] if f(o) is an n-simplex in L
0 otherwise

fn,#([g]) = fn,#([vo,vl,...,vn]) = {

where (vo,...,v,) is the coset representative of [o] € C,(K; R) with 0 = {vg,...,v,} and (f(vo), ..., f(vn))
that of f, #([o]) € Cp(K; R) of the n-simplex f(o) = {f(vo),..., f(vn)}

Remark. For brevity, we often suppress the dimension n in f,, x, i.e. we write fu for f, »

Note that this construction is defined on the coset representatives of C, (K;R). Consequently, if L is
equipped with an orientation and the standard basis L[n] by Definition 1.2.5 is used, appropriate sign changes
might be needed for [f(vg),..., f(vn)] € Cn(L; R), i.e.

[f(’l)o), sy f(’l)n)} = (Sgn 71—) [f(Uﬂ'(O))7 B f(rUTr(n))}

where 7 : [n] — [n] permutes the vertices of f(o) such that (f(v,r(o)), R f(vw(n))) is ordered with respect to
the orientation on L.

Observe that the definition f, » : Cp,(K; R) = C,(L; R) above already satisfies property F1. Below, we
state that this also satisfies the other two properties required for functors.

Proposition 1.3.4. Let R be a PID and let n € Z.
i. Let K be a simplicial complex with identity simplicial map idx : K — K. Then, (idx)x = ide, (x;R)-
ii. Let f: K1 — K5 and g : K — K3 be simplicial maps on simplicial complexes K7, K5, and K3. Then,
(9o )y =940 [y

Remark. This can be proven by calculation on some arbitrary element [o] = [vp,...,v,] of C,(K;R) or
Cpn(K1; R) with o = {vg,...,v,} an n-simplex of K.

Since Definition 1.3.3 satisfies properties F'1, F2, and F3 for functors, we can define the construction of the
n'® chain group C,(K; R) as a functor, as given below.

Definition 1.3.5. For each n € Z, define n*® simplicial chain group functor C,(—; R) : A-Simp — Modx
with coefficients in a PID R as follows:

th

i. The object assignment maps a simplicial complex K to the n'® chain group C,(K;R) as given by

Definition 1.2.1.

ii. The morphism assignment maps a simplicial map f : K — L between simplicial complexes K and L to
map fyu : C,(K; R) — C,(L; R) given by Definition 1.3.3.

If R =17, we write Cp(—) := Cp(—; Z).

To construct the functor A-Simp — Ch-Modpg, we claim that we can simply collect all maps f, 4 :
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Cn(K;R) — Cn(L; R) on the chain groups induced by a simplicial map f : K — L to define a chain map
between the simplicial chain complexes C,(K; R) and Ci(L; R). The following result allows us to do this:

Proposition 1.3.6. Let f: K — L be a simplicial map between simplicial complexes K and L. For all n € Z,

fn—l,# o 87{( = 8711/ o fn,#

where 0K : C,,(K;R) — C,_1(K;R) and 0% : C,,(K; L) — C,_1(K; L) refer to the n'' simplicial boundary
map of K and L respectively, i.e. the following diagram commutes:

K

)
Co(K;R) —— C_1(K; R)
fn,#l aL lfnfl,#

Co(L;:R) —— C_1(L; R)

That is, the collection {f, 4} determines a chain map {f, x} : C.(K; R) — C.(L; R).

neZ

Remark. This can be proven by direct calculation on an arbitrary element [vg, ..., v,] € C,(K; R) with coset
representative (v, ..., v,) on an n-simplex {vg, ..., v,} of K. Note that boundary maps, as given in
Definition 1.2.7, are well-defined on any choice of coset representative.

Observe that the chain map given by { fn,#}ne% as denoted above, already satisfies the domain and

codomain property of functors as stated in Property F1. The fact that { f”v#}nGZ respects identity as in
Property F2 and respects composition as in Property I'3 follows from those properties being satisfied by f,, »
for each n € Z separately. Therefore, we can define a functor on A-Simp — Ch-Modpy, as follows:

Definition 1.3.7. Define the n'* simplicial chain complex functor C,(—; R) : A-Simp — Ch-Mody with
coefficients in a PID R as follows:

i. C.(—; R) maps a simplicial complex K to the simplicial chain complex C.(K; R) = (C,,(K; R), On)nez
as given by Definition 1.2.9.

ii. C.(—; R) maps a simplicial map f : K — L between simplicial complexes K and L to the collection
{fn#}per of maps fr 4 : Cn(K; R) — Cy(L; R) as given by Definition 1.3.3.

If R =2Z, we write C,(—) := C(—;Z) for brevity.
Bringing this all together, we have the following proposition:

Proposition 1.3.8. Let K be a simplicial complex and R a PID. For all n € Z:
Hn(K7 R) = (Hn © C*(_7 R)) (K) = (Hn(c*(Ka R)))

where H,(K; R) is the simplicial chain group of K by Definition 1.2.9, H,, : Ch-Modr — Modgy, is the chain
homology functor, and C,(—; R) is the simplicial chain complex functor by Definition 1.3.7.

Proof. The object assignment by H,,(—) o C,(—; R) is exactly as described in Definition 1.2.9 for H, (K; R).
Note that this proposition disregards the morphism assignment of the relevant functors. u

For convenience, we define the composition of the simplicial chain complex functor and the homology
functor to be the simplicial chain group functor.
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Definition 1.3.9. For each n € Z, define the n'" simplicial homology functor H,(—; R) : A-Simp — Modx
with coefficients in a PID R as the following composition of functors:

H,(—;R) = H, o Cy(—;R)

where H,, : Ch-Modyp — Modp refers to the chain homology functor. Given a simplicial map f : K — L, let
f«: Hy(K; R) — H,(L; R) be the map on homology induced by application of the functor H,(—; R).

Below, we identify a result that will be useful later in Section 3.3 in the context of persistent homology.

Lemma 1.3.10. Let L be a subcomplex of some simplicial complex K and let i : L — K be the corresponding
inclusion map. For each n € Z:

i. The n'" chain group C,,(L; R) of L is a submodule of Cy,(K; R) and for all [0] € Cy,(L; R), in 4 ([0]) =
ide, (k;R) ([0]) = [o] where id¢, (kg refers to the identity map on C,(K; R).

ii. For all [0] € C,(L; R), 0% ([o]) = 0K ([o]) where 8% : C,,(L; R) — Cp—1(L; R) refers to the boundary
map on L and 9% : C,,(K; R) — C,,_1(K; R) that on K.

Proof. Let n € Z. If n < 0, then C,,(L; R) = 0, C,,(K; R) = 0, and the proposition is trivially satisfied.
Assume n > 0. Since ¢ : L — K is an inclusion map, i(0) = idg (o) for all n-simplices ¢ € L. By
Proposition 1.3.4, i, » = id(C),(K; R)) = (idk ). By Proposition 1.3.6, for [o] € C\,(L; R):

(i 0 ) ([0]) = (95 0 inz)([0]) = Oy ([0])

as desired. n
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Chapter 2. Introduction to Persistence Theory

The study of persistence modules or persistence theory first came about in the study of persistent homology.
Herbert Edelsbrunner, David Letscher, and Afra Zomorodian in the paper Topological Persistence and Sim-
plification [ELZ02] had first defined persistence in terms of homology classes of some collection of spaces. In
particular, persistence theory is interested in the following quantity:

rank (Hn(Xt; R)-3 H, (X R))

where X; and X, are two topological spaces such that X; C X and R is some ring. Here, the term persistence
refers to how homology classes in H,(X¢; R) map to H,(Xs; R) under the homomorphism 4, induced by the
inclusion i : X; — X, where we say a homology class [0] € H,(X;; R) persists if i.([o]) # 0.

Persistence theory was later generalized. For example, Afra Zomorodian and Gunnar Carlsson in [ZC05]
(published in February 2005) then introduced a definition for persistence modules in terms of R-modules and
considered persistent homology to be a specific example of a persistence module. In particular, a persistence
module was defined to be a collection {M;}, .y of R-modules together with a collection of homomorphisms
{or: My — Mt+1}teN0' Relative to this characterization, persistence theory studies the following quantity:

rank(Mt&MtJrl).

However, definitions for certain constructions involving persistence modules may seem arbitrary or unmotivated
given this collection definition. For example, the direct sum between persistence modules {M; },  and {Ni}, oy,
is defined to be done pointwise as follows:

{Mi},en, ®pers {Ni}ien, = {Mt DMod Nt}teN
0

where @pers refers to the direct sum of persistence modules and @poq to that of R-modules. This notion of

direct sum between persistence modules is then related to that between graded R[z]-modules, without much

justification as to how the definition for @pes is consistent with the categorical definition (so as to be consistent

with that of @Mod)-

Later, Bubenik and Scott in the paper Categorification of Persistence Modules [BS14] (presented in May
2014) introduced a new definition for persistence modules in terms of category theory: one that covers the ideas
of Zomorodian and Carlsson, provides a more robust foundation to the theory, and is generalizable to concepts
such as zigzag persistence and multiparameter persistence. This new definition in terms of functors is often
used in the current literature for persistence theory.

In this chapter, we discuss persistence theory relative to this characterization of persistence modules as
functors, and present results involving persistence modules relevant to concepts discussed in [ZCO05]. This
chapter is organized as follows:

Section 2.1. Persistence Modules as Functors.
We define persistence modules over a field F as functors of the form Poset(Ny, <) — Vecty
and introduce a type of persistence module called a finite-type persistence module.
Section 2.2. The Category of Persistence Modules.

We discuss the category Persp of persistence modules over F, defined to be the category of
functors of the form Poset(Ng, <) — Vecty, We also provide definitions for several algebraic
constructions involving persistence modules, e.g. isomorphisms, direct sums, and chain com-
plexes, arising from this characterization as a functor category and briefly discuss how these
definitions are consistent with their corresponding categorical definitions.
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Section 2.3.

Section 2.4.

Section 2.5.

Interval Decompositions of Persistence Modules.

We introduce a specific type of direct sum decomposition of a persistence module called an
interval decomposition, which can be proven to be unique up to persistence isomorphism,
and discuss the notion of a persistence barcode.

The Category of Graded Modules over Polynomial Rings

We discuss the category GrModpg(,) of graded modules over the polynomial ring R[x] with
R a PID and review relevant definitions, terminology, and results involving these graded
modules. We also introduce graded invariant factor decompositions for graded F[z]-modules,
which correspond to invariant factor decompositions that respect the graded structure, and
present the Graded Structure Theorem.

The Equivalence between Persistence Modules and Graded Modules

We present an isomorphism of categories between Persp and GrModg,) and discuss how
interval decompositions of persistence modules over F correspond to graded invariant factor
decompositions of graded Flz]-modules. We also talk about the correspondence between the
algebraic constructions in Persyp and those of GrMody,) resulting from this isomorphism of
categories.

The majority of the definitions and results we present below involving persistence modules are taken or adapted

from the following papers, listed in increasing order of their initial publication dates:

1. The Categorification of Persistence Modules [BS14] by Bubenik and Scott.

2. The Structure and Stability of Persistence Modules [CSGO13] by Chazal, de Silva, Glisse, and Oudot.
3. The Observable Structure of Persistence Modules [CCS14] by Chazal, Crawley-Boevey, and de Silva.
4. Homological Algebra for Persistence Modules [BM21] by Bubenik and Miliéevié.

Note that most of the concepts in this chapter are discussed in terms of category theory. Some introductory
category theory definitions and results are presented in Appendix A4. For a more detailed treatment of cat-

egory theory, we recommend reading Category Theory in Context by Emily Riehl [Riel6] and Introduction to
Homological Algebra by Joseph Rotman [Rot08].
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Section 2.1. Persistence Modules as Functors

We start this section by providing a functor definition for persistence modules, adapted from [CCS14, Section
1.3]. For reference, Poset(Ny, <) refers to the category induced by the partially ordered set (poset) of nonneg-

ative integers Ng = {n € Z : n > 0} under the < relation (see Definition A4.3) and Vecty refers to the category
of vector spaces over a scalar field F and linear maps.

Definition 2.1.1. A persistence module (V,,a,) over a field F is a functor of the form Poset(Ng, <) —
Vecty. For convenience, we may write V, to refer to (Vs,ae). When the field F is arbitrary or unambiguous,
we may refer to V, as a persistence module.

We identify the following terminology for certain features of persistence modules:

i. For each t € Ny, define V; := (V,,a,)(t), i.e. V; is the vector space over F obtained by evaluating the
functor (V,, as) on the object ¢ of Poset(Ny, <). The vector spaces of (Va, as) generally refer to the
collection {V; : t € Ny} of vector spaces.

ii. A structure map of (V,,a.) refers to a linear map as; : Vi, = Vi by as, := (Ve, ) (t — s) for
t,s € No with ¢ < s, i.e. g+ is obtained by evaluating the functor (Vs, ) on the morphism ¢ — s of
Poset(Ny, <). For brevity, we may write oy : V; — Viqq to refer to o := a1 = Vo(t = t 4+ 1).

iii. We call Poset(Ny, <) the indexing category of V, and Ny the indexing set of V,. We may also refer

to the index ¢t € Ny as the parameter or scale of the vector space V; in the persistence module V.

Remarks. (1) The location of the bullet (o) in (Vi, ) determine the location of the indices of the vector
spaces and structure maps in the notation, e.g. if (W*,~*) were a persistence module, we denote
its vector spaces as W' and its structure maps by v** : W — W?*. Unlike in the case of chain
complexes and cochain complexes, we use the same definition for persistence modules regardless
of the location of the bullet (o) (i.e. as a subscript or superscript).

(2) In this expository paper, we use an asterisk (%) as the “placeholder” for the index n € Z for
a chain complex C. = (Cy,0n)nez, following [Rot88], and we reserve the use of bullets (e)
for persistence modules. This distinction will be important after Definition 2.2.10, where we
introduce chain complexes of persistence modules.

(8) For the case of structure maps, the indices ¢,s € Ny of o, are written in right-to-left order,
following the notation for function composition, so that compositions of structure maps are
written like o, 0 apy = a5 (With equality given later by Lemma 2.1.3). Note that, in this
paper, when we say «,; is a structure map, then it is implied that ¢,s € Ng and ¢ < s.

We would like to point out that the definition given in [CCS14, Section 1.3] applies to a more general family
of persistence modules since it allows for different indexing categories for the domain category Poset(1, <) and
different categories such as Modg for the codomain category. That is, a persistence module V, is defined as
a functor V, : Poset(I,<) — Modpg where (I, <) is some partially ordered set and R is some (commutative)
ring. Observe that if R is a field, then an R-module is an R-vector space by definition, i.e. Mody and Vecty
are the same category. We bring attention to this since homology is typically introduced using Z coefficients.
Therefore, it may be natural to consider functors of the form Poset(Ny, <) — Mody, so that we can consider
a persistence module where each index in Ny corresponds to the n'® homology group with coefficients in Z of
some space for some fixed n € Ny. In this paper, we restrict persistence modules to codomain category Vecty
since Z[x] is not a principal ideal domain (PID) but F[z] for any field F is, which allows us to use the Graded
Structure Theorem (Theorem 4.3.1) later in Section 2.5.

We would also like to emphasize that since we introduce persistence theory to discuss persistent homology
more concretely, we will primary use F = Q and F = Z,, for our examples. We discuss this choice in more detail
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later in Remark 3.2.4 under Section 3.2. Below, we provide an example of a persistence module over Q.

Example 2.1.2. Let (A,, ) be a persistence module over Q with the vector spaces A; given as follows:

Q{ay, as) ift=0
(b) ift=1
(
(

=

c1,Co,c3) ift=2
d) ift >3

oo e

and the structure maps o, : Ay = A5 of A, are defined as follows:

a0 Ag = Ax a1 A — Ay Og Ay — Ag with t > 3
ai +— 2b b 3c1 + 2¢co + c3 ci—d
as — —3b c2 0
c3 +— 2d
oo Ag — Ag g1t Ay — A with ¢t > 3 oo Ao = Ay with £ > 3
a1+ 6¢1 + 4eo + 2¢3 b+— 5d a; — 10d
as — —9c¢1 — 6¢y — 3c3 ag — —15d

For all t € Ny, the structure map oy + : A — A; is the identity map on A;. For all ¢,s > 3, the structure map
agy: Ay — Ag is the identity map on A, = Q(d), i.e. d — d.

Observe that the specification for the structure maps above satisfy the functorial property of composition.
By definition of Poset(Ny, <) (as given in Definition A4.3), there is exactly one morphism ¢ — s for any ¢, s € Ny

with ¢ < s. Therefore, the composition (t — r) o (r — s) of morphisms in Poset(Ny, <) with ¢ < r < s must be
the morphism ¢ — s. We talk about this in more detail below in Lemma 2.1.3.

For example, any composition of structure maps resulting in a domain of Ay = Q(aq,as) and a codomain
of A3 = Q(d) must exactly be the structure map aso : Vo — V3 (i.e. domain, codomain, and assign-
ments/evaluation must be the same). We list some of these compositions below, evaluated on 2a; € Ay.

as.0(2a1) = 2(10d) = 20d

(ag2 0 20)(2a1) = a32(12¢1 + 8ca + 4c3) = 12d + 8d = 20d

(31 0a10)(2a1) = az,1(4b) = 20d

(g2 01 0010)(2a1) = (320 a21)(2b) = ag2(6cy + 4eg + ¢c3) = 12d + 8d = 20d
(az,0 © 0,0)(2a1) = a3,0(2a1) = 20d

(g2 02920 020)(2a1) = (320 a22)(12¢1 + 8co + 4c3) = az2(12¢1 + 8¢o +4e3) =12d +8d = 20d

Defining persistence modules as functors is a succinct way to impose additional algebraic structure to
the construction. As mentioned in the introduction, [ZC05, Definition 3.2] defines a persistence module as a
collection of R-modules {V*} and homomorphisms {¢* : V; = V;41}, both indexed by ¢ € Ny. Observe that the
collection definition does not explicitly state, for example, that there exists a linear map Vo — V. While it
may be somewhat natural to assume the linear map oy 2 : Vo — V4 is given by the composition a4 2 = ag o as,
having to state it as a separate condition can be somewhat confusing or cumbersome and can also feel arbitrary.
In comparison, by assuming that said collection corresponds to a functor, we get a number of properties as a
consequence of the functor definition. We list some below.
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Lemma 2.1.3. Let (Vi, @) be a persistence module.
i. For all ¢ € Ng, the structure map oy : Vi — V; is the identity map on V;.

ii. For all t,r,s € Ny with ¢t <r <, a5; = a5, 0 ;. That is, the following diagram commutes:

AN

#
ANy /er

iii. For all ¢,s € Ny with ¢ < s, there is exactly one linear map V; — V5.

Proof. Let n € Nyg. By definition of Poset(Ny, <), the unique morphism n — n must be the identity

morphism on n. By definition, a functor must pass V4 (n — n) to the identity map on V,,. Therefore,
the structure map Vo (n — n) = ayp n, =idy,

Let t,s,r € Ny such that ¢t < r < s. By definition of Poset(Ny, <), we have the equality
(s <= 71)o(r<«t)= (s <+ t) as morphisms of Poset(Ny, <). Since functors must respect composition
(indicated below by %), we have

asr=Va(st)=Va((s 1) o (r+t)) Z V(s 1) oVa(r1t) =as,0a.,

Claim (iii) is a re-statement of Claim (ii), wherein all linear maps with domain V; and domain V;
must be equal. ]

Note that Lemma 2.1.3 allows us to represent persistence modules as sequences and use sequences to refer to
a persistence module unambiguously. In particular, we can describe a persistence module V, as the following
sequence:
(&%) aq (%) Qs QY
Vo ViV V= Vi -

with a; being the linear map oy : V; — Viq; for all t € Ny. As a sidenote, this sequence representation applies to
any diagram with Poset(Np, <) as the domain category. Note that we use the term diagram to refer to functors
of the form Poset(I, <) — C, as described in Definition A4.6.

Conversely, Lemma 2.1.3 also implies that there is enough information in the sequence (i.e. the collection
of vector spaces {V,,} and morphisms {a; : V; = Vi41}) to determine a persistence module V,. In particular,
for a given persistence module V,, the structure maps of the form o, : V; — V, with s # ¢ + 1 are uniquely
determined by the set of {a;},.y, of linear maps. Therefore, the collection definition given in [ZC05, Definition
3.2] is compatible with the functor definition given in Definition 2.1.1. We state this as a lemma below.

Proposition 2.1.4. Let {Wt}teNO and {p: W; — Wt+1}teN0 be Np-indexed collections of F-vector spaces and
linear maps respectively. Let (Vs, ae) be a persistence module over F such that V; = W; for all ¢ € Ny and the
structure maps of (Vs, ae) of the form oy : V; — Vi41 are given by ay = ¢;. Then, there is exactly one choice
for the remaining structure maps of (Vs, a ), as listed below:

i. For all t € Ny, the structure map a;; : V4 = V; must be the identity map idy, : V; — V; of V;.

ii. For all t € Ny and k£ > 2, the structure map ay4x, : Vi — Viyy is given by the following composition:

gt = Qs—1 OQg—20 "0t} OOy

That is, the pair of collections {W;} and {¢;} unambiguously determines a persistence module (W, ).

Proof. This follows immediately from the definition of Poset(Np, <) and that of functors. The proof is
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similar to that of Lemma 2.1.3. [ ]

Note that by Lemma 2.1.3 and Proposition 2.1.4, we get a correspondence between the set of persistence modules
(Ve, ce) and the set of pairs of collections ({V;},{a: : Vi = Vi41}). For convenience, we often define persistence
modules using Proposition 2.1.4. As an example, we describe the persistence module (A,, ) given in Example

2.1.2 using a collection of vector spaces and of linear maps. We also describe the sequence corresponding to
(A, ata).

Example 2.1.5. Let (B,, 3,) be a persistence module over Q with vector spaces B; given as follows:

Q{aq, as2) ift=0
(b) ift=1
(
(

=

o oo

By
C1,Cg,63> ift=2

d) ift>3

Let the structure maps B; : By — Bi41 of Be be as given below:

Bo : Bg — Bi B1:B1 — By B2 : Bo — Bs Bt By — Byyp fort >3
a; — 2b b 3¢y + 2¢o + c3 c1—d d—d
as — —3b co— 0
c3 — 2d

Use Proposition 2.1.4 to define the remaining structure maps of B,. Then, B, = A, (as functors) where A,
is the persistence module defined in Example 2.1.2. Observe that the specification for B, is much shorter that
that for A,. Also, A, corresponds to the following sequence:

A() Al AQ AS A4
I aw I a N ey
Q(a1, ag) —=Q(b)——Qc1, 2, ¢3) ——Q(d) ——Q(d)

Qy

Observe that Definition 2.1.1 allows for persistence modules that have non-finite characteristics. For
example, some of the vector spaces V; of a persistence module V, may be infinite-dimensional. We can also have
a persistence module (W, v, ) wherein none of the structure maps ~; : Wy — W;41 are isomorphisms or can be
made into isomorphisms by a change of basis on W;. In this case, we are considering an infinite number of vector
spaces. Persistence modules of this nature do present some problems. Indeed, the results presented in [ZC05]
only consider a specific type of persistence module, one that is finite in specific ways. We use a definition of
such, adapted from [ZCO05, Definition 3.3].

Definition 2.1.6. A persistence module (Vi, a,) is constant on an interval I C Ny if for all ¢,s € I with
t < s, the structure map as+ : V; — V; is a vector space isomorphism. A persistence module V, is called
finite-type if all of its vector spaces V; are finite-dimensional and V, is constant on [N, co) for some N € Ny.

Remark. Since persistence theory is a relatively new field, there exist terms that are commonly used in the
literature but are defined differently depending on the author(s). The term finite-type is one of these.

Later in Proposition 2.5.14, using the definition above for finite-type, we state that interval
decompositions (defined in Definition 2.3.4) exist for finite-type persistence modules. In contrast,
[BS14, Definition 4.1] and [CSGO13] define the term finite-type to refer to persistence modules
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for which an interval decomposition exists. The term tame in [BS14] serves the same function as
finite-type in [ZCO05], i.e. it serves as a characterization of persistence modules that have interval
decompositions. However, the term tame also has its problems, as discussed in [CSGO13, p5].

All of the examples we will present in this expository involve finite-type persistence modules (not including
the one example given below for comparison). As we will discuss in Section 3.2, under the assumption that
the simplicial complex in question is finite, the persistence modules generated by said simplicial complex will
necessarily be of finite-type. This assumption is justified since most practical applications of persistent homology,
particularly those involving calculation, have simplicial complexes generated from finite datasets. The usual
construction involves letting the dataset V' be the vertex set of the to-be constructed simplicial complex K.
Since K is a subset of the power set 2V and power sets of finite sets are finite, K must also be finite. This
explains why some of the introductory literature on persistent homology describe persistence modules as finite
sequences, i.e. persistence modules are described to be finite sequences as given below:

Qg aq a2 AN -1
V0—>V1—>V2—) s —)VN

Using our definition, we would interpret the sequence above to correspond to a persistence module V, that is
constant on [N, 00) and assume that V,, = Vy for all n € [N +1,00). As an example, we look at the persistence
module given earlier in Example 2.1.2.

Example 2.1.7. Let (As, @) be as defined in Example 2.1.2. Then, A, is a finite-type persistence module and
is constant on [3,00). Also, A, corresponds to the following sequence:

Ap A As Az
e [ ay |
Q(a1, ag) —=Q(b)—Q(cy, c2, c3)—Q(d)

For comparison, we provide an example below of a persistence module that is not finite-type.

Example 2.1.8. Let A = {a,},cy, be a set of indeterminates. Define the persistence module (Fs,7,) over Q

using Proposition 2.1.4 as follows:
1. For each t € Ny, Fy := Q(ag, a1, ..., at).
2. For each t € Ny, define the structure map n; : F; — Fy41 by ni(a;) = a; for all i € {0,...,t}.
Then, the following sequence represents the persistence module (Fy,1s):
Fy F Fy F3

Mo m 2 13
Q(ap)———Q(ap, a1) Q(aop, a1, az) Q(aop, a1, az,az)— - - -

ag > ao a; — a1 =0,1 a; — a;,t=0,1,2

While all vector spaces F; are finite-dimensional, V, fails to be constant on the interval [N, co) for any N € Nj.
We identify two ways we can see this:

1. For all t € Ny, 1y : Fy = Fyy1 cannot be an isomorphism since n;l({atﬂ}) = (), i.e. ; is not surjective.

2. Any two vector spaces F; and Fs of V, with ¢ # s cannot be isomorphic since dim(F;) =t+1 #s+1=
dim(Fy).

Therefore, F, is not a finite-type persistence module.
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Section 2.2. The Category of Persistence Modules

One of the key goals of persistence theory is to characterize persistence modules that admit a special decom-
position called an interval decomposition. Note that we use the term (direct sum) decomposition to refer to an
isomorphism to a direct sum, similar to the case of vector spaces, modules, and of chain complexes. However,
to understand decompositions, we first need to define the notions of isomorphisms and of direct sums between
persistence modules.

In persistence theory, these algebraic constructions are defined by forming the category Persy of persistence
modules over F as a functor category with natural transformations as morphisms. Below, we provide definitions
specific for the category of persistence modules, adapted from [CCS14, Definition 1.3].

Definition 2.2.1. The category Persy of persistence modules over a field F is the category of functors
of the form Poset(Ny, <) — Vectr and natural transformations, i.e. Persy consists of the following:

i. The objects in Persy are persistence modules over F, as given in Definition 2.1.1.
ii. The morphisms in Persy are persistence morphisms, defined as follows:

A persistence morphism ¢, : (V,,ae) = (W, 7e) between persistence modules (V,, ae) and (W, 7 )
over IF is a collection of linear maps po = (s : Vi — Wi)ien, such that for all ¢,s € Ny with ¢ < s, the
composition relation s+ 0 ¢ = @5 0 a5+ is satisfied, i.e. the following diagram commutes:

as,t
Vi—— Vs

Pt l l%ps
Vs,t

Wt%W‘;

Remarks. (1) In this paper, writing the symbol ¢, to represent a persistence morphism determines that ¢,
refers to the corresponding linear map ¢, : V; — W, for each t € Ny, i.e. the bullet (o) in @, is
replaced by the index ¢ € Ny, much like in the case of persistence modules as remarked under
Definition 2.1.1.

(2) By [Riel6, Section 1.7, p44] and [Rot08, Example 1.19(i), p27], for any two categories C and
D, there exists a category denoted D¢ consisting of functors of the form C — D as objects and
natural transformations between functors. This category is called a functor category. We use
this result for the claim of Persy being a well-defined category.

As a sidenote, [BS14] denotes Persy as Vect]%NO’S) where (Np, <) refers to the poset category
Poset(Ny, <) (see remarks under Definition A4.3 for the notation of poset categories).

We provide an example of a persistence morphism below. Note that not all collections of linear maps
{ot: Vi = Wt}teNo produce a persistence morphism ¢, : Vo — W,. We need to check that the composition
relation, i.e. the commuting squares and diagrams, is satisfied.

Example 2.2.2. Let (V,,a,) and (W,,7,) be persistence modules over Q with the following Q-vector spaces
defined over indeterminates A, B, C for V; and a, b, ¢ for W;:

0 ift=0
A ift=1 b iftt=0
v, — Q(4) i and W, — Qfa,b) i
Q(A, B) ift=2 Q{a,b,c) ift>1

Q(A,B,C) ift>3
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The structure maps oy : V; — Viyq of Vo and v : Wy — Wiy of W are determined by the identity maps on
Q(A, B,C) and on Q(a, b, c) respectively, i.e. a;(X) = idg(a,p,cy(X) for all X € V; and v¢(x) = idg(a,p,c) (x) for
all x € Ws.

Define a family {¢:},cy, of linear maps ¢; : V; — W, as follows: Let @ : Q(4, B,C) — Q(a, b, c) be given
by A—b—a, B—a—c,and C — ¢ —b. Define ¢; : V; = W; by ¢(X) := ®(X) for all X € V4, i.e. we have
the following assignments for ;:

pi(A) =b—a for t>1
oi(B) = a—c for t>2
ot(C) =c—b for t>3

Note that ¢q : Vy — Wy is necessarily the trivial map since the domain Vj is the trivial vector space. We can
confirm that the family {(:},., satisfies the commutativity requirement as follows: for all X € V; with ¢ > 1

(25 0 €,)(X) = (®oidgap.0) ) (X) = 2(X) = (idgape © ) (X) = (e 0 00) (X)

This is illustrated in the diagram below:

(t=0) (t=1) (t=2) (t=3)

(%)) (65} (65 Q3
(Ve, te) : 00— QA) —— Q(A,B) —— Q(4,B,C) — ---
—a A b—a
¥o <p1lAHb—a <p2lg:2_c @3[2:2:2
(WO?'VO) : Q<aab> — Q<a7b7 C> — Q(aa b? C> Ee— Q<a’b7 C> —
Yo B! Y2 V3

Therefore, the set {¢;},y, determines a persistence morphism e : (Vo, ae) = (We,7e).

Observe that, given two persistence morphisms e : (Ae, te) — (Be,Be) and e : (Be,Be) — (Ce,Ye)
between persistence modules (A, @t ), (Be, B), and (Cs,7s), the collection of compositions {t); o ¢}, also
determines a persistence morphism ), 0 e : A — C,. Relative to the commuting squares, the squares of ¢,
and 1, together produce the squares for the composition, as illustrated below:

commuting square of commuting square of commuting square for
(990 : (AO,C“O)%(Bhﬁo) ) <wo : (B.7Bl)_>(ct770) ) the composition 1060 @e
as,t Bs,t as,t
AtHAS Bt4>BS AtHAS
oo # o Jes withog | g |y, dmples yop | g [y00,
BtHBS Ct4>Cs Ct*>03
ﬂq t ’Ys,t 'Ys,t

s,t

Therefore, the composition e © @e : (Ae,s) = (Ce,7e) of persistence morphisms is also a persistence mor-
phism. Note that this is part of the proof of Persp being a well-defined category.

Since the category Persp of persistence modules is defined to be a functor category of functors of the
form Poset(Np, <) — Vecty, there is a natural extension of the algebraic constructions in Vecty to the case of
Persy. In particular, we can define constructions in Persy by pointwise evaluation for each ¢t € Ny using the
corresponding constructions in Vecty. Note that we need to be careful here since the constructions in Persp
have to respect the structure of the morphisms. We discuss this in more detail for the following constructions
in Persp: isomorphism relations, direct sum operations, subobject relations, kernel, image, and cokernel of
morphisms, and chain complexes.

We want to point out that this extension process (for lack of a better term) is not unique to persistence
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modules. More generally, this seems to be a common property of functor categories with functors of the form
Poset(I,<) — A where A is some abelian category. Note that Modg over a PID R and Vecty over a field
F are examples of abelian categories. Abelian categories are outside the scope of this paper but for those
interested, this is discussed in more detail in [Rot08, Section 5.5: Proposition 5.93 and Corollary 5.94] and in
[Wei95, Appendix A.4]. This might explain why most of the literature we have read on persistence theory do
not explicitly describe these constructions, e.g. [CCS14; BM21] wherein a reference to Persy being an abelian
or Grothendieck category seems to suffice.

Note that an equality between persistence modules in Persy corresponds to an equality between functors.
That is, two persistence modules (V,, ae) and (W,,7.) are equal if V; = W, as F-vector spaces for all t € Ny
and a,; = s+ as linear maps for all ¢,s € Ny with ¢ <s. We start with a definition for isomorphisms between
persistence modules.

Definition 2.2.3. A persistence isomorphism ¢, : Vo — W, between persistence modules (V,, @) and
(We,ve) over F is a persistence morphism @, : Vo — We with ¢e = (¢ : Vi = Wi)ien, such that for all ¢ € Ny,
the linear map ¢, : V; — W, is an F-vector space isomorphism. If such a persistence isomorphism exists, we say
that V4 and W, are isomorphic (as persistence modules) and write V, = W,.

Pers
~Y

Remark. 1If needed, we may write = instead of = to emphasize that the isomorphism relation is of the category
Persy. We use this notation sometimes in Chapter 4 where we talk about isomorphisms between R-
modules, between graded F[x]-modules, and between persistence modules in the same context.

We want to emphasize that a persistence isomorphism has to be given by a persistence morphism and that
the structure maps of the persistence modules cannot be ignored. That is, given two persistence modules (Vs cve )
and (W, "), a collection {¢;},cy, of F-vector space isomorphisms ¢; : V; — W, generally does not make a
persistence isomorphism. Below, we provide an example of a collection {‘Pt}teNo of vector spaces isomorphisms
that is not a persistence morphism, and another collection {wt}tENo that is a persistence isomorphism.

Example 2.2.4. Define the persistence modules (Vs, o) and (W,,7e) over Q as follows: For all ¢ € Ny, define
Vi == Q{a,b) and W; := Q(z,y) with indeterminates a, b, x, and y. For ¢ = 0, define the structure map
ag : Vo — Vi by ag(a) := a+b and ag(b) :==b. For t > 1, let oy : Vi — Viyq be the identity map on Q(a,b).
For all ¢t € Ny, let v : Wy — Wy41 be the identity map on Q(z, y).

Part (a). For each t € Ny, let ¢ : V; — W; be given by a — z and b — y. Since V; = Q(a,b) and
Wy = Q(x,y) for all t € Ny, each ¢, is a vector space isomorphism with obvious inverse. However,
the collection {:},c, is not a persistence morphism since

z+y=(proan)(a) = (p10a10)(a) # (71,00 %0)(a) = (Y00 o)(a) =

That is, the following diagram does not commute:

v b oo by =V,
0= Q(a,b) ars atb,b—b Qa,b) = W1
G olis
71,0
WO - Q(x,y) Q<$7y> = Wl

T T, Yy
Therefore, {¢¢},cy, is not a persistence isomorphism.

Part (b). It turns out that there exists a persistence isomorphism between (V,,as) and (W,,~,). This
becomes clearer if we perform a change of basis on V; and W; for t € Ny. Observe that Q(a, b) =
Q(c,b) with ¢ := a+0, i.e. {¢,b} is a basis of Q(a, b). Then, we can express the persistence module
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(Ve, @) as follows. Note that a; = idga,p) for ¢ > 1.

(t=0) (t=1) (t=2) (t=3)

« « [0
(Ve,e) : Qa,b) 40__> Q(c, b) Tz* Q(c, b) T20> Qfc,b) — - -
aHba:bb_'c brsb brsb

Similarly, observe that Q(x,y) = Q(z,y) with z := = + y, i.e. {z,y} is a basis for Q(z,y). We
apply this change of basis on W for all ¢ € Ng. Since v; = idg(q,,) for all £ € Ny, the persistence
module (W,,ve) can be illustrated as follows:

(t=0) 7 (t=1) (t=2) (t=3)
(W, 7e) : Q2 y) . Q(z,y) Q{2 y) Qlz,y) — -

zrz Zr>z Zr>z
y—y y—y y—y

For t = 0, define v : V) — Wy by a +— z and b — y. For ¢t > 1, define ¢, : V; — W; by ¢+ z and
b y. We claim that e = {t)1},., determines a persistence morphism s : (Ve, ) = (We,7e)
since these two diagrams commute (with ¢ > 1 for the diagram on the right hand side):

Q1,0 (6%
Vo = Q(a, b) o Qle,b) =W Vi = Q(c,b) ~detity) Qle,b) = Vi
Z:;J% (a1 Jg:gz, and (ide“titY)Jl/Jt ¢t+1J(identity)
71,0 Yt
Wo=Qzy) — 55, WUsy) =M Wy = Q(z,y) ety Qfz,y) = Wi

Observe that, unlike the case for {¢;},cy,, %1 © ap and v 0 9o agree at a € Vp for {9}y, :

(10 ap)(a) =1h1(c) = z = 70(2) = (70 © %ho) (a)

Therefore, 1 = {Q/Jt}teNO is a persistence morphism 1, : Vo — W,. Since each linear map
¥y : Vi = Wy is a linear isomorphism, 1), is a persistence isomorphism and (Vs, ae) = (W, 7e).

Next, we provide a characterization of the direct sum of persistence modules.

Definition 2.2.5. The direct sum (V,,aq) ® (W, Be) =: (Us,7e) of two persistence modules (Vs, o) and
(W, Be) over a field F is the persistence module over F with vector spaces given by U; := V; @ W; (i.e. a direct
sum of vector spaces) for all ¢ € Ny and structure maps v ; = s+ @ s, (i-e. the unique linear map induced by
the direct sum) for all ¢, s € Ny with ¢ < s, i.e.

Vo Upi=Vi@W, = Vi@ W, =U,
(ve, we) = (as,t(vt)7ﬁs,t(wt))

Observe that this definition extends to finite direct sums of persistence modules. Since direct sums of

persistence modules are given by those of vector spaces, properties of the direct sum of vector spaces extend to

the case of persistence modules. We identify some of these below:

1. Direct sums of persistence modules are commutative, i.e. (Vo,te) ® (We, fe) = (We, Be) @ (Ve, te).
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2. Finite direct sums of persistence modules are associative, i.e.

(Vo) @ (W, B)) @ (Us70) = (Ver @0) & (Wa, ) @ (U, 7))

Therefore, a statement such as V, @ W, @ U, is unambiguous (up to persistence isomorphism).

3. The zero persistence module 0, with trivial vector spaces and trivial structure maps is the identity of
the direct sum operation in Pers, i.e. for any persistence module (V, ), (Va, ) @ 06 =2 (Vs, a).

4. The distinction between internal direct sums and external direct sums of vector spaces also extend to
the case of persistence modules, That is, there is no difference between the two constructions up to
vector space isomorphism when there are a finite number of non-trivial summands:

(a) An internal direct sum A = A; ® Ay on a vector space A is defined if A; and A, are both subspaces
of A and that Ay N As = {0}. Here, the elements of A are generally not of the form (a1, as) with
a; € Ay and ay € Ay. For example, A = R?, A; = span{(1,1)}, and Ay = span{(1,—1)}.

(b) An external direct sum A := A; @ Ay of vector spaces A; and As refers to direct/Cartesian product
Ay x Ay with a vector space structure induced by those of A; and of A;. Here, the spaces A; and
As are interpreted to be distinct vector spaces and the element of A are exactly of the form (ay, as)
with a1 € A; and as € As. Note that the direct sum and the direct product of a finite collection
of vector spaces produce isomorphic vector spaces.

For the case of persistence modules, the collection of vector space isomorphisms between these two
constructions for each index ¢t € Ny forms a persistence isomorphism.

In this paper, we prefer to interpret direct sums as internal direct sums if possible and avoid
denoting the elements of the direct sum as tuples.

We provide an example of a direct sum of two persistence modules below.

Example 2.2.6. Let the persistence modules (A,, @) and (B, 8s) over Zo be given as follows, with indeter-
minates a; for each ¢ € {1,2,3} and b; for each j € {1,2,3}:

Zo(ay, az) ift=0 ag : Ag = Ay by a1 = a1, as— ag
Ay = { Zs(ay,ag,a3) ift=1 with a; : Ay > As by ay—0, ax+>ras, asz+—> ag
Zo{as, as) ift>2 ay @ Ay = Apyq by as > az, agz+raz fort>2
Za(b1) ift=0 Bo : Bo— Bi by by — by
By = { Zs(b1,bs) ift=1 with B1 : By — By by by~ by, by by
Zo(by,bo,bs)  ift > 2 Bt + By — Biy1 by by — b1, bar—>by b3—bs fort>2

These are illustrated below:

Ao 4: f:ll
fo ! % o %
v al a*: >
Za(“»dzo WI;K , 0, 057 o 73441,%77
Oa O a, 4l 0> 0 0y
B 7 B

\ 6 n A
BB T W S

] 6
Z2<b‘/ b, b7 ‘T
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Let (Yo, 7o) := (Ao, te) @ (Be, Be). The vector spaces Y; of (Ys,7e) are given as follows:

Z2 <a1, a2> D ZQ <b1>
Y = Zy(ai,az,a3) & Zp(b1,b)
Za{az, as) @  Zo(b1, b, b3)

Zg<a1,a2,b1> ift=0
Zo(a1,az,a3,b1,bp) ift=1
Zo(ag,as,bi,ba,b3) ift >2

1R 1R

Observe that the isomorphism relations above are valid since a;’s and b;’s are defined to be indeterminates and
that Zs <a1, ao, a3) N Zz<b1, b, b3> = {0}

The structure maps 7, : Yy — Y41 can be described by collecting the assignments of o on the basis elements
ay, az,as and those of 3; on by, by, bs (whichever is included in the direct sum). For example, 71 : Y7 — Y has
the following assignments:

L ar— 0, az+>az, azr—>as,
Y] - Yy isgiven b
m ! 2 & Y { b1*—>b1, b2|—>b2, }

Since oy = ida, and 5 = idp, for all ¢t > 2, (As, ae) and (B, ) are both constant on [2,00) and the same
applies to the direct sum (Ys, 7).

For an arbitrary category C, the terms subobject, kernel, cokernel, and image are generally defined to be
morphisms of C satisfying certain properties (as opposed to objects). For an arbitrary category C, a subobject
of an object z in C refers to an injective morphism y — x with codomain z [Riel6, Definition 4.6.8]. For some of
the categories that are more accessible to the introductory learner, subobjects y — x of an object z (assuming
the morphism agrees with the identity id, : * — =z, i.e. y < x) are characterized by the domain y and are
labeled using a term specific to the category. We list some examples below.

1. In the category Vecty of vector spaces over a field F, subobjects correspond to (vector) subspaces and
each vector subspace W of a vector space V has a corresponding inclusion map W — V. Since W
has to be a vector space (i.e. an object of Vectr), the inclusion W < V must be a linear map, i.e. a
morphism in Vecty.

2. In the category A-Simp of (abstract) simplicial complexes and simplicial maps (as given in Definition
1.3.2), subobjects coincide with (simplicial) subcomplexes. Given a subcomplex L of a simplicial complex
K, the set-wise inclusion map L — K is also a simplicial map (as described in Definition 1.1.3).

3. In the category Top of topological spaces, subobjects are (topological) subspaces. Given any subset Y
of a topological space X, Y can be equipped with the subspace topology of X. The set-wise inclusion
map Y — X is then made a continuous map relative to this topology on Y.

Below, we provide a corresponding definition for subobjects on the category Persg of persistence modules.

Definition 2.2.7. Fix a field F. Let (V,,as) be a persistence module over a field F. A persistence module
(We,7ve) over F is called a persistence submodule or submodule of (V,, a,) if the following are true:

i. W; is a vector subspace of V; for all ¢t € Ny.

ii. The structure maps s : W, — W of (W,,~,) are exactly the structure maps of oy, : V; — Vi of
(We,7ve) with domain and codomain restricted to W; and W respectively.

That is, the collection {i; },y, of inclusion maps i : W; < V; forms a persistence morphism (We,vs) < (Vs te).

In this case, we write (We,7e) C (Ve, te) (or Wy C V, for convenience).

This definition of subobjects for persistence modules allows characterizations of kernels, cokernels, and
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images of persistence morphisms like those of linear maps in Vecty, i.e. as objects in the category as opposed
to morphisms. In particular, we extend the set-wise definition of kernels, images, and cokernels in Vecty to
the case of Persy. The composition relation on the structure maps of persistence modules (i.e. the commuting
squares condition) guarantee that the resulting collection of vector subspaces form a persistence submodule.
We state this in more detail below.

Definition 2.2.8. Let @q : (Va,ae) — (We,7e) be a persistence morphism between two persistence modules
(Ve, o) and (Ws, ve) over a field F with we = {p¢ : Vi = Wi}, o -

i. The kernel ker(pe) =: (Ko, ko) Of o is the submodule of (Vi,a,) with K; = ker(y;) C V; for all
t € Np.

ii. The image im(p.) =: (B, fs) 0f e is the submodule of (W,,ve) with B, = im(p;) C W; for all ¢ € Np.

iii. The cokernel coker(pe) =: (Cs, o) 0f o is the persistence module with vector spaces given by Cy :=
coker(p,) = Wy /im(¢p,) for all t € Ny and structure maps As; : C; — Cs being the linear maps induced
by s, : Wy — W, and the cokernel/quotient construction on Vecty, i.e. 15, maps [w] — [vs(w)] with
w € Wy, for all t,s € Ny with ¢t < s.

Remark. The symbols K, B, and C for the kernel, image, and cokernel respectively are used here for conve-
nience, i.e. we do not typically use these letters for the kernel, image, and cokernel respectively.

Observe that the vector spaces for the kernel, image, and cokernel of persistence morphisms are all well-
defined since the kernel, image, and cokernel of linear maps are well-defined. For the kernel and image, the
question is whether the resulting structure maps by Definition 2.2.7 as persistence submodules are well-defined.
We can show this using a diagram chase using a diagram chase on the commuting squares of (V,,a,) and
(We,7e) on the indices t and s, as illustrated below.

let vekor(4y) let we in(\G) wifi w#o.

V o — OetN)  Fy#0 — —> Ok 4 (V)
US& Ug't

L A T T I A

W — W W — W
) Bt \ bt
' Weanty- 0 ox=w | —> Ks,t(“))

= (V) € kar(¥) B AOERY!
The diagram chase on the left implies that o ¢ (ker(got)) C ker(ps) C V; and that the restriction of the domain

Vi to ker(y;) and the codomain V; to ker(p,) of the structure map o, : Vi — Vi is well-defined.

The diagram chase on the right implies that s+ (im(cpt)) C im(¢ps) € Ws. This tells us that the restriction
of the domain and codomain of the structure map s : Wy — W to im(¢;) and im(p,) respectively is well-
defined. This also tells us that the structure maps of coker(y,) are well-defined since

Vs,t (w + im(@t)) = ’YS,t(w) + im(‘Ps) €W

and that, for any coset representative w € im(y;) of the trivial element [w] = 0 € Wy /im(p,), As([w]) =
[Ys,t(w)] = 0 € W, /im(es).

We provide an example below where the kernel, image, and cokernel of a persistence morphism are identified.
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Example 2.2.9. Let (A,,a.) and (X,, xe) be persistence modules over Q with vector spaces A, and X,
defined as follows:

Q{a) ift=0 Q(z, y) ift=0,1
Ay =< Qla,b) ift=1 and X: =S Q(z,y, 2) ift=2
Q{a,b,c,dy ift>2 Qz,y,z,w) ft>3

where the structure maps «, ¢ : Ay = Ag of Ae and xs: : Xy — X of X, are restrictions of the identity maps
on Q(a, b, c,d) and Q(x,y, z,w) respectively. Define the map ® : Q{a, b, ¢, d) — Q(z,y, z,w) by

a b ¢ d N -
x 1 -1 1 0 b
—x
@=y[0 0 1 1 or equivalently
2lo o0 11 ¢ & THytz
w\0 0 0 0 d yte

For each t € Ny, define ¢; : A; — X; by ¢i(f) = ®(f) for all f € A;. Observe that the codomains of ¢; with
t=0,1,2,3 are well-defined. We claim that p, = {<Pt}teN0 is a persistence morphism s : (Ae, te) — (Xe, Xe)-

The vector spaces of the persistence module ker(p,) by ker(ps)(t) := ker(¢;) and of the persistence module
im(pe) by im(ps)(t) := im(p;) are as follows:

Q(x) ift=0,1

0 ift=0
ker = +b ift=1 and im =
(ee) Qa+-b) 1 (ee) {Q(x,y +2) ift>2

Qla+ba—c+d) ift>2

Since the vector subspace relations A; C A, and X; — X, for t < s are preserved by ¢, and ¢, the structure
maps ker(pe)(t — s) and im(we)(t — ), which are inclusion maps as restrictions of identity maps, are both
well-defined. Observe that ker(p,) is a persistence submodule of (As, ) and im(ps) is a persistence submodule
of (Xe, Xe)-

The vector spaces of coker(ps) by coker(ps)(t) = coker(y;) can be described as follows:

Q(z, y)/ Q(z) = Q) = Q ift=0

ety - X _] Quwol = Qb)) = Qe
lm(tpt) Q(x,y,z)/(@(a:,y—l—z) = Q<[Z]> = Q ift=2
Qz,y,2,w)/ Qa,y +2) = Q2] [w]) = Q* ift>3

Since vector spaces have no torsion, the ranks of the coker(¢;) for all ¢ € Ny is determined by the rank of X,
minus the rank of im(¢;). The structure maps of coker(p,) are illustrated by the following sequence:

coker(pq) coker(ipq) coker(ps) coker(ip3)
l l l l
[y] — [v] [yl —0 [2] = [2]
Qy]) — Q] — Q(2) ; Q(z, w)
[y] becomes trivial [2] is unaffected structure maps
on addition of y + z by addition of w are identity maps
to im(p1) to X3 fort >3

Note that defining the cokernel of morphisms in an abelian category defines the quotient operation on said
category. For example, in the category of Modg of modules over a PID R, the quotient module X /Y of an
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R-module X by its submodule Y is exactly the cokernel of the inclusion map ¥ — X, i.e.
X/Y:X/im(Y%X):coker(Y%X)

Consequently, Definition 2.2.8 also tells us that the quotient operation on a persistence module by its submodule
is done pointwise for each t € Ny. Since we have definitions for persistence submodule relations and quotients
of persistence modules, we can form chain complexes of persistence modules.

More generally, given any abelian category A, there is a corresponding category Ch-A of chain complexes
in A, defined very similarly as in the case of chain complexes of R-modules. For those interested, we refer to
[Rot08, Section 5.5] and [Wei95, Chapter 1] for a more general and detailed discussion. We state what this
means specifically for Persy below.

Definition 2.2.10. The category of persistence complexes over a field F, denoted Ch-Persy, refers to
the category of chain complexes on Persp, with objects and morphism described below:

i. The objects of Ch-Persy are persistence complexes, defined as follows:

A persistence complex (V,*, a2, 0?) over F is a Z-indexed collection of persistence modules (V,?, o)

over I and persistence morphisms 93 : (V,y,ap) — (Ve_1,ap_;) such that 92 00s_; = 0° for all n € Z,

where 0° denotes the zero persistence morphism. Illustrated below is (V.?, a2, ) as a filtered sequence
of persistence modules and persistence morphisms:

. . ° )

n—+2 n+1 n n—1

- 4) L] L] L]
n+1 v, v

n n—

For convenience, we may suppress the structure maps of V* and write (V,?,9¢) := (V.2,as,d?).
ii. The morphisms of Ch-Persp are persistence chain morphisms, defined as follows:

A persistence chain morphism f°* : (V2 9°2) — (W?,0?) between two persistence complexes
(Ve,02) and (We,62) over F is a Z-indexed collection of persistence morphisms f2 : V. — W2

* *
such that for all n € Z, f3_, 008 =65 o f, i.e. we have the following commutative squares:

% 84;) Vo1
mloo# e
Wy T Wa_4

n

Observe that the notation for the persistence complex (V.2,0¢) has two “placeholder” indices: an index
t € Ny denoted by the bullet (o) and an index n € Z denoted by the asterisk (x). Since each n € Z identifies
a persistence module (V,?, o) and each ¢ € Ny identifies an F-vector space V,!, a persistence complex (V,*,9?)
corresponds to the following commutative grid of vector spaces:
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t+1 t+1 t+1
at+1 Tan-i,-l at+1 Tan at+1 Tan—l at+1
Az n+2 yit+l ntl yi+l n yt+l n—1
* n+1 n n—1
t t
t Tan—&-l ¢ an t T n—1 +
a11—‘,—2 an+1 8n an—l
Vi Vi VA vt .
* n+1 n n—1
t—1 t—1 t—1
gt-1 TO‘”-H gt—1 An t—1 Tan‘l ot—1
n+2 n+1 an n—1
Vt—l thl Vt—l thl .
* n+1 n n—1
t—2 t—2 t—2
Tan%»l an Tanfl

Note that each column represents a single persistence module and each row represents a chain complex of
vector spaces and linear maps. Persistence complexes will be significant later in Section 3.3 of Chapter 3 where
we extend the construction of simplicial homology of simplicial complexes to the case of persistence modules.

The category Ch-A of chain complexes on an abelian category A also brings with it a family of chain
homology functors H,(—) : Ch-A — A, one for each n € Z. We state a corresponding definition specific to the
category Persp below.

Definition 2.2.11. For each n € Z, the n'" chain homology functor H, : Ch-Persy — Persy on Ch-Persg

sends a persistence complex (V,*,92) to its n'" chain homology H,,(V,*,d?), which is the persistence module
given by
ker(0y)

V00 = o)

n

= coker (im((“)'ﬂ) — ker(aﬁ))
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Section 2.3. Interval Decompositions of Persistence Modules

Now that we have definitions for isomorphisms and direct sums between persistence modules, it is possible for
us to talk about decompositions of persistence modules. Note that we use the term decomposition, or more
specifically direct sum decomposition, in the same way we would for vector spaces and modules. That is, a
decomposition of a persistence module consists of a (finite) direct sum of other persistence modules such that
the direct sum is isomorphic to the original persistence module.

In persistence theory, we are interested in a unique form of decomposition called interval decomposition.
In this section, we define the notions of interval modules and interval decompositions and provide examples for
each. To start, we provide a definition for interval modules, adapted from [CSGO13, Section 1.4].

Definition 2.3.1. Let F be a field. The J-interval module Hf over F for some interval J C Ny is the
persistence module I = (I/,4)) : Poset(Ny, <) — Vectr with vector spaces I and structure maps i, : I} — I/
given as follows:

F ifteJ id ift,s e J
I/ = ' forallteNy and i/, =4 -~ "0° for all t, s € No with ¢ < s.
0 iftgJ ' 0 otherwise

If the interval J and the field F are arbitrary, we may drop references to both and refer to I/ as an interval

module. If J = [a,b), we may write ]I[.a’b) to refer to I7. Similarly, we may write H[.a’oo) if J = [a,00).

Remark. The condition that is‘]’t =idy if ¢,s € J is stated as is; = 1 in [CSGO13, Section 1.4]. In this case,
is{t =1 refers to the linear map F - Fby k+— 1 -k =k for all k € T.

Since we are only using Ny as the indexing set for persistence modules, we can characterize all intervals
in Ny as pairs of values. In particular, any interval in Ny can be represented using exactly one of the two
representations below:

[a,0) ={n eNp:a<n<b} or [a,00) = {n € Ny :a <n}

Observe that, assuming we allow b in [a,b) to have oo as a value (i.e. b € Ny U {o0}), every interval in Ny can
be unambiguously represented by the two endpoints @ and b. Thus, in some papers (e.g. [ZC05; Bau2l]), the
interval [a, b) is represented using an ordered pair (a,b).

Since we will be working at the level of persistence isomorphisms, it will be helpful to have a characterization
of persistence modules that are isomorphic to interval modules. We provide such a characterization below in
terms of ranks.

Lemma 2.3.2. A persistence module (V,, a,) over F is isomorphic to the interval module I for some interval
J C Ny if and only if the vector spaces V; and structure maps a, ¢ : V3 — V; satisfy the following:

1 ifteJ
0 iftgJ

1 ift,sed

(E1)
0 otherwise

rank(V;) = { and rank(as ) = {

where rank(—) refers to the rank of F-vector spaces and of F-linear maps.
Proof. Let (Vs, ae) be a persistence module over F.

For the forward direction, assume that V, = I for some interval J C Ny with I = (I7,4]).
Then, there exists a persistence isomorphism ¢, : Vo — I/ with ¢4 = {p;: V; — Witien,- BY
Definition 2.2.3, ¢; : V; — W; is an F-vector space isomorphism for each t € Ny. Since linear
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isomorphisms preserve the ranks of vector spaces, we have the following for each t € Ny:

rank(F) iftedJ

=1
rank(V;) = rank V;)) = rank(I;)) =
(V) (e (12)) () { rank(0) = 0 otherwise
Similarly, composition with linear isomorphisms preserve the ranks of linear maps. Then, for all
t,s € Ng with t < s:

rank(idg) =1 ift,se J
rank (o, ;) = rank(pg 0 ag 4 © =rank(igs) =
(as.t) (¢ 0 ¢t) (is.t) { rank(0) =0 otherwise

Therefore, V, satisfies (E1) for the interval J C Np.

For the backwards direction, assume that (Vi, a,) satisfies (E1) for some interval J C Ny. To
7), we build the linear maps

@t : Vi = I/ inductively. For clarity, let 1; € F refer to the multiplicative identity of F, specifically
as the vector space of IJ at index t € J, i.e. i/ ,(1;) = idp(1;) = 1, for all t,s € J with t < s.

s,t

construct the persistence isomorphism ¢, : Vo — I with I/ = (I,

1. Let a = min(J), which exists by the well-ordering principle on Ny. That is, J = [a,b) for some
b€ Ny or J = [a,00). Choose a nonzero o, € V,, which exists by assumption of rank(V,) = 1.
Observe that {o,} is a basis of V,. Define the linear map ¢, : V, — IJ = F by 0, + 1,.

2. Let ¢t € J with t # a. Let oy € V; be such that oy 4(0,) = 0. By assumption, rank(V;) = 1 and
rank(ag ) = 1. Then, oy # 0 and {0y} is a basis for V;. Define the linear map ¢; : V; - I/ = F
by O¢ = 115.

3. Let t € Ny with ¢ ¢ J. By assumption, rank(V;) = 0 and V; is the trivial vector space. Then,
@t 2 V; = T/ =0 can only be the trivial map.

Let t,s € Ny with ¢ < s. By Definition 2.2.1(ii), we need to show that the following composition
relation is satisfied: p o0 = z"s],t oy where a,; : Vi — Vj is a structure map of V, and is‘]’t : ]Ig — ]Itsf
is that of I/. We examine three cases:

1. Assume t,s € J. Then, V; and V; are non-trivial F-vector spaces with bases {o:} and {o,}
respectively. By Lemma 2.1.3(ii), 05 = a5 0(0a) = (s, © ,0)(00) = @4(0¢). Then,

(‘Ps o as,t)(gt) = @8(08) =1s= isJ,t(lt) = (isJ,t © @t) (Ut)

Therefore, the relation ¢, 0 a5 = is‘{t o ¢y is satisfied.

2. Assume t € J. Then, V; is the trivial vector space by assumption of rank(V;) = 0 and the relation
Ps 0 gy = i;{t oy is trivially satisfied.

3. Assume s ¢ J. Then, I7 = 0 and the maps ¢; : Vs — 7 and i;{t : I/ — T/ are necessarily zero.
Then, the composition relation ¢z o g = is‘]’t o @y = 0 is trivially satisfied

Therefore, e : Vo — ]I'.] is a persistence isomorphism and V, = ]I'.] . [ ]

As discussed in Section 2.1, the structure maps of a persistence module (V, o) are uniquely determined
by the collection {ay : V; — Vt+1}teN0 of linear maps. Let the interval J C Ny be given by J = [ag, b) for some
ar, € Ng and by, € [ag, 00) U {oo}. The condition (E1) in Lemma 2.3.2 can equivalently be stated as follows:

1 ift€]a,b)

0 otherwise

1 iftefa,b—1)

(E2)
0 otherwise

rank(V;) = { and rank(oy) = {

where [a,b — 1) is interpreted to be [a,0) if b = co. Since the structure map ap—1 : Vp—1 — V} has trivial
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codomain V; = 0, it must also be trivial. Lemma 2.3.2 also implies that if V, = ]I[.a’b), then any nonzero
element o, € V, will satisfy ay ,(0) # 0 for all ¢ € [a,b— 1). We illustrate this below relative to the sequence
representation of V,, with the additional assumption that b € Ny:

Qg1 Qg Ogt1 ap—1
0= Va—l Va Va+1 Va+2 — = ‘/b—l — VE} =0
Og Vg1t Vgg > - —> Up—1 — 0
+ + +
0 0 0

where v, 1= ay4(0,) for ¢ > a + 1. Observe that for all ¢ € [a,b), {v:} is a basis for V; since v; # 0 and
rank(V;) = 1 by assumption. For ¢t > b, v; = 0 and V; is the trivial vector space. We give an example of a
persistence module that is isomorphic to an interval module below.

Example 2.3.3. Let (Qs,7s) be a persistence module over Q with vector spaces @Q; and structure maps
Y 1 Qr — Qry1 given as follows:

Qla) ift=3
. 73 :Q3 — Q4 by a+ 2b
Qb)) ift=4 L
Q= Q) ift=s and Y4: Qs — Qs by b 3c
c)  ift=
. Y5 : Qs = Q¢ by c—0
0 if t ¢ {3,4,5)

Note that for all ¢t & {3,4,5}, the structure map 7; : Q; — Q141 is necessarily the zero map since Q; = 0.

By Lemma 2.3.2, Q, = I with J = {3,4,5} = [3,6). We can also determine a corresponding persistence
isomorphism ¢e : Qs — 1% using the same arguments presented in the proof of Lemma 2.3.2. Choose
a € Q3 = Q(a). Then, the images of a under the structure maps of @, is illustrated as follows:

72 3 3 3
0= Q- Q3 Q4 Qs Qs =0

a 2b +

Observe that {2b} and {Zc} are bases of Q4 = Q(b) and Q5 = Q(c) respectively. The linear maps ¢, : Q; — ]I£3’6)
of the persistence isomorphism ¢, are then given as follows:

03:Q=Qa) > 159 =Q  01:Qu=0Q0) =-IPY=Q  ¢5:Qs=Qc) = IV =Q
a1 2b 1 2e1

Note that for all ¢ € [3,6), the linear map ¢y : Q; — ]I£3’6) is the trivial map since @y = 0 and ]ILS’(;) = 0.

Let ]I[.S’G) = (]I[.g’G), ie),i.e.let is, : ]I?’G) — ]ILS’(S) denote the structure maps of H[.g’G). Since @, is a persistence
morphism, the commutativity relation ¢, oy, = is+ 0 ¢ is satisfied for all ¢,s € Ng with ¢ < s. This can be
visualized using the following diagram, where highlighted in red are elements of ®: and in blue are those

of HES’G) .
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2 3 Y4 5

0=@Q: Q3 Qu Qs Qs =0
a 2b 2c > 0
P2 ¥3 l P4 I ¥5 I Y6 J
1 1 1 0
0= H[23,6) 73:6) ]14[13,6) H?’G) 136 _ ¢
O id@ ldQ

Next, we provide a definition for interval decompositions, adapted from [CSGO13, Section 1.5].

Definition 2.3.4. An interval decomposition of a persistence module (V,, e ) over a field F is a finite direct
sum @, IJ* of interval modules where {Ji},-, is some multiset of intervals in Ny such that

~ D 1 ~ (17 J Tom
V._kGEH'k (H,l)@(H,Z)@ @(H,)

We say that V, admits an interval decomposition if there exists an interval decomposition of V.

Remark. Some authors refer to {Ji} as a collection instead of a multiset. While we may conventionally use
the term collection to refer to a set or some set-like object, we will use the term collection to refer
to multiset whenever we are talking about interval decompositions. For example, the collection

{[1,4),[1,4)} corresponds to the interval decomposition 14 @Y.

Observe that the definition of the term “interval decomposition” does not require that a persistence iso-
morphism ¢, : Vo = P, I/* be explicitly given, only that at least one exists. This convention is justified by
the following uniqueness theorem.

Theorem 2.3.5. Let (V,,a,) be a persistence module over F. Assume that there exists two interval decom-
positions for V, given as follows:

Vo2 Prlr  and Vo= PIin

keK meM

where {J; : k€ K} and {L,, : m € M} are two multisets of intervals in Ny. Then, there exists a bijection
7 : K — M between the indexing sets K and M such that for all k € K, Ji = L) as intervals in Np.

Remark. A proof is available under [CSGO13, Theorem 1.3].

The existence of the bijection 7 : K — M, as denoted in the theorem above, implies that the intervals of
{Ji} are exactly the intervals of {L,,}. If the multisets {J;} and {L,,} are linearly ordered, then the bijection
m : K — M corresponds to a permutation or re-ordering of the intervals in {J}. This explains why some
authors describe interval decompositions as being unique up to permutation.

Furthermore, this implies that the multiset {Jx} of intervals that determine the interval decomposition
D, /% is unique up to persistence isomorphism. This uniqueness result explains why we can use the article the
when talking about interval decompositions, e.g. we talk of the interval decomposition of a persistence module.
Note that the persistence isomorphism Vo — @, c g I/ behind the isomorphism relation V, = REK I7% is not
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generally unique. This motivates the following terminology.

Definition 2.3.6. The persistence barcode Bar(V,) of a persistence module (V,, a) is the multiset {Jj };-,
of intervals in Ny such that @, IJ* is an interval decomposition of Vs, i.e. Vo 2 @~ | IJ*. Note that Bar(V,)
does not exist if V, does not have an interval decomposition.

The Structure Theorem (Theorem 4.1.1) for finitely-generated modules over a PID R states that the
invariant factors of a finitely-generated R-module are uniquely determined up to R-module isomorphism. An
equivalent way of saying this is that the invariant factors of an R-module (if an invariant factor decomposition
exists) is an invariant of the isomorphism type of R-modules.

In the same vein, the persistence barcode (if it exists) is an invariant of the isomorphism type of persistence
modules. Furthermore, the persistence barcode is a concise characterization of the ranks of the vector spaces
and structure maps of a persistence module. We state this in more detail below.

Proposition 2.3.7. Let (V,, ) be a persistence module over F. Assume V, admits an interval decomposition
and let Bar(V,) be given by the multiset Bar(Ve) = {Ji},—, of intervals. Then,

rank(V;) = card{J € Bar(V.):t e J} (E3)

rank(as ) = card{J € Bar(Vy) : [t,s] =[t,s+ 1) C J} (E4)

where rank(—) refers to the rank of F-vector spaces and F-linear maps and card(—) refers to the number of
elements in a set, i.e. set cardinality.

Proof.  Assume that V, = @, IJ+ for some multiset {Jj};—, of intervals in Ny. Then, there exists a
persistence isomorphism ¢, : Vo — @, I/* with linear isomorphisms ¢; : V; — b, ]I;] k for t € Np.

For (E3): Let t € Ny. By definition of interval module, we have the following for each € {1,...,m},

rank(]l;]’“) _ rank(F) =1 ifte Jy
rank(0) =0  otherwise

Since ¢; : Vi — W, is a linear isomorphism and by properties of the direct sum of vector spaces:

rank(V;) = rank(apt(Vt)) = rank(éﬂ;}"> = i rank(]l;”‘) = Card{J € Bar(V,) : t € J}

k=1 k=1
Therefore, Equation (E3) is satisfied.
For (E4): Let t,s € Ng with ¢ < s. For each k € {1,...,m}, let 7, refer to the structure map

%]ft : I/t — T7% of the interval module T/*. Note that t,s € .J if and only if [t,s] C Ji. Therefore,

rank(idp) =1 if [t,s] C Ji
rank(0) =0 otherwise

rank(y,) = {

Let 75 : @r, I/* — @), I7¢ be the structure map of @, I/* on t — s. By definition of the
direct sum of persistence modules, 75+ = @, 7., where @)~ 7L, is the linear map induced by
the direct sum operation between F-vector spaces. Since p, must be a persistence morphism, the
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composition relation s+ 0 ¢ = @5 0 a5+ is satisfied. Therefore,

rank(as¢) = rank((cps)*1 0 Ys,t © gat) =rank(ys ) = rank( @’yslft>

=3 rank(v},) = card{J €Bar(Va): [t.s] = [t,s +1) C J}
k=1

Therefore, Equation (E4) is also satisfied. u

It can be proven that finite-type persistence modules admit interval decompositions. We state this later in
Proposition 2.5.14 under Section 2.5 and prove it using an equivalence of categories.

The calculation of the interval decomposition of a given finite-type persistence module (V4, ae) requires
that both the vector spaces V; and the structure maps a,; : V; = V; for all t € Ny be considered, for lack
of a better term, simultaneously for all indices ¢t € Ny. In practice, this means that the decomposition of the
vector spaces V; must be compatible with the structure maps, in that the collection of vector space isomorphisms
involving each V; must form a persistence morphism. We give an example of this below.

Example 2.3.8. Let (V4,7.) be a persistence module over Z; with vector spaces given as follows:

Zs{xy) if t €[0,13)
‘/t = Z5<y1,y2> ifte [13,21)
Zs(z1, 29, 23)  if t € [21,00)

For t # 12 and t # 20, let v : V; — Vi41 be the identity map on V;, which is well-defined since V; = V4.
Define the structure map v : Vi — Viyq1 of V4 for ¢t = 12 and ¢t = 20 as follows:

2:Vig = Vi3 Y20 : Voo — Vo1
T1 > Y2 Y1 — 21
Y2 — 23

To determine the interval decomposition of C,, we need to find a decomposition of C, into persistence sub-
modules such each submodule is isomorphic to an interval module. For each ¢t € Ny, A;, B, and C; be vector
subspaces of V; given as follows:

Zs(z)) ifte0,13) 0 if t € [0,13) 0 if t € [0,13)
A= Zslys) ifte[13,21) By ={Zs(y) ifte[13,21) Ci=1<0 if t € [13,21)
Z5<23> ift e [21, OO) Z5<Zl> ift e [21, OO) Z5<22> ift e [21, OO)

Observe that, for all t € Ny, A; is a Zs-vector subspace of V; and that the structure map ~; : V; — Viy1 of
Ve satisfies v¢(At) C Asy1 € Viyr. Therefore, the collection {At}teN0 of vector spaces determines a persistence
submodule A, of V, with A4(t) = A; and the structure map A; — A1 defined by restricting the domain and
codomain of the structure map 7; : V; — Viy1 of Vg for all t € Ng. Similarly, the collections {Bt}teNo and
{C’,g}teN0 of Zs-vector spaces determine persistence submodules B, and C, of V, respectively.

Since for each t € Ny, V; = A, @ B; & C; as Zs-vector spaces (with the direct sum interpreted as an internal
direct sum of vector spaces), we have the following decomposition of V, as a persistence module:

Ve =2 Ay @ Be © Cl
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with the persistence isomorphism i, : Ae B Be ® Cy — V, given by the inclusion maps iy : A; & By & Cy — V;
for all ¢t € Ny. This decomposition of V, is illustrated in the following diagram:

(t=0) - (t=12)  (t=13) (t = 20) (t = 21)
Vo @ Zs{xi) — -+ —— Zs{x1) — Zs(y1,y2) — -+ — Zs{21,20,23) —> Z5(21,22,23) —> -~
Il Il I Il Il Il
Ae : Zs(z1) — -+ — Zs(x1) — Zs{ys) — - —— Zs(Ya) —— Zs(zz) ——
) 53] S @
B, Zs(yr) — - —— Ls{y)) ——— Zs(z1) ——
S @

o

Z5 <2’2> _

From the diagram above, we can conclude that the persistence submodules A,, B,, and C, of V, are isomorphic
to interval modules as follows:

For Ay = ]I[.O’OO): Let A = (Ae, ), i.e. denote the structure maps of A, by ay : Ay — As11. Recall that
ai(a) = y(a) for all @ € Ay and for all t € Ny. Observe that for all t € Ny = [0, 00),
rank(A4;) = 1 and rank(ay) = 1. Then, A, = 1> by Lemma 2.3.2, relative to characteri-
zation by Equation (E2).

Alternatively, we can construct the persistence isomorphism @2 : A, — ]I[.O’OO) explicitly as

follows: Denote the multiplicative identity of Zs as 1. Then, for each ¢t € Ny, define the
[

linear map of' : Ay — ]Ito’oo) as follows:

Ift €[0,13): Let i : Ay = Zs(x1) — ]I,[fo’oo) = Zs be given by 1 — 1.

Ift € [13,21): Let @ : Ay, = Zs (o) — 11°°) = Zs be given by o — 1.

If t € [21,00): Let o : Ay = Zs(z3) — ]I,[fo’oo) be given by z3 > 1.
It should be straightforward to check that the linear maps @' : A; — Hl[to’oo) commute
with the structure maps o : Ay — A1 of A, and those of ]I[.O’OO). Therefore, 2 by

o = {‘Pt}teNo is a well-defined persistence morphism. Since each ¢! is a vector space
isomorphism, ¢Z' is a persistence isomorphism.

For B, = H[.ls’oo) : Let By = (Ba, fs), i-e. denote the structure maps of Be by f; : By = Bi1. Observe that
if t € [13,00), rank(B;) = 1 and rank(f;) = 1. If t € [0,12), B; is trivial and rank(B;) = 0
and rank(B;) = 0. Then, B, = II"**) by Lemma 2.3.2.

The persistence isomorphism ¢ : B, — H[.13’°°) can be constructed similarly as with the
case of @2, i.e.

Ift €[0,13): By is trivial and P : By — HES’OO) = 0 can only be the trivial map.
If t € [13,21): The map P : By = Zs(y1) — 11?370") = Zs is given by y; — 1.
If t € [21,00): The map pf : By = Zs(z) — ]IPB’OO) = Zs is given by z; — 1.

For B, 2 1) Let C, = (C., ). Note that if ¢ € [21,00), rank(C;) = 1 and rank(tp; : Cy — Cyyq) = 1. If
t €[0,21), rank(C;) = 0 and rank(¢p; : Cy — Cy41) = 0. By Lemma 2.3.2, Cy = 1210

The persistence isomorphism ¢ : Cy — ]I[.Zl’oo) is given as follows: If ¢ € [21,00), ¢¢ : Cy =
Zs(za) — ]1?1’00) = Zs is given by zo — 1. If t € [0,21), C; = 0 and ¢ can only be the
trivial map.
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Therefore, we have the following decomposition for Vj:
Ve 2 A, ® B, @ Co 210 o * @ 1PV

Consequently, the persistence barcode Bar(V4) of V, is given by Bar(V,) = {[0, 00), [13,00), [21,00) }.

Observe that, in the above example, the persistence barcode of V, corresponds to a collection of bases for
each V; that is compatible with the structure maps. In particular, Example 2.3.8 is written such that elements
of the bases {x1,z2,23}, {y1,v2}, and {z1, 22, 23} for V; with t € [0,13), ¢t € [13,21), and ¢ € [21, c0) respectively
are mapped either to 1 € Zs5 or 0 € Z5 in the given interval decomposition for V.

Unfortunately, this nice correspondence does not generally apply to arbitrary finite-type persistence mod-
ules. In the example below, we define the vector spaces of a persistence module using some set of indeterminates
but show an interval decomposition of said persistence modules that requires a change of basis for the vector
spaces involved.

Example 2.3.9. Let (W,,v,) be a persistence module over Zs with vector spaces given as follows:

Zs{a1) ift=0
by,by) ift=1
Zs(c1,co) ift=2
dy) ift >3

Let the structure maps of W, of the form ~; : Wy — Wy, for t € Ny be given by

’}/02W0:Zg<a1>—>W1 712W1—)W2 ’)/QZWQ—)Wg ’ytZWt—)WtJrl for a11t23
a1|—>2b1+62 bl’—)61+02 c1»—>0 d1|—>d1
by — ¢1 + 2¢9 co — dy

To determine the interval decomposition of W,, we must first find a decomposition of W, into persistence
submodules such that each submodule is isomorphic to an interval module. For each ¢t € Ny, define the Z3-
vector spaces U; and V; as follows:

Z3(2b1 + b ift=1 Z3(by +b ift=1
A = 3(2b1+b2) and B, = albrtbo) i

Zg<62> ift=2 Zg<261> ift=2

Zs(dy) ift>3 0 ift >3

For the collections {A¢}, ¢, and {B:},cy, to determine persistence submodules Ae = (As, ate) and Be = (B, ()
of W, respectively, we must show that linear maps oy : Ay — Ayy1 and Sy : By — By11 obtained by appropriately
restricting the domain and codomain of ~; : V; — V;;; are well-defined. This is shown by the following
calculations:

For {At}teNo : It suffices to consider the images of the basis elements a1, 2b; + bo, and c¢o of Agy, Ay, and
Ajg respectively under the appropriate structure map ~; of Wi:

’YO(al) = = 2b1 +b2
Y1(2b1 + b2) = 2(c1 +c2) + (1 + 2¢2) =2¢1 + 22 +¢1 + 22 = ¢
Y2(c2) = =
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Note that for all ¢ > 3, 73 is the identity map on V; = Zs(d;). Then, for all ¢ € Ny,
v:(A:) C Apyq and the linear map oy : Ay — A1 obtained by restricting v : Wy — Wiy is
well-defined. Therefore, Ay = (A, e) by Ae(t) = As and A4(t — t+1) = @ is a persistence
submodule of W,.

For {Bt}tGN0 : Note that for ¢t # 1,2, B; is trivial. It suffices to consider the image of b; + by € By and
2¢1 € By under the appropriate structure map - of W,:

'Yl(bl + bg) = (Cl + 02) + (61 + 202) =2¢1 + 3co = 2¢4
Y2(2¢1) 2(0) =0

Then, v1(B1) C Z3(2¢1) = B2 and y2(B2) C Z3(0) = Bs, and the linear maps 31 : By — Bs
and (s : By — By obtained by restricting v : W; — W5 and v, : Wy — W3 are well-defined.
For t # 1,2, define B; : By — By+1 to be the trivial map. Therefore, B, = (B, 8s) by
B.(t) = By and Be(t — t+ 1) = f3; is a persistence submodule of W,.

Observe that for ¢t = 0 and for t > 3, A; ® By &£ A; = V; since B, is trivial. For the case of t = 2, we have that
{2b1 + ba, by + ba} is a basis for Wy = Z3(b1,bs) by the following calculation:

(1)(2b1 + bg) + (2)(b1 4+ b2) = 2by + by + 2b1 + 2by = 4by + 3b2 = by
(2)(2()1 + bg) + (2)(b1 + bg) = 4bq + 2by + 2by + 2by = 6b1 + 4by = by

Similarly, {2¢1, c2} is a basis for W3 = Zs (¢, c2) since 2(2¢1) = 4¢; = ¢q. Therefore, Wy, = A; @ B; for all t € Ny
(taken as an internal direct sum) and we have the following persistence isomorphism relation:

We =2 A. @ B,
This is illustrated in the diagram below:
(t=0) (t=1) (t=2) (t=23)
We : Zs(ar) — Zs{b1,ba) — Zs(c1,co) — Zs{d1) — ---

| I | I |
Ae ¢ Zs(ar) — Zs(2by+b2) — Zs(c2) — Zs{d1) —
&b ¥ ® ¥ ®
B, 00— Zz(by +ba) — Z3(2c1) 0

The submodules A, and B, of W, are also isomorphic to interval modules, as described below:
For Ay = ]I[.O’Oo) : The persistence isomorphism cpf‘ Ay — H[.O’oo) is given as follows:
For t = 0: The map ¢f : Ag — ]I([)O’OO) = Zs is given by a1 — 1 € Zg.
For t =1: The map 30‘14 A — ]I[lo’oo) = Z3 is given by 2by + by — 1 € Z3.
For t =2: The map gog‘ Ay — ]I[QO’OO) = Z3 is given by ¢y — 1 € Zs.
For t >2: The map ¢! : A; — ]ILO’OO) = Zg3 is given by dy — 1 € Zs.

We can confirm that the maps ¢f* : 4; — ]ILO’OO) commutes with the structure maps oy :
Ay — Ayqq of A, and those of ]I[.O’oo). We can also conclude that A, = H[.O’Oo) using Lemma
2.3.2 since rank(A;) = 1 and rank(ay : Ay — A1) =1 for all ¢ € Np.

)

For By & ]I[.I’S) : The persistence isomorphism ¢Z : B, — H[.l’?’ is given as follows:
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For t =0: By is trivial and ¢f : By — ]I[.l’g) = ( is necessarily the trivial map.

For t = 1: The map ¢ : B; — ]I[ll’3) = Zs is given by by + by — 1 € Zs.
For t =2: The map @& : By — ]I[21,3) = Zs is given by 2¢; — 1 € Zs.

Fort>2: B; and ]IP’S) are both trivial and P is necessarily the trivial map.

(1,3)

Observe that the maps {(ptB } ten, commute with the structure maps of B, and those of I

In particular, we have the following for the case of t =1 and ¢ = 2:

(98 ©61) (b1 + 1) = @B (201) =1 =iz, (1) = (idz, © &P ) by + bo)

(¥5 0 82)2er) = @B(0) =0=1idz, (0) = (idz, o ¢F)(2e1)

Alternatively, we can use Lemma 2.3.2 (relative to its characterization by Equation (E2)) to

determine that Be = ]I[.l’g) since we have the following:

1 iftell,3)

0 otherwise

1 ifte1,3-1)=1

0 otherwise

rank(B;) = { and rank(3;) = {

Therefore, we have the following persistence isomorphism relation:
We = Ae® By 210 o I{

and the persistence barcode of W, is given by Bar(W,) = {[O, o0), [1, 3)}

In Chapter 4, we discuss a method of calculating the interval decomposition of finite-type persistence
modules that are the n*® chain homology of a chain complex of finite-type persistence modules.
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Section 2.4. The Category of Graded Modules over Polynomial Rings

Let R be a commutative ring with identity 1z € R. One of the key results in persistence theory is the
equivalence between the category Persy of persistence modules and the category GrModpg(, of graded R[z]-
modules, discussed in Section 2.5.

However, we have found that definitions and descriptions for graded modules, particularly those involving
the category of graded modules, seem to be sparse in introductory-level abstract algebra texts, and that rigorous
definitions often only appear in more specialized fields such as commutative algebra and homological algebra.
To avoid confusion, we identify a number of definitions, notation, and results involving graded R[z]-modules in
this section that are used throughout the paper. We use the following texts as our primary references.

1. Graded Syzygies [Peell] by Irena Peeva.
2. Methods of Graded Rings [NO04] by Constantin Nastasescu and Freddy Van Oystaeyen.

To start, most of the literature regarding graded modules and persistence modules use the term action to refer
to the scalar multiplication operation on a module. We state a definition of action below.

Definition 2.4.1. The action of R on an R-module M is a biadditive group action - : R x M — M that
defines the scalar multiplication operation on M.

Note that the requirements that the action - : R x M — M be a group action and be biadditive satisfy the
usual conditions for scalar multiplication on an R-module. We state this in more detail below:

1. The condition that - : R x M — M be a group action requires that - must satisfy the identity and
compatibility axioms with respect to the multiplication operation - : R X R — R on R (as a ring), i.e.
for all m € M and r,s € R,

lp-m=m and r-(s-m)=(r-gs)-m

2. The condition that - : R x M — M be biadditive requires that - be linear on the first and second
arguments with respect to addition + : Rx R — Ron R (as a ring) and to addition +p; : M x M — M
on M (as an abelian group), i.e. for all r,s € R and m,n € M,

(r+gs) -m= - -m)+uy(s-m)

r-(m+yn)=(r-m)+uy (r-n)
The two equalities above are sometimes called the distributivity properties of scalar multiplication (of
modules).

Next, we provide definitions for the standard grading on R[z] taken from [Peell, Section 1].

Definition 2.4.2. The standard grading on the polynomial ring R[z] is given by polynomial degree.

i. A nonzero element f € R[z] is homogeneous if f = ax® for some nonzero a € R and t € Ny, i.e. f is
a monomial. In this case, we say that f = az’ is homogeneous of degree ¢ and write degy, (f) = t.

ii. For all t € Ng with ¢ > 1, define Ra! as the subring of R[x] consisting of all monomials of degree ¢ and
the zero polynomial, i.e. Rz' = {ra! :r € R}. Define Rz" := R.

iii. Under the standard grading, the homogeneous component of R[z] of degree t € Ny is the subring
Rz' of R[z]. Observe that R[z] = @,cy, Re' as abelian groups with @ taken as an internal direct sum.

In this paper: when R[z] is viewed as a graded ring, we always equip R[z] with the standard grading.

PAGE 53 OF 169



Remark. For a general definition for graded rings (i.e. not specific to R[z] under the standard grading), see
[Peell; NOO4]. Note that the grading on a ring R can be defined relative to any abelian group G.
Here, the degrees of homogeneous elements take values in G and say that R is G-graded.

In our case, we consider the standard grading on R[z] to be an Ny-grading on R|x] since we only
expect the degrees of homogeneous elements of R[z] to take values in Ny. We point this out since, in
some references, e.g. [Web85; Mar; NOO04], R[x] is described to be Z-graded with the homogeneous
components of R[z] of degree t € Z with ¢ < 0 being trivial abelian groups. Here, R[z] is often seen
as a subring of the Laurent polynomial ring R[z,z~}].

With R[z] equipped with the standard grading, observe that we denote the degree of f € R[z] by deg, (f), as
opposed to deg(f). Note that, conventionally, deg(f) denotes the degree of a polynomial f € R[z], disregarding
the equipped grading on R[z]. More specifically, for all nonzero f € R[x], we have that:

deg(f) if f is homogeneous, i.e. f is a monomial

degh(f) = {

undefined otherwise

We identify two advantages to this approach:

1. Writing deg,, (f) emphasizes that f € R[z] is to be considered as an element of a graded ring. This ad-
ditional notation suggests that degy, (f) and deg(f), while related or similar, are two distinct properties.

We have found this observation to be important when first learning graded module theory especially
since, relative to a more general definition of graded ring, R[z] may equipped with a grading other than
the standard grading. For example, we may equip R[z]| with the trivial grading wherein all elements
of R[z] are defined to be homogeneous of degree 0 € Ny. In this case, we have that deg,(3z%) = 0
despite deg(3z2) = 2. While we do not consider cases like these in this paper, it is helpful to know this
distinction for other applications.

2. Writing a relation in terms of degy, (—) emphasizes that the relation is generally only valid when the
arguments are homogeneous elements of a graded ring. This will be relevant later in Section 4.3 where
we require and expect nonzero elements to be homogeneous.

The notion of graded rings gives rise to the notion of graded modules. In this paper, since we only consider
the graded structure of modules over R[x] equipped with the standard grading, we use a definition that is
specific to this type of modules. We state this below.

Definition 2.4.3. An R[z]-module M is a graded R[z]-module or graded module if there exists an No-
indexed family {M;},.y, of additive subgroups M; of M such that two conditions are satisfied:

i. The underlying abelian group M decomposes into M = EBtENU M; with equality and (internal) direct
sum taken to be of abelian groups (seen as additive groups).

ii. For all s,¢ € No, Rz® - M; C M4, i.e. the action of R[z] on M respects the grading on R[z] and on M.

For all ¢t € Ny, we call the additive subgroup M; C M the homogeneous component of M of degree t.
We call the direct sum @teNo M; the homogeneous decomposition of M. An nonzero element f € M
is homogeneous if there exists t € Ny such that f € M;. In this case, we say that f is homogeneous of
degree ¢ and write degy,(f) = t. A subset A C M is homogeneous is each element a € A is homogeneous
(not necessarily of the same degree). A R[z]-submodule N of M is called a graded submodule if N is also a
graded R[z]-module.

Remarks. (1) The statement Rx® - M is specific to the ring being R[z] equipped with the standard grading.
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This condition can be written more generally as RsM; C My, where R, is the homogeneous
component of degree s € Ny of the graded ring R = @teNo R;.

(2) The remarks about G-grading of rings below Definition 2.4.2 also apply to graded modules. More
specifically, if the graded ring is considered to be G-graded, then the graded modules over said
ring is also G-graded. Since we consider R[z] to be Ny-graded in this paper, this means that our
graded R[z]-modules are also Ny-graded.

By the definition above, the homogeneous decomposition of a graded R[z]-module M refers to a direct sum
of abelian groups. In practice, we usually define graded R[z]-modules at the level of R-modules. That is, we
define a graded R[z]-module using two collections of objects:

1. A family {M;},cy, of R-modules such that M; N Mg = {0} whenever ¢ # s, i.e. each R-module M; is
seen as having nonzero elements distinct from the other R-modules in said family. Note that we usually
force the condition M; N M, = {0} by using the family {M;z'}, . constructed from {M;}.

We then define M to be the (internal) direct sum M = B, y, M: of R-modules. This induces an
R-module structure on M. Observe that the nonzero elements in one summand M; cannot be generated
using sums of R-multiples of elements from other summands, i.e. M, with ¢t # s. If R is a field F,
then M is a (graded) F-vector space. As a sidenote, a graded F-vector space is an F-vector space (i.e.
F-module) that satisfies Condition (i) of Definition 2.4.3. Note that all graded modules over F[z] are
graded F-vector spaces. However, not all graded F-vector spaces form graded modules, e.g. the action
of F[z] may not be defined.

2. A collection of assignments of the form x - m; := my41, defining the product between x € R[z] of degree
1 and each element m; € M; of degree t € Ny to some element myy1 € My of degree ¢ + 1.

These assignments are then extended linearly over the action of R on each M;, the ring operation
on R[z], and the addition operation on M as an R-module. If the action of R[z] is well-defined, then
M becomes an R[z]-module.

The condition that M; N M, = {0} whenever ¢ # s satisfies the condition that M is a direct sum @teNo My, ie.
each element m € M can be represented uniquely as a sum of homogeneous elements. The set of assignments in
the form a-my := my; forces the action of R[z] on M to satisfy Rx- M; C Myi4. If the assignments result in a
well-defined action of R[z] on M, then the condition that Rxz® - M; C M., is satisfied. Therefore, the resulting
R[z]-module M is also a graded R[z]-module. We provide an example of this construction below.

Example 2.4.4. For each t € Ny, define the Z-module M; by M; := Z{a,b)z" = {kiaz® + kobx® : k1, ko € Z}
where Z(a,b) is the free Z-module with basis {a,b}. Then, the direct sum below results in an Z-module:

M = @ M, = @ Z{a, by’ = { Z(kfaxt + ki’bxt) - only finitely many k2, kY € Z are nonzero }
teNp tENg t=0

Define the action of Z[z] on M, which we denote as x : Z[z] x M — M in this example for clarity, by linearly
extending the following set of assignments on M:

1

x * azrt = 2axtt and % bz! := 3brtt! for all t € N

Here, linearly extending means that we use the compatibility and biadditivity axioms, as discussed under
Definition 2.4.1, to calculate assignments of x : Z[z] x M — M not of the form z x az’ and z % bz* Below, we
provide examples of this linear extension.
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In the equality = , we extend the assignments x x az’ and x x bx? over ...

z-(ax® +b2°%) = (z%ax®) + (z % bx®) = 2az* +3b2® ... addition + on M as a Z-module.
x-3ar'’ = 3. (zxax't) =3 (202'?) =6az'® ... the action - of Z on M;; = Q{a, b)z'!.
22 xar® = (z-x)*ax® = z % (z*az®) =z (202") = 4a2® ... ring operation - on Z[x].
(x+22)xb = (xxbx") 4+ (2® xbz") = 3bx + 9bz® ... addition + on Z[z] as a ring.

We claim that this describes a well-defined action of Z[z] on M, which makes M a Z[z]-module. We can
verify that the decomposition M = P, y, Z(a, byx!, along with the action x on M, satisfies both conditions in
Definition 2.4.3. This determines M to be a graded Z[z]-module with homogeneous component of degree ¢ € Ny
given by Z(a,b)zt. We list some examples of elements of M and determine their homogeneity or degree:

1. m; = 2ax + 3bx? is not a homogeneous element of M, i.e. deg,(2ax + 3bz?) is undefined. Note
that it may feel natural to extend deg(—) : R[zx] — Ny using powers of x, e.g. we may consider that
deg(2ax + 3bz?) = 2. However, the distinction between deg, (—) and deg(—) in the case of R[z] also
holds in the case of M.

2. may = 4az® — 3bx® = (4a — 3b)z® is a homogeneous element of M with deg, (mz) = 5.
3. mg = —7a is a homogeneous element with degy, (m3) = 0.

Note that, by construction, the homogeneous elements of M are exactly monomials of the form fz! with nonzero
f € Z{a,b) and t € Ny.

We want to point out that the elements of an R[x]-module M are generally not polynomials in z (unlike
the example above). Consequently, if the R[z]-module M is graded, the degrees of the homogeneous elements
of M are not generally immediately apparent from the notation for said elements.

It would be very helpful (calculation-wise) if we can, without loss of generality, assume that the notation
of the elements of a graded R[z]-module also carry information about the degree. To formalize this, we need a
notion of similarity or equivalence between graded R[x]-modules. First, we provide a definition for the family of
homomorphisms between graded modules, which in turn induces a definition for isomorphisms between graded
modules.

Definition 2.4.5. Let ¢ : M — N be an R[z]-module homomorphism between graded R[z]-modules M and
N. Let M; and N; refer to the homogeneous component of M and N of degree t € Ny respectively.

i. We call ¢ : M — N a graded R[z]-module homomorphism or graded homomorphism if for
all t € Ny, p(M;) € N;. That is, ¢ sends homogeneous elements of M to either zero or homogeneous
elements of N of the same degree.

ii. If  : M — N is both an R[z]-module isomorphism and a graded homomorphism, then ¢ : M — N
is called a graded R[z]-module isomorphism or graded isomorphism and we say that M and N
are graded isomorphic, denoted M = N.

Graded modules and graded homomorphisms give rise to a category of graded modules. We state this as
a theorem below.

Theorem 2.4.6. Let R be a PID. Graded R[z]-modules and graded R[z]-module homomorphisms form a
well-defined category, denoted GrModp|,] and called the category of graded R[z]-modules.
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Remark. We refer to [NOO4, Section 2.2] for the claim of GrModpg(,) being a well-defined category. Note that
the category of graded modules can be more generally defined using grading over any abelian group
G and over some G-graded ring R.

For our case, the symbol GrMod |, refers specifically to the category of No-graded modules over
R[z] equipped with the standard grading. Note that while it is possible to define GrModp|,] to be
of Z-graded modules (following remarks under Definition 2.4.2), the category equivalence presented
in Section 2.5 between Persp and GrModg|, is not valid for said definition.

Observe that all graded R[z]-modules and all graded R[z]-module homomorphisms are R[z]-modules and
R[z]-module homomorphisms respectively. Equivalently, we can also say that GrModpg(,) is a subcategory of
Modpg(,) or that there exists a forgetful functor GrModg[,; — Modg(,) (see [NOO4, Section 2.5]).

Later in Section 4.3, we use this subcategory relationship to investigate an algorithm involving F|x]-
modules and see if it can be extended to the case of graded Flz]-modules. The main hurdle here is that the
graded structure of the graded modules involved may not be preserved across multiple steps, which may result
in an isomorphism that is only true at the level of R[z]-modules and not at the level of graded R[z]-modules.
The distinction between isomorphisms in Modg(,] and graded isomorphisms in GrModg|,(,) becomes relevant
when we use the category equivalence discussed in Section 2.5.

In Chapter 4, we will talk about different levels of isomorphisms involving graded R[z]-modules. To avoid
ambiguity, we identify some notation below.

Remark 2.4.7. When given an equality (=) or isomorphism relation (22) involving R[z]-modules, the following
symbols denote the category in which the relation applies.

Ab
i. The symbol Ab in 22 or & denotes a relation either in the category AbGrp of abelian groups, Modp of
R-modules, or Vectr of F-vector spaces. In these cases, only the additive structure and (if defined) the
action of R on the modules involved are respected by the relations.

In this paper, we often use this shorthand to describe the homogeneous decomposition of graded F[z]-

t

modules, wherein an accompanying collection of assignments in the form z - mz* is expected.

Mod
ii. The symbol Mod in 2" or = denotes a relation in the category Modpg(,) of R[x]-modules, i.e. the relation
respects the action of R[x] on the R[zr]-modules involved (and not just R) but it may not respect the
graded structure (if such exists).

GrMod
iii. The symbol GrMod in ™ or = denotes a relation in the category GrModpy,) of graded R[x]-modules,

i.e. the relation involves graded R[z]-modules and is given by a graded isomorphism.

Note that the symbols Ab, Mod, and GrMod can be seen as increasing restrictions on the relation. For

example, the relation M “® N implies M "' N which implies M 22 N. The converse is not generally true.

Next, we state the result that allows us to assume without loss of generality that the notation for the
elements of a graded R[z]-module carry information about their homogeneity or degree.

Proposition 2.4.8. Let M be a graded R[z]-module and denote its homogeneous component of degree ¢ € Ny
by M; C M. Then, there exists a graded R[xz]-module M’ such that the homogeneous component of M’ of
degree t € Ny is given by M;x* and M’ is graded isomorphic to M.

Proof. Assume M is a graded R[z]-module. By definition, there exists a family {M;},c, of additive sub-
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groups M; of M such that

M2 M, and Rz M, C My,
teNp

where - denotes the action of R[z] on M. The homogeneous component of M of degree t € Ny is given
by M;. By restriction of the action of R[z] on M, each additive subgroup M, is also an R-module.

For each t € Ny, define the R-module M;z! by the canonical isomorphism 7; : M; — Mzt by
my = myxt for all my € My. Since Myz® N Mga® = {0} whenever t # s, @, oy, Mz is a well-defined
(internal) direct sum of R-modules. Define the R-module M’ by

/. t
M = @teNo M,z

Then, for all m € M’, m decomposes uniquely into ZteNO mext with my € M, for all t € Ny such
that only finitely many m;’s are nonzero.

Let n := EBtGNO n; be the R-module homomorphism 7 : M — M’ induced by the direct sum
operation between R-modules. Observe that n must be an R-module isomorphism. Let x : R[x]xM —
M be given by x* x m := n(z* - n~'(m)) for all m € M’ and s € No. More specifically, if m € M’
decomposes into m = Y,y mex?t with m; € M, for all t € Ny, then

x®xm =z * Z mezt = Z n(z® - n~t(mat)) = Z (- my)atts

teNp teNp tENg

Since Rx® - M; C Mg, (% -my) € My sx'™. Since 1 is an R-module isomorphism, % forms a
well-defined action of R[x] on M’ and makes M’ an R[z]-module.

Let t,s € Ng. Since Rz® « Myzt = (Rx® - My)x'™s C (Myys)xt™ = My, 2t M’ is a graded
R[z]-module with homogeneous component of degree t € Ny given by M;xt. Since n(M;) = M;x?,

7 is a graded R[z]-module homomorphism. Since 1 is an R[x]-module isomorphism, 7 is a graded
isomorphism. Therefore, M and M’ are graded isomorphic. ]

Observe that the fact that M 2 @teNo M, is a direct sum of R-modules is critical here since it implies
that each nonzero homogeneous element of M has a unique degree. Then, using the proposition above, we can
assume the following:

Remark 2.4.9. Let M be a graded R[z]-module. In this paper, assume without loss of generality that there
exists a family {M;}, , of R-modules such that

M2 @ Mat  and R M, C My, for all £, € No
teENp

and the homogeneous component of M of degree t € Ny is exactly M;at. Therefore, a nonzero element m € M
is homogeneous of degree t € Ny if and only if m = m;a? for some m; € M.

Note that some R[z]-module isomorphisms, if between two graded R[z]-modules, can be made into graded
R[z]-module isomorphisms by applying appropriate shifting in grading. Below, we provide a definition for this
grading shift.

Definition 2.4.10. Let M be a graded R[z]-module and assume, following Remark 2.4.9, that the homogeneous

PAGE 58 OF 169



component of M of degree t is given by M;z! for some R-module M; for all t € Ny. For each k € Ny, define the
k-upwards shift X*M of a graded R[z]-module M to be the graded R[z]-module given as follows.

i. The underlying abelian group of ¥*M is given by ¥ M := Dicn, Mt = @2, My_yxt.

ii. The action of R[z] on ¥¥ M satisfies x - ax?™* = bzt+tF+1 whenever z - s az? = brt*! with az? € M2t C
M, bzt € My 2t+! where -y refers to the action of R[x] on M.

The homogeneous component of S¥M of degree t € Ny is given by M;_,z! if t > k and trivial if ¢ < k. The
index k € Ny is called the grading shift or shift of X*M.

Remark. In [Peell; NOO4], the k-upwards shift X¥M of M is denoted as M(—Fk) since the homogeneous
component of X¥M = M(—k) of degree t > k is exactly the homogeneous component of M of degree
t — k. The notation ¥ M follows that of [ZC05].

One key application of upwards shifts involves the isomorphism between R[z] and X*R[z]. Let ¢ : R[z] —
Y*R[z] be given by ra! — rx!T*. We claim that ¢ is an R[r]-module homomorphism with inverse rat — rat=F.
Note that ¥ R[z] has no elements of the form ra? with ¢ < k. Observe that if k > 1, ¢ sends the homogeneous
elements of R[z] of degree t € Ny to the homogeneous component of ¥¥ R[z] of degree t + k # t. Therefore, ¢

is not a graded isomorphism. In other words, we have that

Mod GrMod

If k> 1 R[z] = X*R]z] but Rlz] 2 YFR[z]

Note that this affects how the Structure Theorem on finitely-generated F[z]-modules in in the category Modg,
translates to the category GrModg(,) of graded F[z]-modules.

Next, we identify a number of useful results involving algebraic constructions in GrModg|,), particularly
those that extend, in a specific sense, those of the ungraded category Modgy,) of R[z]-modules.

Proposition 2.4.11. An R[z]-submodule N of a graded R[z]-module M is a graded R[xz]-module if and only
if there exists a homogeneous system of generators for IV, i.e. there exists a homogeneous set of elements in M
that generates N.

Remark. The first steps of the proof can be found under [Mar, Proposition 2.1]. This proposition is also listed
as [Peell, Exercise 2.8].

Proposition 2.4.12. Kernels and images of graded homomorphisms are graded, i.e.

If o : M — N is a graded R[z]-module homomorphism between graded R[z]-modules M and N, then ker(M)
is graded submodule of M and im(M) is a graded submodule of N.

Remark. A proof is available under [Peell, Proposition 2.9, p8-9].

Proposition 2.4.13. Quotients of graded modules over graded submodules are graded, i.e.

Let M be a graded R[z]-module and N a graded submodule of M. Following Remark 2.4.9, let the homogeneous
component of M and N of degree ¢t € Ny be given by M;z! and N;z! with R-modules M; and N; respectively.
Then, M /N is a graded R[z]-module with homogeneous component of degree t € Ny given by (M, / Ny)z'.

Remark. Note that M / N = coker(N — M) and the inclusion map N — M is a graded homomorphism.
[Peell, Proposition 2.9, p8-9] states that cokernels of graded homomorphisms are also graded along
with a proof.
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Proposition 2.4.14. Direct sums of graded modules are graded, i.e.

Let M and N be graded R[z]-modules. Following Remark 2.4.9, let the homogeneous component of M and N
of degree t € Ny be given by M;z! and Nzt with R-modules M; and N; respectively. Then, M @ N is a graded
R[z]-module with homogeneous component of degree ¢ € Ny given by (M; & N;)xt.

Remark. This is discussed in [NOO04, p20] and listed as [Mar, Exercise 1.4]. [Pecll] does not seem to explicitly
state this but assumes this in other results such as [Pecll, Exercise 2.9, Theorem 2.10].

Next, we state a result involving upward shifts in grading and quotients.

Proposition 2.4.15. Let M be a graded R[z]-module and let N be a graded submodule of M. For all s € Ny,

GrMod

vr(M/N) =" (zM) / (2°N)
That is, the upwards shifts distribute over quotients.

Proof. Since N is a graded submodule of M, then ¥°N must also be a graded submodule of ¥°M and the
quotient X*M /¥* N is well-defined. Denote the homogeneous component of degree t € Ny of a graded
module by addition of the subscript t. For all ¢ < s, (¥*M), =0, (£*N), =0, and (£%(M /N)), = 0.
For all t > s, we have that

(S5(M/N)) = (M [ N)oey = Moy / Ny = (S°M), [ (5N = (M) / (S°N))

t

by Definition 2.4.10 (for ¥ M) and by Proposition 2.4.15 (involving quotients). u

Recall that F[z] is a PID for any field F. The Structure Theorem (Theorem 4.1.1) on Modg, guarantees
the existence and uniqueness of invariant factor decompositions for finitely generated F[z]-modules up to Flz]-
module isomorphism. In Section 4.3, we state a corresponding result in GrModg[,) which we call the The Graded
Structure Theorem (Theorem 4.3.1) for graded invariant factor decompositions (given in Definition 4.3.2) for
finitely generated graded modules. For convenience, statements of Theorem 4.3.1 and Definition 4.3.2 are
included below.

Theorem 4.3.1. The Graded Structure Theorem.

Let M be a finitely generated graded F[z]-module over F[x] for some field F. Then, there exists a finite direct
sum of shifted cyclic graded submodules of F[z] that is graded isomorphic to M as follows:

a 281< (Ii[jl)) oo E( (Ii[i])

with indices s1,...,8:,...,8n € Ng and non-zero, non-unit z',z%2 ... x' € Flx] such that the divisibility

) X Fz] @ - & L5 F[x]

relation 2!t | 22 ‘ e ‘ o' is satisfied. Furthermore, the collection {(z",s1),..., (2", s;),(0,8r41),-.,(0,5n)}
is uniquely determined by M up to graded isomorphism.

Remarks. (1) We use the term cyclic similarly in the case of R[z]-modules, i.e. a cyclic graded module is a
graded module that can be generated by a single element. It can be verified that cyclic graded
modules can be generated by a single homogeneous element as well.

(2) Note that the ideal (2!) = F[z] - 2 is a graded submodule of F[z] since it is generated by a
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homogeneous element xt. Therefore, the quotient F[z] / (z?) results in a graded module. In this
case, we call (z') a graded ideal of F|z].

Definition 4.3.2. Let M be a finitely generated F[z]-module and let the following direct sum decomposition
of M be as denoted in the Graded Structure Theorem (Theorem 4.3.1):

GrMod }F[(p] ]F[x]
M = Y% o@D SISr+1[F @ NS
(on) e oz (f0)exrFde- o
This decomposition is called the graded invariant factor decomposition of M. The invariant factors
of M are given by x1,... x' € F[z] (which are non-zero and non-unit) and the grading shifts of M by
S1,...,8m € Ng.

The notion of grading on R[z]-modules and R[zr]-module homomorphisms also extend to the case of chain
complexes. We provide relevant definitions below.

Definition 2.4.16. A chain complex C, = (Cy,, On)nez of R[z]-modules is a graded chain complex if for all
n € Z, C, is a graded R[z]-module and 0, : C,, — C,,_1 is a graded homomorphism. A chain map ¢, : C, — A,
with v« = (¢n @ Cn, = Ap)nez between graded chain complexes C, and A, is a graded chain map if each
homomorphism ¢,, is a graded homomorphism.

The collection of graded chain complexes and graded chain maps also form a chain complex category and
a corresponding chain homology functor. We identify some notation below.

Definition 2.4.17. Let Ch-GrModg|,] denote the category of graded chain complexes of graded R[z]-
modules and graded chain maps. To each n € Z, let H,(—) refer to the n'" chain homology functor
Hn(—) : Ch—GI’MOdR[z] — GI’MOdR[m].

Remark. For the claim of Ch-GrModg(,) being well-defined, we refer to [NOO4, Section 2.2] which claims
that GrModgy,) is an abelian category, and to [Rot08, Section 5.5] which states that each abelian
category has a corresponding category of chain complexes and family of homology functors. Note
that Proposition 2.4.13 states that the n'" chain homology of a graded chain complex, as the cokernel
of a graded homomorphism, must be a graded module.

Note that, much like how GrModpg|, can be seen as a subcategory of Modgy,), the category Ch-GrModp|,,
of graded chain complexes can be seen as a subcategory of the category Ch-Modp,) of chain complexes of R[z]-
modules.

Lastly, the additional structure required for the grading for graded R[z]-modules also brings about graded
versions of certain properties of ungraded R[x]-modules. For example, [NOO04, p21] defines a graded F[z]-module
to be graded-free or gr-free if it has a homogeneous basis, and provides a counterexample in which a graded
module over some graded ring (other than R[z]) with a non-homogeneous basis is not graded-free. For clarity,
we explicitly make the following remark.

Remark 2.4.18. When we state that a graded R[z]-module M is a free graded module, we mean that M is
both a graded module and a free R[z]-module, i.e. M has a basis that is not necessarily homogeneous. In this
paper, if M has a homogeneous basis, we do not use the term graded-free for M to avoid ambiguity.
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Section 2.5. The Equivalence between Persistence Modules and Graded Modules

In this section, we discuss the isomorphism of categories between the category Persy of persistence modules over
[ (see Definition 2.2.1) and the category GrModygy,) of Np-graded F[z]-modules (see Theorem 2.4.6). We also
discuss how this isomorphism allows us to correspond the algebraic constructions in Persy (e.g. direct sums,
persistence isomorphisms, chain complexes) to those in GrModgy.

Before we begin, we want to emphasize that the results presented in this section rely heavily on concepts
involving category theory and homological algebra, and proofs for said results are not provided in the following
discussion. Since we mainly need to use the results in this section for the calculation of persistent homology,
it should suffice to know the definitions involving categories and functors presented in Appendix A4 and the
following definition for an isomorphism of categories:

Given two categories C and D with identity functors ide¢ : C — C and idp : D — D respectively,
an isomorphism of categories or category isomorphism between C and D refers to a pair
of functors F': C — D and G : D — C such that G o F' = id¢ and F o G = idp [Riel6, p20].

Roughly speaking, the functors F' and G describe a bijective correspondence between the objects and morphisms
of C and those of D respectively.

Remark. An equivalence of categories or a category equivalence between categories C and D refers to a pair of
functors F': C — D and G : D — C such that there exists a natural isomorphism between the functors
G o F and id¢c and another between F o G and idp. The existence of these natural isomorphisms is
usually denoted by G o F =2 id¢ and F o G ¥ idp.

We point this out since [ZC05, Theorem 3.1] claims the existence of an equivalence of categories
between Persp and GrModg(,). For our discussion, it should suffice to know that the existence of an
isomorphism of categories is a stronger requirement than that of an equivalence of categories, i.e. a
category isomorphism implies a category equivalence but the converse is not generally true, and that
the results we present below also apply for the weaker case of category equivalence.

In this section, the isomorphism of categories between Persyp and GrMody,) is given by the functors
Tcmod : Persp — GrModyy, (described in Definition 2.5.1) and Tpes : GrModgy,) — Persp (described in
Definition 2.5.6). Then, we present the claim that Tgymod and I'pers indeed determine an isomorphism of categories
in Theorem 2.5.9. Finally, the propositions following Theorem 2.5.9 describe the correspondence between
algebraic constructions.

We begin with a description of I'gmod : Persyp — GrModg(,) below, adapted from [BM21, p8].

Definition 2.5.1. Fix a field F. Define I'imoq : Persp — GrModg(,) to be the following assignment of the
objects and morphisms of Persy to those of GrModg(,] respectively.

i. Object Assignment: Let (V,, ) be a persistence module over F. Define I'imod(Ve, o) = Iarmod(Ve) to
be the graded F[z]-module given as follows:

Trmod (Ve) a @ Viat = { thmt v, € Ve forallt € Ny }

tENy t=0

where only finitely many of the v;’s are nonzero for each element of T'gimod (Ve ). Let the action of F[x] on
Termod(Ve) be given by 2% - vzt := aygs¢(ve)x* Tt Then, for each ¢ € Ny, the homogeneous component
of Tgmod(Ve, (te) of degree t is given exactly by Vizt.

ii. Morphism Assignment: Let @o : (Vo,te) = (Ws,7) be a persistence morphism between persistence
modules over F with @ = (¢ : Vo = Wy)ten,. Define I'gmod(e) to be the graded Fz]-homomorphism
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I'crMod (900) . FGrMod(Vo) — FGrMod(Wo) given by
St S
t=0 t=0

Remarks. (1) The notation I'gmod is not standard or convention in persistence literature. We introduced this
notation since we had found that explicitly identifying the “conversion” of persistence modules
to graded modules to be helpful in understanding the theory.

On a less serious note, we chose uppercase gamma (I') since it looks like the letter T. In this
case, the notation I'gmoq references the conversion of a persistence module to a graded module
in GrModg(,). For contrast, [ZC05] denotes the functor corresponding to I'gmmod simply as a
(lowercase alpha), i.e. they would write a(V4) instead of Tgimod(Ve)-

(2) The statement of T'gmod above follows Remark 2.4.9, where we explicitly include the power xt

on the notation for the elements of graded modules to identify the degree t € Ny. For contrast,
[ZC05] and [BM21] defines T'gimod(Ve) as Tgmod(Ve) = GateNo Vi, i.e. the summands are V;
instead of V2. In this case, the direct sum of F-vector spaces is to be interpreted as an external
direct sum and the elements of T'gmod(Ve) are Ny-indexed tuples (vg, v1,...) with the entry at
index t € Ny being an element of V;.

The assignment I'gmoq as denoted above determines a functor, as stated below.

Proposition 2.5.2. Fix a field F. The object and morphism assignment I'g,moq by Definition 2.5.1 determines
a functor T'gimod : Persy — GrModg,).

Remark. A brief discussion of the proof is available in [BM21, p8], which relies on the commutativity require-
ment on the structure maps of persistence modules (see Lemma 2.1.3) and on the linear maps of
persistence morphisms (see Definition 2.2.1(ii)).

One way to prove the proposition above involves verifying that the assignments are well-defined (in that,
they indeed produce graded modules and graded homomorphisms) and that the functorial axioms are satisfied
(see Definition A4.4(i-iv)). In the following discussion, we roughly explain why the object and morphism
assignment by I'gmoq produces graded F[z]-modules and graded F[z]-module homomorphisms respectively.

About the Object Assignment of I'gimod(—): The construction of the graded Flz]-module by T'cmod(—), as
stated in Definition 2.5.1(i), can be understood to happen in three stages: Let Vo = (V4, ) be a persistence
module over some field F.

1. The statement Tgmod(Va) 2 @tENo Vixt first defines Tgmoa(Ve) as a (graded) F-vector space.

For each t € Ny, V; is an F-vector space by assumption of (Vs, a,) being a persistence module and
Vit is a F-vector space given by the canonical linear isomorphism V; — Vit by v = va? for all v € V;.
Then, the direct sum @@,-, Viz' of F-vector spaces induces an action of F on the set @,-, Via' (as
discussed in Remark 2.4.9), making @~ V;z' an F-module, i.e. a F-vector space.

Note that the characterization of the elements of Tgimod(Ve) as Z;’i o vzt refers to how we prefer
to interpret the elements of graded modules as formal sums of powers of x with coefficients in V;, per
Remark 2.4.9.

2. The assignments x° - vz' = qqys4(ve)2'T* determine the action of Flz] on Tgmmod(Ve) and makes
Tcimod (V) a Flz]-module, not necessarily graded at this point.
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For clarity, let * : Flz] x M — M with M := Tgmod(Ve) be given by x° x v,xt 1= cpps ¢ (ve) a5,
i.e. we denote the supposed action of Flx] on M by *. Since ay1¢(Vz) C Viys by definition of V, as a
persistence module, ays ¢(ve)z' TS € M.

Recall that, by Definition 2.4.1, an action of F[x] on T'gmod(Ve) must be a biadditive group action.
Since the restriction of « onto F x M — M describes the action of F on M and M has been shown to
be a F-vector space, it should suffice to show that for all ¢, s, € Ny and for all v; € V;,

"% (28 *vat) = (27 - 2°) x vt
where - refers to the multiplication on F[z]. By Lemma 2.1.3, we have the commutativity relation
Qtptstrt = Qtpstrits O Qts (the structure maps of Vo commute with each other). Then,

"% (28 xvxt) = 2" % Qptst(Ve) it = (at+s+r,t+s o aHS’t) (vg) attstr

xt+s+r + t

= Qppsprt(Ve) =2 x vt = (2" - %) % v

Therefore, x is a well-defined action of F[x] on M and M = T'gmod(Ve) is a F[z]-module.

3. Finally, the specified domain and codomain of the structure maps a; ¢ : Vi — V; of V, for each t € Ny
makes M = Igmod(Ve) a graded Flx]-module. More specifically, the relation ay4s (Vi) C Viqs implies
that the action x of Flz] on M satisfies the following relation for all ¢, s € Ny:

Fa® % V'txt _ at+s,t(‘/75) xtJrs C W+s$t+s

This, together with the decomposition M = @teNo Viat, satisfies the conditions of Definition 2.4.3 and
determines that Tgmod(Ve) is a graded F[z]-module with homogeneous component of degree ¢ € Ny
given exactly by Vizt.

Recall that, by Proposition 2.1.4, the structure maps a,; : V; — V; of V, are determined uniquely by the
collection {ay : V; — Vt+1}t€NO. Similarly, we can unambiguously describe the action x of F[z] on T'gimod(Ve)
using assignments of the following form:

t+1

rxvzt = ap(v)z for all vz’ € Via' C Tomod(Ve)  with g 2 Vi — Vi

As a sidenote, [ZCO05] uses this simpler characterization to define the object assignment of the functor Persp —
GrModg,;. We give an example of the object assignment of T'gimod in action below.

Example 2.5.3. Let (Vi, a,) be a persistence module over Q with vector spaces given by V; = Q(a) and linear
maps aq : V; — Viyq given by a +— a for all ¢t € Ng. Then, the graded F[z]-module T'g,mod(Ve) is given by

I‘GrMod(Vo) A:b @ ‘/txt = @ Q<a>zt = Q[I} <a>

teNg teNg

with the action of Q[z] on Tgmod(Ve) given by x - axt = ay(a)xt™ = ax'™!. Note that Q[z](a) is the free
F[z]-module generated by the indeterminate a with a interpreted to have degree 0. Since z - az’
verified that the map Tgmod(Ve) — Qlz] by az' — z' € F[z] is a graded isomorphism. That is, Tgmod(Ve) is
graded isomorphic to Q|x].

= qzrtt!, it can

The graded isomorphism in the example above is relatively straightforward to determine since the chosen
bases for the vector spaces {Vt}teNo are “compatible” with the structure maps and the ring operation in Q[z].
Here, we interpret a “compatible” choice to mean the following: given a persistence module (V,,as), the
structure map ay : V; — Vi11 sends a basis element a; of V; to another basis element b;y1 of Vi1 so that the
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action of F[z] on Tgmmod(Ve) is given by x - axt — bt+1xt+1. Loosely speaking, the bases are chosen such that
multiplication by z on an element vz! of Tgmmod(Ve) changes the basis element and adds 1 to the power of z'.
We provide an example below where the immediate choice for bases is not “compatible” in this same sense.

Example 2.5.4. Let (W,,7.) be a persistence module over Q with vector spaces given by W; = Q{(a) and
linear maps v : Wy — Wipq by a — 2a for all t € Ny. Define M to be the graded Q[z]-module given by
M :=Tgmod(Ws). Then, M has the following underlying abelian group:

FGrMod(Wo) g @ th,t = @ Q<a>xt = Q[J?} <(l>

tENg teNg

For clarity, let x : Q[z] x M — M denote the action of Q[z] on M and let - refer to the usual scalar multiplication
on Q[z] given by z - kat = ka'™! for all k € F and ¢t € Ny. Then, * is given by x x v;(a)a! = 2az'™! and more
generally by 2° x ax? = 2%ax!*! for all t, s € Ny.

Define a map f : M — Q[z] by az® — 2! for all t € Ny. Note that f is only well-defined as a linear map
with M and Q[z] being seen as Q-vector spaces. In particular, the assignment az’ — z* fails to commute with
scalar multiplication over Q[z], i.e. z - f(ax?) # f(z % azt) for all t € Ny since z - f(ax?) = x - 2t = 2+ but
flx*axt) = f(2axtt!) = 2211,

In contrast, define the map g : M — Q[z] by ax® — 27 'z!. Since {az'} and {27'z'} both serve as bases
for Q(a)x® and Qz! respectively, g is well-defined as a linear map between Q-vector spaces. Observe that for all
t € Ny, g(z *az') =z - g(ax') since

g(x xazt) = g(2ax'™) = 2~ (1) ggttl — o=t t+l
z-glax?) = - 2702t = 27 gt T!

Since the action * of F[x] commutes with g, g is also a Q[z]-module homomorphism. Since for all ¢ € Ny,
g satisfies Qz x Q(a)x! C Q(a)x!*!, g is also a graded F[z]-module homomorphism. Since g has an obvious
inverse by zt — 2tazt, M = Tgmod(We) and Q[x] are graded isomorphic with graded isomorphism given by
g: M — Q[z]. Note that the graded isomorphism by g : M — Q[z] may be easier to see if we choose the basis
element b; := 2%a for the vector space W; for each t € Ny.

About the Morphism Assignment of Tgmmoed(—): The construction of the graded F[z]-module homo-
morphism by T'gmod as stated in Definition 2.5.1(ii) can also be understood to happen in three stages. Let
(Ve, ) and (W,,7,) be persistence modules over F. Let ¢o : Vo — W, be a persistence morphism with
Do = (SOt Vi — Wt)tENo'

1. At the level of F-modules, i.e. F-vector spaces:

For each t € Ny, ¢y : V; = W, must be a well-defined linear map between F-vector spaces V; and
W, by definition of persistence morphism. The canonical isomorphisms V; — Viz! and W, — W,a!
given by v — vzt for v € V; and w — wa' for w € W respectively define the linear map ¢ : Vizt —
Wizt given by vzt — ¢4(vy)xt. Then, the (internal) direct sum operation on F-vector spaces induces
@ : Temod(Ve) — Tarmod(We) to be a linear map ¢ : @,y Viz" — @,ep, Wi between (graded)
F-vector spaces given by ¢ = ®teNo oL

2. At the level of F[z]-modules, not necessarily graded at this point:

For ¢ to be a well-defined F[z]-module homomorphism, it must be shown that the action of F|x]
on both Tgmod(Ve) and Tgimod(We) commute with 6. Since ¢ is a well-defined linear map, it should
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suffice to check that the following is true:

0O (2% %y v) = 2% xp " (v)  for all t,s € Ny and v € Tgmod(Va)

where xy and sy refer to the action of F[z] on T'gmod(Ve) and Tgrvod(Ws) respectively. This condition
can be equivalently stated as follows:

(got+s o aHsyt)(vt) = (vtﬂ’t ) cpt)(vt) for all ¢, s € Ny and for all v; € V;

Observe that, by Definition 2.2.1(ii), a persistence morphism ¢, must form commuting squares with
the structure maps of V, and of W, ie. piis 0 415t = Yets,s © ¢ for all t,5 € Ng. Therefore,
0% : ToMod (Ve) = Tarmod (W) is a well-defined F[z]-module homomorphism.

3. At the level of graded F[z]-modules:

Since & (V,at) C Wiat for all t € Ny and Via? and Wizt are exactly the homogeneous components
of Tgmod (Ve) and Tgpmod (W) of degree t € Ny respectively, p© is also a well-defined graded F|x]-module
homomorphism.

We provide an example of the morphism assignment of Tgimod(—) below.

Example 2.5.5. Let (V,,a,) and (W,, ae) be persistence modules over Q with vector spaces given as follows
with distinct indeterminates a, b, and ab:

0 ift<5 0 ift <2
‘/t: ! and Wt: '
Q{ab) ift>5 Q{a,b) ift>3

Define oy : Vi — Viyq by abrs ab for allt > 5 and v; : Wy — Wi by a> a and b — b for all t > 3. Let V¢
and WS be graded Q[z]-modules given by V¢ := Tgmod(Ve) and WO := Tgimod(We). We claim that V& and
WEr are graded isomorphic to the following:

GrMod GrMod
r r

Ve = 5°Q[z](ab) = Q[x]{aba®) and Wer = 53Q[z](a,b) = Q[z]{az?, bz®)

where ¥F refers to the upward shift in grading (see Definition 2.4.10). That is, the relation is valid at the level
of graded Q[z]-module homomorphisms and that the action of Q[z] on V¢ and W' is given by z - abz® = abx?
for all t > 5 and z - azx’ = az'™!, z - bz’ = bx!t! for all t > 3 respectively.

For each t € Ny, define ¢; : V; — W; to be the restriction of the map ® : Q(ab) — Q(a,b) given by
ab + b — a. We claim that ¢e = (¢;)sen, defines a persistence morphism , : Vo — W,. Let @6 : V& — WOr
be the graded Q[x]-module homomorphism given by ¢® := Tgmod(s). Then, for all ¢ € Ny with ¢ > 5:

0 (abz') = i (ab)a’ = (b — a)a’

Observe that ¢ sends homogeneous elements of V¢ of degree t > 5 to homogeneous elements of W of the
same degree. Note that V¢ has no homogeneous elements of degree ¢t < 5.

Next, we provide a description of Tpers : GrMody(,) — Persy below.

Definition 2.5.6. Fix a field F. Define I'pers : GrModg,) — Persy to be the following assignment of the objects
and morphisms of GrModg,) to those of Persy respectively.

i. Object Assignment: Let M be a graded F[z]-module and let its homogeneous component be given by
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M,z for some F-vector space M, for all t € Ny. Then, M 2 Dien, Mzt

Define Ipers(M) =: (Ve, e) to be the persistence module over F such that for all ¢ € Ny, the vector
space V; is given by V; := M;, and for all t,s € Ny with ¢ < s, the structure map a,; : Vi — V; is given

by as¢(ve) = vs whenever 257" - vzt = vs2® with vg € M.

ii. Morphism Assignment: Let f : M — N be a graded Flz]-module homomorphism between graded

F[z]-modules M and N. Let the homogeneous component of M and N be given by Mzt and Nyt for
some F-vector spaces M; and N, for all t € Ny respectively.

Define Tpers(f) =: e to be the persistence morphism o : Vo — W, between persistence morphisms
(Vo, te) := Ipers(M) and (We,7e) := Ipers(M) with ¢; : V; — Wy given by ¢(v;) := w; whenever
f(vgxt) = wat for all v; € V; and for all t € Ng.

Remarks. (1) As is the case of Tgymod, the notation T'pes is not standard or convention in persistence literature.
In fact, notation for the functor GrMody[,; — Persp in the category isomorphism was not
explicitly identified in [ZCO05].

(2) The graded modules and graded homomorphisms follow Remark 2.4.9, where 2 is added to the
notation of the elements of graded modules to help identify the degree of homogeneous elements.

Proposition 2.5.7. Fix a field F. The object and morphism assignment I'pers by Definition 2.5.6 determines a
functor I'pers : Persp — GrModg(,).

Remark. A brief discussion of the proof is available in [BM21, p8§].

Note that the arguments given for I'gumoq producing well-defined graded modules and graded homomor-
phisms, when presented in reverse order, also tells us that application of I'pers results in well-defined persistence
modules and persistence morphisms. We provide an example of I'pes in action below.

Example 2.5.8. Let M be a graded Q[z]-module given as follows:
M Grgod 24 (@[x] /Q[m]<x5>>

Since (2°) = Q[xz](z") is generated by a homogeneous element of Q[z], M must be a graded Q[z]-module by
Proposition 2.4.11. Let {M;},.y, be the family of Q-vector spaces such that M 2 D,cn, Mix' and Myz® is the
homogeneous component of M of degree t € Ny for all ¢t € Ng. Then, M, is given as follows:

0 ift<4
Mzt =< Qat  ifte{4,5,...,8 =[4,9)
0 ift>9

That is, M consists of Q-linear combinations of 2*, 2%, 2%, 27 and 8. The action of Q[x] on M is also given by
-zt =2 forall t € {4,...,8} and by x - 2® = 0.

Let (Vs, ae) be the persistence module over Q given by (V,, ) := Ipers(M). Then, the vector spaces of
Ve are given as follows:
ift <4

if ¢t € [4,9)
ift>9

Vi

I
o6 o
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For t € {4,5,...,7}, the structure map oy : V; — Viq1 is given by V; 3 1 — 1 € Vj4q, ie. ¢ = idg. For
t = 8, the structure map ag : Vg — Vp sends every vector in V3 to the zero vector in Vo = 0. For ¢t ¢ [4,9),
ay @ Vi — Viqq is trivial since V; = 0. Equivalently, we have that for all ¢, s € Ny with ¢ < s:

idg ifte[4,9)
Qg t =
0 otherwise

[4,9)

We claim that V, is isomorphic to the interval module I over Q as persistence modules.

As a sidenote, we can consider the elements of M to be Q-linear combinations of 2! with ¢ € [4,9) since (z°)
being a graded submodule of Q[x] means that we can consider the homogeneous component of degree t € Ny
separately. More specifically: Let N = (2%). The homogeneous component N;z! of N is given by Nya! = Qua?
if t > 5 and Nyz* = 0 otherwise. Then, following Proposition 2.4.14,

DR - B (%) - (B(e/0) « (Blero)) - o

teNp t=0 t=>5

Note that we write 2 since the direct sums only consider the action of F on the quotient module, not the action
of F[z]. Alternatively, since (2°) is a graded submodule, the quotient Q[z] / Q(z®) makes all Q-multiples of
powers z' with ¢ > 5 trivial and each coset of Q[x]/ Q<x5> is represented uniquely by a Q-linear combination of
xt with t € {1,...,4}.

Finally, we state our theorem involving the isomorphism of categories between that of Ny-indexed persis-
tence modules over F and Ny-graded F[z]-modules.

Theorem 2.5.9. Fix a field F. The pair I'g;mod and I'pes determine an isomorphism of categories between the
category Persg of persistence modules over F and the category GrMody,; on Ny-graded F[z]-modules, i.e.

Ipers © IrMod = idPers[F and  I'grvod © Ipers = idGrModF[I]

where idpers, and idGrModW] denote the identity functors on Persyp and GrModF[m] respectively. Note that this
also implies that I'gimod and I'pers form an equivalence of categories.

Remarks. (1) This theorem is a special case of [BM21, Theorem 2.21] where Persy and GrModgy,) are denoted
as Mod% and GTP—ModR[UO] respectively with P = Poset(Ny, <), R =F, and F[z] = R[Up].

(2) A weaker version of this theorem is presented in [ZC05, Theorem 3.1], which only claims a
category equivalence between the subcategory of Persy limited to finite-type persistence modules
over F and the subcategory of GrMody, limited to finitely-generated graded F[z]-modules.
[ZC05] claims that the Artin-Rees theorem in commutative algebra is sufficient for the proof.

Alternatively, [CK18] provides a detailed proof of [ZC05, Theorem 3.1] (which it calls the
ZC Representation Theorem) without using the Artin-Rees theorem. A sketch of an alternative
proof that uses the Artin-Rees theorem is provided in [CK18, Appendix C].

About the Correspondence between Algebraic Constructions.

Theorem 2.5.9 is particularly significant in this paper since it allows us to correspond algebraic constructions
in Persy, i.e. involving persistence modules, to those in GrModgy,), i.e. involving graded modules. In the second
half of this section, we state the propositions that tell us which properties of the original persistence complex
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are preserved as we go from the category of persistence modules, to that of graded modules, then back to that
of persistence modules.

We begin with a statement involving isomorphisms in Persp and GrModg/,.

Proposition 2.5.10. The functors I'gemod(—) and I'pes(—) preserve and reflect isomorphisms, i.e.

i. A persistence morphism @, : Vo — W, between persistence modules V, and W, is a persistence isomor-
phism if and only if Tgmod(©e) : TarMod (Vo) = Tarmod (We) is a graded Flz]-module isomorphism.

ii. A graded F[z]-module homomorphism f : M — N between graded F[z]-modules M and N is a graded
isomorphism if and only if Tpers(f) : Tpers(M) — Ipers(IV) is a persistence isomorphism.

Proof. For part (i): For the forward direction, assume @, : Vo — W, is a persistence isomorphism. By [Riel6,
Lemma 1.3.8], which states that all functors preserve isomorphisms, I'gimod(®e) : Taormod(Ve) —
Tcimod(We) must be a graded F[z]-module isomorphism. For the converse, assume that T'gmod(pe)
is a graded isomorphism. By Theorem 2.5.9, I'pers © I'grMod = idpers; and

(FPers © FGrMod) (‘/o) =T, (FPers © FGrMod) (Wo) =W, and (FPers © FGrMod) (Vo) = @a-

By [Riel6, Lemma 1.3.8] on Ipes(—), e must be a persistence isomorphism. A similar argument
applies for part (ii). u

Remark. This results holds even if T'gymod(—) and I'pers(—) only form an equivalence of categories since [Riel6,
Theorem 1.5.9] states that any functor defining an equivalence of categories is full and faithful and
[Riel6, Exercise 1.5.iv] states that full and faithful functors reflect isomorphisms.

Since a graded invariant factor decomposition of a graded module is given by a graded isomorphism,
Proposition 2.5.10 tells us that the application of I'pes(—) on such a decomposition will produce a persistence
isomorphism. Moreover, we can show that this graded decomposition corresponds to an interval decomposition.
Below, we describe the relationship between interval modules and the cyclic summands of graded invariant
factor decompositions.

Lemma 2.5.11. Fix a field F. The interval persistence modules correspond to shifted cyclic graded F[z]-
modules, i.e. for all ¢, s € Ny,

H[.S’OO)ZFPers(ESF[:E]) and H[.““)=Fpers(23(JF[x]/<xt>))

where I denotes the interval modules over the interval J C Ny (see Definition 2.3.1), ¥*(—) denotes an upwards
s-shift in grading (see Definition 2.4.10) and (z*) = F[z](x?) is the graded F|z]-module generated by x.

Proof. Let t,s € No. First, we want to show that I5"°®) 2 Tpe(S°F[2]). Note that Y°F[z] = Flz](z®) is a
graded F[z]-module with homogeneous component given by Fz" if » > 5 and trivial otherwise. The
action of F[z] on X°F[z] is given by x - 2" = 2"*! for all » > 5. Equivalently, 29" - 2" = x4 for all
ryq € [8,00) with 7 < q. Let (Va, o) := Ipers (ES]F[x]) For all r,q € Ny with r < g, the vector space
V,. and the structure map oy, : V; = V; are given as follows:

V, =

0 otherwise

F ifrels,00) idg ifr,q € [s,00)
and a4, =
0 otherwise

By Definition 2.3.1, V, = 1>,
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Next, we want to show that I5"*T" = Tpers(M) with M := X¢(F[z] / (z')). By Proposition
2.4.13, the homogeneous component of F[z] / (z*) of degree r € Ny is given by the quotient of the
homogeneous component of F[x] of degree r by that of (z¢) = F[z](z!). That is, the homogeneous
component M,z" of M of degree r € Ny is as follows:

0 ~ 0 if rel0s)
M,yz" =4 Fz"/ 0 = Fzm if rels,s+t)
Far/ Fa™ = 0 if re[s+t,00)

The action of Flz] on M is given by z - 2" = 2"+ for r € [s,s +t — 1) and by z - z°Tt71 = 0.
Equivalently, for all r,q € Ng with r < ¢, 297" - 2" = 2% if r,q € [s,s+t) and 27" - 2" = 0 otherwise.
Let (Va, cte) := Ipers(M). Then, the vector spaces V, and structure maps o, : V, — V, of V, are
given as follows:

0 otherwise

F ifrels,s+t) idp ifr,g€els,s+t) withr <gq
Vr = and Qgr =
0  otherwise

By Definition 2.3.1, V, = I+, .

Note that we can also determine the homogeneous component of degree r € Ny of M := %*(F[z] / (")) by
using Proposition 2.4.15 and distributing the upwards shift ¥°(—) across the quotient, i.e.

o Flo]) oMos S°Fla] _ Flale®) _ 0 g e
E((:ﬁ)) - Zs(xt)_F[x}<xt+3>_{k E]F[].ICGIFad 6[, —|—t)}

More rigorously, any coset of M as a quotient module can be represented uniquely by F-linear combinations of
powers " with r € [s, s + t). Following Remark 2.4.9, the only non-trivial homogeneous components of M are

those of degree r € [s,s + t) given exactly by Fz".

To state the correspondence between graded invariant factor decompositions and interval decompositions
of persistence modules, we need the following result involving finite direct sums.

Proposition 2.5.12. The functors T'gmod(—) and Ipes(—) distribute over finite direct sums, i.e. given persis-
tence modules V, and W, and graded F[z]-modules M and N,

GrMod
I‘GrMod(‘/o SoL Wo) = FGrMod(Vo) D FGrMod(Wo)

ers

FPers(M De N) = Fpers(N) Dp FPers(N)

o

where @¢ refers to a direct sum of graded Flz]-modules and @&p refers to that of persistence modules.

Remark. This can be seen as a consequence I'gpvod(—) and Tpes(—) forming an equivalence of categories by
Theorem 2.5.9. We are unable to provide a proof of this (or a reference for such) at this moment but
we have outlined two possible arguments below.

1. We can use [Riel6, Lemma 3.3.6], which roughly states that an equivalence of categories preserves
all limits and colimits, as described in [Riel6, Chapter 3|. Then, as argued in the proof of [Riel6,
Proposition 4.5.10], direct sums and kernels in abelian categories are finite limits. Since T'g/mod(—)
and Tpes(—) form an equivalence of categories by Theorem 2.5.9, these must both preserve finite
direct sums.

2. Alternatively, we can use [Riel6, Proposition 4.4.5], which roughly states that any equivalence
of categories determine an adjoint equivalence (also see [RielG, Footnote 37, p30]), and [Riel6,
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Corollary 4.5.11], which then implies that these functors are exact and additive.

Note that [Riel6] defines an additive functor to be a functor that preserves direct sums. In
contrast, [Rot88, Corollary 5.88] states this to be a property of additive functors. A more detailed
discussion on properties preserved by exact and additive functors can also be found in [Bail7]
with the above result given as part of [Bail7, Theorem 27].

We are unsure if the above arguments apply for arbitrary direct sums. However, this is not an issue
for us since arbitrary direct sums of persistence modules are not needed for the matrix reduction
algorithm for persistent homology.

Below, we state the correspondence between interval decompositions of persistence modules and graded
invariant factor decompositions of graded modules.

Corollary 2.5.13. Let (V,,a,) be a persistence module. Assume that M := I'gmod(Ve) admits the following
graded invariant factor decomposition, as described in the Graded Structure Theorem (Theorem 4.3.1):

Tomoa(Va) = M 2 2( gﬂ) ® @ 2( gfjg) ® T HFz] @ - @ S F[a]

with invariant factors {z'',... z'"} and grading shifts {s1,...,8,,...,8m}. Then, V, admits the following

interval decomposition, as defined in Definition 2.3.4,

Pers

V. — FPers(M) o~ H[.ShSl‘Hl) @ . @ ]I[.S'r'75'r'+t'r') @ ]I[.$r+1700) @ .. @ I[[.Sm;OO]

with persistence barcode given by Bar(Vs) = {[s1,s1 +t1),.. ., [sr, $p + ]} U{[8r41,00), ..., [$m,0)}.

Proof. Proposition 2.5.10 implies that the graded isomorphism of M to its graded invariant factor decompo-
sition determines a persistence isomorphism by application of I'pes(—). Then, we distribute Ipers(—)
over the graded decomposition using Proposition 2.5.12 and apply Lemma 2.5.11 to each cyclic sum-
mand. u

The Graded Structure Theorem (Theorem 4.3.1) guarantees the existence of graded invariant factor decom-
positions for finitely generated graded Flz]-modules. This, along with Corollary 2.5.13, gives us a benchmark
for the existence of interval decompositions. We state this in more detail below.

Proposition 2.5.14. Let (V,,a) be a persistence module over F. If V, is a finite-type persistence module,
then Tgmod(Ve) is a finitely generated graded F[z]-module and V, admits an interval decomposition.

Proof. Assume (V,, a,) is a finite-type persistence module. By Definition 2.1.6, the vector space V4 is finite
dimensional for all ¢ € Ny and V, is constant on [N, co) for some N € Ny. For each ¢ € [0, N], let B;
be a basis of V;. Let B := Uivzo B;. Note that B is a finite set.

Let M := T'gMod(Ve). By definition of T'gmod(—), the homogeneous component of M of degree
t € Ny is given exactly by V;z! and the action of Flz] on M is given by z° - v,2" = aisyr(ve)x'™* with
sttt Vi — Vg for all v, € V; and t € Ny Let ¢ € [0, N]. Note that for all b € By, bzt € Via' C M
by construction. Define Bya! := {bz* € M : b€ B;} and BS := J , Biz'. We want to show that
BC generates M, i.e. M = {f(x)-ba' : f(x) € F[z], bz’ € B¢}

Since M 2 Bicn, Vix', m = Y, oy, vea’ for a unique set {vi},oy, of elements v, € V;, only
finitely many of which are nonzero. Then, it suffices to check if each homogeneous component v;z!
is generated by BC'. Let m = vat € Via? C M for some t € Ny.
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Remark.

1. Assume t € [0, N]. Since B; is a basis of V; by assumption, B;z! must also be a basis of V;z!,
viewing V;x! as an F-vector space. Therefore, there exists an F-linear combination in Byz! C B¢"
that equals vyz?.

2. Assume ¢t € [N + 1,00). By assumption of V, being constant on [N, o0), the structure map
ay N Vv — V, must be an F-vector space isomorphism. Let vy € Viy such that oy n(vy) = vq.
Then, vya¥ € M and 2=V - onzN = a; y(vn)zt = vt

Therefore, any element m € M is an F[z]-linear combination on BS". Since M 2 D,cn, Vizt by
definition, all F[z]-linear combinations on B¢ must be on M. Then,

M = F[z]B® = { Z fie(z) - bz’ fi(x) € Flz] finitely many of which are nonzero and b,z € B }

and B is a finite system of generators for M. Therefore, M is a finitely generated graded F[z]-module
and admits a graded invariant factor decomposition by the Graded Structure Theorem (Theorem
4.3.1). By Corollary 2.5.13, there exists an interval decomposition for V. L]

If we consider functors of the form Poset(Ny, <) — Mody to be persistence modules and let Persy,
be the corresponding functor category, we can modify Theorem 2.5.9 to state an isomorphism of
categories between Persz and the category GrModyj,) of No-graded Z[z]-modules. However, while
the graded Z[z]-module constructed by applying T'gimod(—) to some finite-type persistence module
may be finitely generated, the Graded Structure Theorem still would not apply to said graded Z[z]-
module since Z[z] is not a PID. Therefore, we cannot use Proposition 2.5.14 for the existence of
interval decompositions for persistence modules of the form Poset(Ny, <) — Mody.

Finally, we state how the chain homology of persistence modules and that of graded modules interact with
the equivalence of categories given by I'gimod(—) and I'pe,s(—) below.

Proposition 2.5.15. The functors I'gimod and I'pers preserve chain complexes and commute with the homology

functor,

HE(-)

i.e. let H"*s(—) : Ch-Persyp — Persy denote the n'" homology functor on persistence complexes and let
Ch-GrModg,) — GrModg(,) denote that on graded chain complexes. Then,

i. Let (V.2,02) = (V.,?,0%)nez be a persistence complex with persistence modules V,? over F and persistence

ii.

Remark.

nr-n

morphisms dy : Vs — V,?_,. For all n € Z, there exists a graded isomorphism such that
GrMod
IcrMod (HTFL’ers (V::v 8:)) = ng(M*a d*)

where (M,,d,) = (Mn, dp)nez is the graded chain complex generated by component-wise application
of FGrMod(_) with M = FGrMod(V ) and d M — M -1 by d = FGrMod(a ) for all n € Z.

Let (My,dy) = (My,dn)nez be a graded chain complex with graded Flz]-modules M, and graded
homomorphisms d,, : M,, — M, _1. For all n € Z, there exists a persistence isomorphism such that

Pers
Trers (HSY(M*, d*)) = Hﬁers <V*.7 8:)

where (V,2,02) = (V2,02 )nez is the persistence complex generated by component-wise application of

n-n

Tpers, with V.2 := Tpers(M,,) and 95 := Tpers(dy,) for all n € Z.

We are unable to provide a rigorous proof (or a reference for such) at this moment. However, if we
can claim that Tgmod(—) and Tpes(—) are exact functors, following the remarks under Proposition
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2.5.12, then the above result is stated as part of [Bail7, Theorem 27]. A similar result is listed as
[Rot08, Exercise 6.8, p339], which claims that exact additive functors between categories of modules
over different rings commute with homology. We believe this applies more generally to exact additive
functors between abelian categories, as discussed on the introduction of [Rot88, Chapter 6].

We use the proposition above later in Section 3.3 in the context of simplicial homology.
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Chapter 3. Filtrations and Persistent Homology

Persistent homology theory is interested in the characterization, calculation, and representation of the persistent
homology of filtrations of topological spaces.

Generally speaking, a filtration refers to any collection {C; : t € A} of objects, indexed over some set A,
along with a set of subobject relations. The indexing set A is usually equipped with a partial order < that
determines the expected set of subobject relations on {C; : t € A}, i.e. the subobject relation Cy C C is present
if and only if ¢ < s in the poset (A, <). Then, the persistent homology of a filtration {X; : ¢t € A} of topological
spaces X; refers to some characterization of the following collections over all dimensions n € Ny:

homology groups q maps on homology induced by inclusions
n
H,(X:):teA H,(X:) > Hp(Xs) i t,s € Awitht < s

In practice, the homology groups are taken with coefficients in a field F (usually F = Z,, for prime p), and the
calculation of persistent homology is done at the level of ranks, i.e. we want to find the following quantities:

{ rank(Hn(Xt;F)) teA } and { rank(H,L(Xt;F)i)Hn(Xs;F)) ct,s e Awitht <s }

These are then represented succinctly using a multiset of intervals in A (as a poset) called the persistence barcode
of the filtration, which is different albeit very similar to the persistence barcode of a persistence module.

In this chapter, we discuss the key ideas and constructions presented in the paper Computing Persistent
Homology [ZC05] by Afra Zomorodian and Gunnar Carlsson. In particular, we restrict our attention to Ng-
indexed filtrations Ko := {Kt}teNo of (abstract) simplicial complexes K; such that Ky C K4 for all t € Ny
and study the following sequence of homology groups and induced maps:

Hy (Ko F)— s o (K F) — s o (Ko F) — 2 o (K33 F)

where i; : K; — K1 denotes the inclusion map for all ¢ € Ny. We discuss these notions relative to the
characterization of persistence modules presented in Chapter 2, i.e. as functors of the form Poset(Ny, <) —
Vecty. This chapter is structured as follows:

Section 3.1. We characterize simplicial filtrations, i.e. filtrations of simplicial complexes, as functors of
the form K, : Poset(Np, <) — A-Simp where A-Simp denotes the category of (abstract)
simplicial complexes and simplicial maps. We also discuss the notion of finite-type filtrations.

Section 3.2. We formalize the notion of the persistent homology of a simplicial filtration K, with coeffi-
cients in a field F by defining a persistence module over F called the n*® persistent homology
module H,(K,;F) : Poset(Ny, <) — Vecty for each dimension n € Z.

We also identify a number of relevant terminology and interpretations involving H,,(K,;F),
and show that the interval decomposition of H, (K,;F) exists assuming K, is a finite-type
filtration.

Section 3.3. We extend the simplicial chain complex of (abstract) simplicial complexes, as discussed in
Section 1.2, to the case of persistence modules and construct a chain complex of persistence
modules called the simplicial persistence complex C,(K,;F) = (C,,(Ko;F), 02 )nez. The nt®
chain homology of this persistence complex is then shown to be isomorphic to H, (K,;F).
We also discuss how the isomorphism of categories between Persp and GrMody,) discussed
in Section 2.5 allows us to calculate the n*® chain homology of C,(K,;F) at the level of
graded F[z]-modules. This will serve as the basis for the matriz reduction algorithm for
persistent homology, later discussed in Chapter 4.
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Section 3.1. Filtrations of Simplicial Complexes

In this section, we discuss specific Np-indexed collections of simplicial complexes { K t}teNo called filtrations and
provide a characterization of these as functors of the form Poset(Ny, <) — A-Simp.

Definition 3.1.1. A simplicial filtration K, of a simplicial complex K is a functor K, : Poset(Np, <) —
A-Simp with the following properties:

i. For all t € Ng, K,(t) is a subcomplex of K. For brevity, we often write K; := K,(t), i.e. the bullet is
replaced with ¢ € Ny. The index t € Ny of the simplicial complex K; in K, is sometimes called the
scale or parameter of K; in K,.

ii. For all t, s € Ng with ¢ < s, K is a subcomplex of K and K4(t — s) : K; — K is exactly the inclusion
map K; — K,. Let i®t: K; — K, and ' : K; — K;;1 denote the inclusion maps i*! := Ko(t — s)
and i’ := K4(t — t + 1) respectively.

iii. For each simplex o € K, there must exist t € Ny such that o is a simplex of K.

When the relation to a simplicial complex K is clear from context, we may say K, is a filtration of K for
brevity.

Remark. Condition (iii) above determines that each simplicial filtration K, corresponds to a unique simplicial
complex, i.e. K = UteNo K. (t) = UteNo K, if K, is a filtration of K. It serves a similar purpose as
condition Definition 1.1.1(i) for simplicial complexes.

Let K, be a filtration of a simplicial complex K. Observe that the subcomplex relation K; C K for all
t,s € Ny with ¢ < s stated in Definition 3.1.1(ii) implies that for all ¢ € Ny, K; is a subcomplex of K; 1.
Therefore, the simplicial filtration K, determines the following nested sequence of simplicial complexes:

Koy C Ky C Ky C Ky CKyqgC -

We can also show that increasing nested sequences of simplicial complexes determine simplicial filtrations, as
we expect it should. We state this in a proposition below.

Proposition 3.1.2. Let {Kt}teNo be a collection of simplicial complexes such that K; C Ky for all ¢ € Ny.
Then, {K;},cy, determines a filtration Ko of the simplicial complex K := |J,cy, K¢ by Ko(t) == K;.

Proof. Note that the union of simplicial complexes is a simplicial complex. Therefore, K is well-defined. For
each t € Ny, let Kq(t) := K;. Observe that K; is a subcomplex of K. For all ¢,s € Ng with ¢t < s,
define Ko(t — s) to be the inclusion map K; — K, which exists since K; C K by assumption.

Let ¢,7,s € Ny such that t < r < s. Since the composition (K; — K)o (K; — K,) of inclusion
maps is exactly the inclusion K; — K,, the composition axiom as stated in Definition A4.4(iii)
is satisfied. Since the inclusion map K; — K; is exactly the identity map, the identity axiom as
stated in Definition A4.4(iv) is satisfied. Therefore, K, is a well-defined functor. The conditions of
Definition 3.1.1 are also all satisfied. u

The subcomplex relations also allow us to characterize a simplicial filtration Ko by identifying the simplicial
complex Ky at index 0 € Ny and specifying the collection {0y ;} of simplices that is appended to K;_; to form
K; = K;_1U{o,;} for each ¢ > 1. Note that each K is required to be a simplicial complex by definition and
sequentially appending an arbitrary set of simplices to some simplicial complex L generally does not result in a
simplicial filtration. We provide an example of a simplicial filtration below.
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Example 3.1.3. Let the simplicial complex K with vertex set Vert(K) = {a, b, c,d} and let the filtration K,
on K be given by the following illustrations:

N \ w W 1\@;

The simplicial complexes K; of K, can be described abstractly as follows, with the simplices of K; written as
strings of vertices, following the remarks under Definition 1.1.1.

{a,b} ift=0
{a,b,c,ab} ift=1
K = < {a,b,c,ab,ac,bc} ift=2
{a,b,¢c,d,ab,ac, be, abc} ift=3
{a,b,c,d,ab,ac,be,ad,abc} if t >4

Note that the abstract description of K; can be cumbersome to work with by hand, e.g. confirming that each
element corresponds to a simplicial complex and that the collection corresponds to a filtration can be become
tedious even for a relatively small number of simplices.

In the illustration below, we describe the filtration K, by specifying which simplices are added as we
increase the index ¢ € Ny. In particular, for each ¢ € Ny, the simplices colored in red are the simplices in K}
that are not present in K;_1, with K_; interpreted to be (). These simplices are also listed in red below the
illustration of each Kj;.

Ko Ki K; K) K4 K\,tzg
b
ab a, cv dabc

Observe that there are no simplices added to K; for ¢ > 5.

We would like to point out that the subcomplex relations on the simplicial complexes of a filtration K,
can be seen as a total order on the set {K;},.y, induced by the total order on Np. That is, we can define a
total order <. on the set of simplicial complexes by defining K <. L if and only if K is a subcomplex of L.
Since functors with Poset(Ny, <) as the domain category can generally be represented using a sequence with
arrows (see discussion on poset categories in Appendix A4), we can interpret an arrow K; — K to refer to the
subcomplex relation K; C K, i.e.

i° it i? i3

Ky—K —Ky—K3—>--- corresponds to Ky CKi CKy CKj3 C

One consequence of this is the use of colloquial language when talking about filtrations. For example, going
up a filtration usually implies going from a simplicial complex K; from some ¢t € Ny and then considering a
simplicial complex K at a higher index ¢ < s.

Note that in most introductory literature for persistent homology, simplicial filtrations are generally rep-
resented using finite nested sequences. That is, filtrations are sometimes described to be finite collections
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{Ky, K1, ...,Kr} of simplicial complexes such that

Ko C Ky C Ky C---CKrp

This motivates the following terminology.

Definition 3.1.4. Let K, be a simplicial filtration. We say that K, is constant on an interval I C N if
for all t,s € I with t <s, Ky = K. We say that K, is finite-type if K is a finite simplicial complex for all
t € Ny, and there exists T € Ny such that K, is constant on [T, c0).

Note that these definitions mimic those of Definition 2.1.6, which defines the same terms for the case
of persistence modules. Observe that if K, is a finite-type filtration, then there can only be finitely many
distinct simplices in K,. As we will see in Section 3.3, this finite-type condition on filtrations implies that
the persistence modules constructed for simplicial persistent homology are also of finite-type. We provide an
example of a finite-type filtration below.

Example 3.1.5. The simplicial filtration K, defined in Example 3.1.3 is a finite-type filtration that is constant
on [4,00). In other words, knowing that K, is constant on [4,00), we can determine K, using only the following

illustrations of simplicial complexes:

Ko K Ka K £

a,b C, do a, ch 4, dve ad

The assumption that K, is constant on [4,00) determines that for all ¢ > 5, Ky = K.

In practice, simplicial filtrations are usually constructed to be filtrations on finite simplicial complexes.
Relative to Definition 3.1.1, we assume that a filtration described this way is constant on [T, 00). We provide

an example of this below.

Example 3.1.6. Given below is a copy of [ZC05, Figure 1], which describes a nested sequence of simplicial
complexes Ky C K1 C K C --- C K5. Under each illustration of a simplicial complex, the index ¢t € {0,1,...,5}
in K; is denoted on the bottom-left, and the list of simplices present in K; but not on K;_; is on the bottom-
right (with K_; := ()). The O-simplices in said list for each K; are drawn with lightred shaded circles, the
1-simplices with dashed lines, and the 2-simplices with lightred shaded triangles.

a, b a, b de g a’;x\ b
o -® ~e e

: | | |

| J
d D} ﬁ)c d o “C d 5“,,6‘

(0 [ab | [ 1]ldfe |2 cdad [ 3 [[ a |[4] abc||5] acd |

Relative to Definition 3.1.1, this determines a filtration K, on the simplicial complex K := K5 with K, (t) = K
illustrated below for all ¢ € N:
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K Yo K Yo Yz kl-} K vt 25

b a.\g(ﬁ)a[batbaﬁbafb
d(‘. ;Cd(‘.d(‘,d(‘,d(‘,

Observe that K, is constant on [5,00).
Filtrations on finite simplicial complexes are necessarily of finite-type. We state this in more detail below.

Lemma 3.1.7. Let K, be a filtration on a simplicial complex K. If K is a finite simplicial complex, then K,
is a finite-type filtration and there exists some T' € Ny such that K, is constant on [T, 00).

Proof. Assume that K is a finite simplicial complex and let K, be some filtration on K. For all ¢ € Ny,
K,(t) = K; must be a finite simplicial complex since K; C K by Definition 3.1.1(i) and K is finite
by assumption.

Assume, for the sake of contradiction, that there does not exist T' € Ng such that K, is constant
on [T,00). Let ro = 0. For each t > 1, let 7, € Ny be such that r;—1 < 7 and Ke(ri—1) # Ke(1).
Note that r; exists since K, cannot be constant on [r;—1, 00) by assumption. Since Ko(r;—1) C Ko(r¢)
by Definition 3.1.1(ii), there exists a simplex o; € K such that o; € Ke(r¢) and o1 & Ke(ri—1). This
inductive process constructs a collection {og, 01,02, ...} of simplices of K such that each o is distinct.
Since this process can continue indefinitely by assumption of the non-existence of T € Ny, we can
construct an infinite collection {0y}, of distinct simplices of K. Since |J;2,0; C K, K must be
infinite. This contradicts the assumption that K is finite. u

As a final remark, we want to point out that, like with persistence modules, the definition of a filtration
can be generalized to allow for any poset category to be the domain category. That is, we can define filtrations
to be functors of the form Poset(P, <) — A-Simp for any poset (P, <).
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Section 3.2. The Persistent Homology of Filtrations

In this section, we define the persistent homology of filtrations in terms of persistence modules and discuss the
interval decompositions of persistence modules in the context of persistent homology. We start with a definition
of persistent homology of filtrations, adapted from [Bau21].

Definition 3.2.1. Let n € Z. The n'" persistent homology module H, (K,;F) of a filtration K, with
coefficients in T is the persistence module H,(K,;F) : Poset(Ny, <) — Vecty given by the following functor
composition:

H,(Ke;F) :=H,(—;F)o K,

where H,,(—;F) : A-Simp — Vecty denotes the n'! simplicial homology functor with F coefficients. The n't
persistence barcode Bar,, (K,;F) of K, with coefficients in F is the persistence barcode of H,, (K;F,) as a
persistence module, i.e. Bar, (K,;F) := Bar(H,,(K,;F)).

We have some remarks regarding the notation and terminology of the vector spaces and structure maps of
H, (K,;TF), taken as a persistence module, relative to our characterization of persistence modules by Definition
2.1.1.

1. Observe that H,(K.;F) = H,(K;; F) for all t € Ng. This is consistent with the convention of replacing
the bullet (o) of a persistence module Vy = (V,, a,) to denote the vector space V; at index t € Ny. We
may also call the index ¢ € Ny, in the context of H,(K,;F) as a persistent homology module, as the
scale or parameter of H, (K TF).

2. The structure maps of a filtration K,, as stated in Definition 3.1.1, are denoted as i** : K; — K.
Following the notation for the induced maps on homology, the structure maps of H, (K,;F) are denoted
as iy Hy(Ky;F) — H,(Ky;F). Relative to the notation Vo = (V4, ) for an arbitrary persistence
module, H,,(K+;F) = (H, (K. F),i?).

Since we may be dealing with homology classes in H, (Ky;F) of H, (K,;F) across different indices t € Ny, we
identify some alternative notation below.

Remark 3.2.2. We modify the coset notation for the homology classes to include the index ¢ € Ny as a subscript
when discussed in the context of H, (K,;F), i.e. we write [o]; to refer to the homology class [o] € H,, (K};F) as
an element of the vector space of H,,(K,;F) specifically at index t € Ny.

Note that o in [0]; € H,(Ky;F) denotes a cycle representative o € ker(9%), with 9! : C,,(Ky;F) — Cp—1(Ky; F)
referring to the n*® simplicial boundary map of K.

Since we defined persistent homology modules using functor composition, we can interpret the persistent
homology module H,,(K,;F) to be calculated using simplicial homology first at each index t € Ny, and second
by assembling the resulting homology groups into a persistence module, i.e. we have two separate operations,
illustrated as follows:

filtration K, simplicial homology H,(—;F)
Poset(Ny, <) A-Simp Vecty
t % K, H,(K;F)
(scale or index) (simplicial complex) (homology group)

As such, the terminology for simplicial complexes and simplicial homology also extends to the homology groups
of a persistent homology module at some specific index t € N.

Below, we provide an example of a persistent homology module of a filtration.
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Example 3.2.3. Let the simplicial complex K and the filtration K, on K be as illustrated below:
K Yo K Yo Yo Kt} K vwh =5

“F D) Y v “.7»0 “D\o “E D) “E b ”‘F )
]
4 ¢ (; ¢ 4 ¢ 4 c d c d c

We consider the n*" persistent homology module H,,(K,; Q) of K, with Q coefficients in all dimensions n € Nj.

Part A. Pointwise Calculation of Homology Groups with Rational Coefficients

We consider the chain groups C,, (Ky; Q) and boundary maps 9} : C,,(Ky; Q) — Cp,_1(Ky; Q) of Ky at each
scale t € Ny separately. Orient each simplicial complex K; with the vertex order Vert(K) = (a, b, ¢, d) restricted
on Vert(Ky). Ilustrated below is the induced orientation on the 1-simplices of K and those of K for all ¢t € Ny:

K ¥o K Yo % K Kehbee
aTEi b 5 v L70 ”‘E}\Io aTEi b w “Pz v
4 ¢ ; ¢ d ¢ d ¢ d ¢ d ¢

For all n € Ny, the n*™ homology group H,,(K; Q) of K; with Q coefficients is then calculated as usual with
H,(Ky;Q) =ker(0),) /im(d}, )

Observe that H,(K¢; Q) is a Q-vector space for all n € Ny. Since C,,(K; Q) = 0 for all n > 3, ker(d) = 0 and
H,(K+Q) =0 for all n > 2. Then, Ho(K;; Q) and Hy (K¢; Q) for all ¢ € Ny are as follows:

0 ift=0,1
Q([alo, [b]o) ift=0 Q([ab + be + cd — ad]2) ift =2
Ho(K4;Q) =2 < Q([a]y, [d]y) ift=1 and Hi(K4;Q) =< Q(lab+ be — aclz, [ac + cd — ad)3) ift =3
Q([a]s) ift>2 Q(lac + ¢d — ad]4) ift=4
0 ift>5

Part B. Interpretation of Homology Groups with Rational Coefficients

The interpretation of the homology classes of Hy(K3;Z) as corresponding to path components, see [Hat02,
Proposition 2.6, p109], also applies to homology in Q coefficients. Illustrated below are the path components of
K, relating to basis elements of Hy(Ky; Q) for all ¢ € Np.

¥o ¥ Yo Yz Ky ¥ wht=5 Color Scheme for Path Components:
blue : that of [a]; € Hyo(K; Q)

a a a a a a
* \2 b b b b b at all scales t € N
red : that of [b]g € Ho(Kp; Q)
° only at scale t =0
4 ¢ d % 4 % d % d ¢

purple : that of [d]; € Ho(K1;Q)
only at scale t =1

The cycle representatives of Hy(K;;Z) correspond to directed loops in Ky, consisting of Z-multiples of ori-
ented 1-simplices. The same interpretation also applies to H; (Ky; Q) since we can scale any cycle representative
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such that it consists of Z-multiples of oriented 1-simplices. Illustrated below are the loops in K; with t = 2,3,4
corresponding to homology classes in Hy (K¢; Q):

Ya ¥z Ky Color Scheme for Directed Loops:
4 o :=ab+ bc+ cd — ad , representing [a]; € Hy(Ky; Q) for

a a red :
{ b 4 b t > 2. Note that [a]; = 0if ¢ > 5.
T green : T :=ab+ bc— ac, representing [7]; € Hy(K; Q) for ¢ > 3.
) 4 4 Note that [7]; = 0 if ¢ > 4.
c c

d e

orange : 0 :=ac+ cd — ad , representing [o]; € Hi(Ky;Q) for ¢ > 3.
Note that [o]; = 0 if ¢ > 5 and that [a]s = [7]s + [0]s.

Negative multiples of oriented 1-simplices denote a reversal in direction. For example, ad € C1(Ka2;Z) is a line
from vertex a to vertex d but —ad € C(K3;Z) is a line from d to a. The addition of an oriented 1-simplex to an
oppositely oriented copy of itself can be interpreted to be an annihilation of said simplex, e.g. ad + (—ad) = 0.

Part C. Formation of Persistent Homology Modules

Let n € Ng. The n'" persistent homology module H,,(K,; Q) has vector spaces given by H,, (K.;Q)(t) =
H, (K;;Q) for all t € Ny. The structure maps of H,,(K,;Q) are the maps on homology induced by inclusions
i%t . K, — K, for all t,s € Ny with ¢t < s. For now, it suffices to know that these structure maps exist.

Observe that H,(K,;Q) is the trivial persistence module over Q for n > 2 since H,(K;Q) = 0 for all
t € Nyg. We talk more about Hy(K,;Q) and H;(K,; Q) in the following examples in this section.

Remark 3.2.4. The preferred coefficient field for persistent homology is F = Z, with prime p. The majority
of the examples in this paper use F = Q for the coefficient field for convenience.

The reason for Z, being the preferred coefficient field is that numbers in Z, can be represented exactly
using a finite number of bits. For example, the Ripser package described in [Bau2l] stores numbers in Z, as
unsigned 16-bit integers and allows for calculation of persistent homology in Z, coefficients with p < 216 _ 1,
Furthermore, a number in Zs can be represented using one bit and arithmetic operations in Z, can be done as
bit operations, which are extremely fast computationally. This explains why Cohen-Steiner, et al. in [CEMO06]
and other authors (particularly those in the field of computer science) often define persistent homology with
coefficients in F = Zy, i.e. their persistence modules are of the form Poset(Ny, <) — Vecty,.

However, operations in Z, can be somewhat cumbersome to do by hand, which became an issue when we
were creating examples for this expository paper. As a compromise, we use the field F = Q for most of our
examples since the relation between homology groups over Q and those of Z,, is relatively straightforward. For
reference, see [Hat02, Corollary 3A.6].

The persistence barcode of a persistence module, as discussed in Chapter 2, characterizes the ranks of the
vector spaces and the ranks of the structure maps of the persistence module. The same applies for persistent
homology modules, assuming interval decompositions and persistence barcodes exist. We state an existence
result below.

Proposition 3.2.5. Let K, be a filtration on a finite simplicial complex K and fix a field F. For each n € Ny,
the n'! persistent homology module H,, (K,;F) is of finite-type and therefore admits an interval decomposition.

Proof. By Lemma 3.1.7, K, is a finite simplicial complex for all ¢ € Ny and there exists T € Ny such
that K, is constant on [T,00). For t € [0,T], H,(K¢;F) must be finitely generated since K; is a
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finite simplicial complex. For all ¢ € [T,00), H,(K1;F) = H,(K;F) since K = K,;. Therefore,
H,(K.;TF) is a finite-type persistence module that is constant on [T,00). By Proposition 2.5.14,
H, (K,;F) admits an interval decomposition. u

The calculation of this interval decomposition is the goal of the matrix reduction algorithm for persistent
homology. Below, we identify terminology used in [Bau21] and other persistent homology literature involving
these interval decompositions.

Definition 3.2.6. Let K, be a filtration on a finite simplicial complex K. Let the persistence barcode

Bar, (K,;F) of the n'® persistent homology module H, (K,;F) of K, with coefficients in a field F be given

as follows: . m
Bar, (Ku F) = Bar(H, (Ko F)) = { by, d) } U {[ai )}

j=1 i=1

where {[b;,d;)}_; and {[a;,00)};Z; both consist of intervals in No with b;, d;, a; € No.

i. The pair (b;,d;) of indices from the interval [b;, d;) is called an index persistence pair of K,. In this
case, b; is called a birth index and d; is called its corresponding death index.

ii. The index a; in the interval [a;, c0) is called an essential birth index or essential index of K,.

By Theorem 2.3.5, persistence barcodes of persistence modules are unique up to persistence isomorphism.
Therefore, the collection of index persistence pairs and essential indices from H,,(K,;F) can be considered an
invariant of the isomorphism type of persistence modules.

As briefly discussed in Section 3.1, it seems to be common practice to assume the index ¢ € Ny represents
some time value. Roughly speaking, the terms birth index and death index correlate to how homology classes
are created (alternatively, born) or become trivial (alternatively, die or get destroyed) as we increase the time
parameter t € Ny. The term persistence then corresponds to how long a homology class that is born at some
index tp € Ny remains non-trivial (alternatively, lives) as we increase the index t > tp.

Then, the phrase “as we increase the time parameter” refers to the application of the structure map
st H,(K;;F) —» H,(K;F). We can also colloquially say that we are going up the filtration K, from time ¢
to time s > t. To avoid ambiguity, we provide definitions for the terms such as lives, dies, and persists below.

Definition 3.2.7. Let K, be a simplicial filtration. Let [o]; € H, (K;F) be a non-trivial homology class with
cycle representative o € ker(9,!) C C,,(Ky;F). Let s € Ny such that ¢ < s.

i. We say that [0]; lives or persists in K, if i3 ([o];) # 0.

ii. If [7]; € H, (K;;F) is a non-trivial homology class such that [r]; # [¢], and ¥ ([o];) = 3" ([7];) # 0, we
say that [r]; and [0]; merge in K.

iii. We say that [o]; is born in Kp or at index B € Ny if
B= max{b €No:b<tand [o]; ¢ im(i’j;b_l)}

where im(ii’fl) is taken to be the trivial vector space.

iv. We say that [o]; dies or is destroyed in K or at index D € Nj if

D= min{d €Ng:t<dand if’t([a]t) = O}
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If such a minimum does not exist, then we say that [0]; does not die in the filtration. Note that if
[0] is destroyed in Kp, then i**([o]¢) = (i*F o i?*)([o];) = i*P(0) = 0 for any s > D.

v. We say that [0]; has persistence or lifespan D — B € Ny if [0]; is born at index B € Ny and dies at
index D € Ny. If [o]; does not die in K,, then persistence is interpreted to be co.

We provide an example of these terms in use below, relative to the 0" persistent homology module.

Example 3.2.8. Let K, be as given in Example 3.2.3. For convenience, we copied the illustration involving
Hy(K;; Q) and the path components of K; at each t € Ny below:

Yo ¥ Yo Yz K“ ¥ wht25 Color Scheme for Path Components:
blue : that of [a]; € Ho(K; Q)

a a a a a a
[ V.’ b b b b b at all scales t € Ny
red : that of [b]g € Ho(Ko; Q)
° only at scale t =0

purple : that of [d]; € Ho(K1;Q)
only at scale t =1

Oth

We consider some homology classes in Hy(K;; Q) for varying ¢ € Ny below.

1. The homology classes [a]o, [b]o € Ho(Ko; Q) persist to K, since i29([a]o) = [a]> # 0 and i*°([b]o) =
[b]2 # 0. Moreover, [a]op and [b]g live or persist to K; for all ¢ > 1. At index t = 0, [a]p is highlighted
in blue and [b]p in red in the illustration above.

2. The homology classes [a]o, [b]o € Ho(Ko; Q) merge in K; since i*%([a]o) = [a]1 = [b]1 = i°([b]o). That
is, the 0-cycles a and b represent distinct homology classes in Ky but represent the same homology class
in K. Furthermore, for all t > 1, [a]; and [b]; represent the same path component, highlighted in
blue in the illustration above.

3. The homology class [a]s € Ho(K3;Q) is born in Ky since im(i2°) = Q([a]3). Similarly, the homology

class [d]y € Ho(K3;Q) is born in K since [d]4 = [a]s = i*°([a]o). These homology classes are highlighted
in blue in the illustration above.

4. The homology class [d]; € Ho(K1;Q), specifically at index ¢ = 1 and highlighted in purple above, is
born at index ¢t = 1 since im(iy") = Q([a];) and [d]; # [a];. Note that for all ¢ > 2, [d]; corresponds
to the path component highlighted in blue .

Observe that none of the homology classes listed above die in the filtration.

Let K, be a filtration on a simplicial complex K. Observe that, in dimension n = 0, a 0*® homology class
in Hy(Ky;F) for any t € Ny cannot die in a filtration since path components do not disappear as we increase the
time parameter. If K is path connected, then all of these 0'" homology classes merge into one homology class
at sufficiently high T" € Ny. Persistence becomes more interesting in dimensions n > 1 since it becomes possible
for homology classes to become trivial as we increase the time parameter. We provide an example below on
dimension n = 1.

Example 3.2.9. Let K, be as given in Example 3.2.3. For convenience, we copied the illustration involving
Ho(Ky; Q) and directed loops in K; below. Note that if ¢ € {2,3,4}, then Hy(K;F) =0.
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Yo Yo Ky Color Scheme for Directed Loops:
a a a red : o:=ab+bc+ cd — ad , representing [o]; € Hi(K; Q) for
{ 4 v v t > 2. Note that [a]; = 0if ¢ > 5.
‘G @ N green : T :=ab+ bc— ac, representing [ty € H1(K;; Q) for ¢ > 3.
4 4 4 e d e Note that [7]; = 0 if ¢ > 4.

orange : o :=ac+ cd — ad , representing [o]; € H1(Ky; Q) for ¢ > 3.
Note that [o]; = 0 if t > 5 and that [a]s = [7]5 + [0]3.
We consider some 15° homology classes in H;(K;; Q) with ¢ € {2, 3,4} below.

1. [a]e = [ab+ be+ cd — ad]y € Hi(K2;Q) at index ¢t = 2 is born at index t = 2, dies at index ¢ = 5, and
has a lifespan of 3. Illustrated below is the image of [a]y on H, (K;; Q) for ¢t = 3,4.

) Yo K4 K4 Color Scheme:

a v a b | @ v a v red : « in Ky, representing [a]s.

D w w il & purple : « in K3 and Ky, representing a3 and
T [a]4 respectively.
d ¢ d ¢ 4 "¢ d ¢

2. [a]s = [ab + be + ¢d — ad)s € Hy(K3; Q) at index ¢ = 3 is born at index ¢ = 2 since i2?([a]) = [a]s.
3. [a]s = [ab + bc + cd — ad]y € Hi(K4;Q) is born at index ¢ = 3 since i*3([o]3) = [0]s = [a]s with
o = ac + cd — ad, as illustrated below:
‘(4 Color Scheme:
a red : « in Ky, representing [a]4.
orange : (middle) o € Ky, representing [o]s = [a]4

(left) o in K3, representing [o]s.

4. [r]3 = [ab + bc — ac]zs € Hi(K3;Q) at index t = 3 is born at the same index ¢t = 3. Since the 2-
simplex abc is added to Ky, 05 (abc) = bc — ac + ab = T and 7 becomes a 1-boundary in K. Therefore,
i*3([7]3) = [r]a = 0 and [7]3 dies in Kj.

5. [o]s € H1(K3;Q) at index ¢ = 3 is born at index ¢ = 3, dies at index t = 5, and has persistence 5—3 = 2.

Let K, be a filtration on a finite simplicial complex K and assume that K, is constant on [T,00). Note
that T' € Ny exists by Lemma 3.1.7 and that K = Kp. The persistence barcode Bar,,(K,;F) of a filtration K,
with F coefficients determines the interval decomposition H,,(K,;F) as a persistence module. Let Bar, (K,;F)
be given as follows

Bar, (K,;F) = Bar(Hn(K.;]F)) = {[31, S14t1), ey [SrySr ), [Sr41,00), o vy [Sms oo]}
for some $1,...,8, € Ng and t1,...,t, € Ng. The intervals [s;,s; +¢;) and [s;,00) in Bar, (K,;F) are denoted
following Corollary 2.5.13, where we state the correspondence between graded invariant factor decompositions

in GrMody(,) and interval decompositions in Persp. Therefore, there exists a persistence isomorphism as follows:

Yo : Hp(Ko;F) — (H[.51,s1+t1) @D H[.51'557'+t1') @ H[.Sr+1100) EREN H[.sm,oo))
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This persistence isomorphism identifies a collection of homology classes on varying indices ¢ € Ny by:

Sk, Sk + 1 ifked{l,...,r
o) € (on) ™ (4 (50)) € s B) with g o= § 0% T B R L)

[$k, 00) ifke{r+1,...,m}
Note that (¢, ) " (IJ*(s;)) must be a one-dimensional F-vector space and there exists a non-trivial homology
class [o]s, for each k € {1,...,m}. The birth, death, and persistence of [o%]s, as a homology class in Hy(K,;F)
correspond to the indices in the intervals [sg, sx + tx) or [sg, 00). In particular:

1. For k € {1,...,7}, the homology class [o}]s, from IJk = I5% %) ig born at index sy, dies at index

Sk + ti, and has persistence t;. Furthermore, the behavior of the structure maps match the interval
sk, 55+ ), Le.

0 ifte sk, t
(RS
0 ift >t

Observe that the bounded interval [sy, s; + tx) corresponds to homology classes that become trivial in
K = Kr, ie. [o}]r =i1*([o}]s,) = 0 as an element of H, (Kr;F) = H,(K7;F).

Sk

_ H[.Skaoo)

2. For k € {r +1,...,m}, the homology class [o}]s, from IJ* is born at index s; and does not

die in the filtration, i.e. for all t > sy, v ([ok]s, ) = [ow]s # 0.

Note that the unbounded intervals [sj,o0) correspond to homology classes that do not die in
K = Kr, ie. [op)r = 7% ([ok]s,) # 0 in H,(K;F) = H,(K7;F) for all k € {r + 1,...,m}. This might
explain why si in the interval [sg, 00) is called an essential birth index of K,.

The problem here is that such a collection {[o1]s,, ..., [om]s,, } of homology classes is not generally immediately
obvious by examination of the homology groups H,, (K;;F) at every ¢t € Ny since the structure maps, i.e. the
maps on homology induced by inclusion, cannot be ignored.

The matrix reduction algorithm for persistent homology, discussed in Chapter 4, not only determines
the persistence barcode of H, (K,;F) but also determines possible cycle representatives corresponding to each
interval in said barcode. In the two examples below, we interpret results that will be calculated in Chapter 4.

Example 3.2.10. Let K, be given as in Example 3.2.3. Given below is a summary of the results of the
calculation involving Hy(K,; Q) started in Example 4.5.3 and finished in Example 4.5.8:

Interval Module Interval Birth Index Cycle Representative Persistence
oD Ji=[0,1) $1=0 o1=b—a th=1-0=1
-2 Jy =11,2) s9 =1 oy =d—a ty=2-1=1
]I[.O’Oo) J3 =10, 00) s3=0 o3 =a t3 = 00

The interval decomposition of Hy(K,; Q) is then calculated to be

Pers
Hy(Ky;Q) = I o1 o 12
Observe that each interval module I/* corresponds to a homology class that is born at index s; and dies at

index sy + t. However, these homology classes do not correspond directly to the path components of each Kj.
For comparison, we copied the illustration in Example 3.2.3 involving Hy(Ke; Q):
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Yo K Y2 Yo Ky ¥ wht25 Color Scheme for Path Components:
blue : that of [a]; € Ho(Ky; Q)

a a a a a a
o k.) b b % b b at all scales ¢t € Ny
red : that of [b]o € Ho(Ko; Q)
o only at scale t =0

purple : that of [d]; € Ho(K71;Q)
only at scale t =1

Observe that ]I[.O’DO) corresponds to the homology classes [a]; with ¢ € Ny and has a direct relation to the
path component of K; containing the 0-cycle a. However, the same does not apply for ]I[.O’l) and H[.1’2), which
correspond to the homology classes [b — a]p and [d — a]; respectively.

Example 3.2.11. Let K, be given as in Example 3.2.3. A summary of the results calculated in Example 4.6.1
involving the interval decomposition of Hi(K,;Q) is given below:

Interval Module Interval Birth Index  Cycle Representative Persistence
i) Ji = [2,5) 51 =2 Bi=abtbc—ad+cd t, =5-2=3
1) Jy = [3,4) $9=3 By = —ab—bct+ac to=4-3=1

The interval decomposition of H;(K,;Q) is given by H; (K,.; Q) = 129 o 18Y. For convenience, we copied the

illustration in Example 3.2.3 describing the orientation on the 1-simplices of K; at each t € Ny induced by the
vertex order Vert(K) = (a,b, ¢, d) below.

K Xo K Y Yo Ky K wh v 25
“F?w S v ”L;7\o “{:7!0 “F;\o ”E;\o “Tf;b
4 ¢ ) ¢ d ¢ d ¢ 4 ¢ d ¢

The first interval module I corresponds to the homology classes [51]; with ¢ € [2,5). Observe that the 1-cycle

B1 = ab+bc—ad+cd, illustrated in red below for t € [2,5), first appears at index s; = 2. The 2-cycle abc+ acd,
that makes 81 a 1-boundary and the homology class [31]; trivial, first appears at index s +¢; =2+ 3 =5.

o K % % o Kuhies
A R R S S )
TN NN
doe | a4 |4 4
AF— —5

The second interval module I¥* corresponds to the homology classes [B2]: with t € [3,4). Observe that the
1-cycle B2 = —ab — bc+ ac, illustrated below in purple for ¢t € [3,4), first appears at so = 2. The 2-cycle —abe,
which makes f2 a 1-boundary and the homology class [32]; trivial, first appears at index so + to = 4.

PAGE 86 OF 169



¥o K Yo Yo K Keohieg

ababababab
;74c d ¢ || d ¢ || 4

SP——1

oD
[ 2.y

Note that the 1-cycle ac 4+ cd — ad is not represented in either interval module for H; (K,;Q), despite being a
valid cycle representative for homology classes in H;(K3; Q) for ¢ > 3.

For the sake of completion, we include an alternate characterization for persistent homology below, one
that is prevalent in persistent homology literature, e.g. in [ZC05; CEMO06]. While this perspective is not as
useful as the functor definition of persistent homology (Definition 3.2.1) for rigorously discussing the origins of
the matrix reduction algorithm (as presented in Chapter 4), it does offer some more insight to the significance
of persistence barcodes. The following definitions are taken from [ZC05, Section 2.6].

Definition 3.2.12. Let K, be a simplicial filtration and let F be a field. The p-persistent n'" homology
group H, (K;;p;F) with coefficients in F of the simplicial complex K; in K, is the F-vector space given by

Ho (Ko i ) = 10 (H (K F)) € Ho(Ko )
and the rank of H,, (K;;p;F) is called the p-persistent n'" Betti number 3, (K;; p; F) of K; with coefficients

in F.

Observe that the characterization of persistent homology as a persistence module H,,(K,;F) by Definition
3.2.1 accounts for the p-persistent homology groups H, (Ky; p;F) for all p,t € Ny and is a more concise way to
describe how all of these homology groups are related. Furthermore, the persistence barcode Bar,, (K,;F) of a
filtration K, is a concise representation of the ranks of all p-persistent homology groups. In other words, the
persistence barcode encodes the evolution of the Betti numbers of K; across the filtration K,. We state this in
more detail below.

Corollary 3.2.13. Let K, be a filtration on a finite simplicial complex K. For all n € Ny, the n'" Betti
numbers 3, (K;;F) of the simplicial complex K; and the n'" p-persistent Betti numbers 3, (K;;p;F) of K; in
K, are determined by the persistence barcode Bar, (K,;F) as follows:
Bn (K F) = card{J € Bar,(Ko;F) : t € J}
Bn(Ky;p; F) = card{J € Bar,(Ko;F) : [t,t+p|=[t,t+p+1)C J}

Proof. By Proposition 3.2.5, an interval decomposition for H,, (K,;F) exists. Applying Proposition 2.3.7 on
the F-vector space H, (K;;F) for all ¢t € Ny, we have that

rank (H, (K,);F) = B, (K;; F) = card{J € Bar, (Ko F) : t € J}.
Applying Proposition 2.3.7 on structure maps i. """ of H,, (K4;F) for all ¢,p € Ny, we have that

rank(iff””t) = rank(iffp’t (Hn(Kt;IF))> = rank(Hn(Kt;p;F)) = Bn(K; p; TF)
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- card{J €Bary(Ko;F) : [tt+p] =[t.t+p+1)C J}. .

Example 3.2.14. Let K, be given as in Example 3.2.3. For convenience, the illustration of the simplicial
complex K and the filtration K, is copied below:

K Yo K Yo Yo kl-} K wh =5
b 4 w4 _wll% _wvll% wvil% v % v
4 ;c ;7 4 ;c 4 ;c 4 ;c 4 ;c

Following the discussion on Example 3.2.10, the interval decomposition Hq(K,; Q) = ]I[.O’l) EBH[.LQ) @H[.O’Oo) implies

that
Baro(Ka: @) = {[0.00),[0,1), [1,2)}

Below, we compare the p-persistent 0" homology group Hy(K:;p; Q) and the p-persistent 0" Betti number
Bo(Ky; p; Q) for selected p,t € Ny and compare these against the results expected by Corollary 3.2.13.

1. Let t = 1. Since K; = K; has two path components, we expect Sy(K71;Q) = 2. There are 2 intervals in
Barg(K,.; Q) that contain t = 1: [0,00), [1,2) € Barg(Ke; Q).

2. Let t = 0 and p = 1. Since K; = K, has three path components and K;;, = K; has two path
components, we expect that Ho(Kp; 1;Q) =2 Q? and By(Ko; 1Q) = 2. Observe that there are 2 intervals
in Barg(K,; Q) containing the interval [t,t 4 p] = [0, 1]: [0,00),[1,2) € Barg(K,.; Q).

3. Let t =1 and p = 3. Since K; = K; has two path components and K., = K, has one path
component, we expect that Ho(K7;3;Q) = Q and So(K7;3;Q) = 3. Observe that there is only 1
interval in Barg(K,; Q) containing [¢,t + p] = [1,4]: [0,00) € Barg(Ke; Q).

PAGE 88 OF 169



Section 3.3. Simplicial Persistent Homology

In the previous section, we interpreted the n'" persistent homology module H,,(K,;F) of a simplicial filtration
K, as done pointwise, with each index ¢t € Ny considered separately. In this section, we consider an approach
wherein we consider all indices t € Ny of K, simultaneously. In particular, we extend the notions of simplicial
chain groups, boundary maps, and chain complexes to the case of persistence modules. For brevity, we will refer
to this extension as simplicial persistent homology.

We want to emphasize that the persistence modules and persistence complexes we introduce in this section
are not exactly new. Rather, they come as a natural consequence of the functorial nature of simplicial homology.
Earlier in Section 1.3, we discussed how the calculation of the simplicial homology can be seen as a composition
of functors, as illustrated below for the simplicial complex K; of K,:

. C*(—;R) Hn(_)
A-Simp ——M— Ch-Vecty ———  Vectp

K, ———— C(K;F) = (Cn(Kt;R)aﬁn) ——— H,(KyTF)

nez
(simplicial complex) (simplicial chain complex) (simplicial homology)

In simplicial persistent homology, we leave the parameter t € Ny in K, arbitrary. We present a loose visualization
of this below, with the parts highlighted in red to be discussed in this section.

[Poset(Ny, <), Ch-Vectr]

[Poset(Ny, <), A-Simp] — ——  [Poset(Ny, <), Vecty] = Persp

- = Ch-Persy
K, —_— C.(Ke;F) —_— H,(K,;F)
(filtration) (simplicial persistence complex?) (persistent homology module)

As we construct new objects in Persy, we also investigate the corresponding graded structures in GrModg,
resulting from the application of I'gimod : Persp — GrMody(,) to these objects and discuss which properties are
preserved under this category equivalence.

We start with a definition of filtered chain modules of simplicial filtrations, which are simplicial chain
groups extended to the case of persistence modules. Note that this definition is adapted from [Bau21].

Definition 3.3.1. Let K, be a filtration on a simplicial complex K and fix a field F. For each n € Z, define
the nt® filtered chain module Crn(K,;F) of K, with coefficients in F to be the persistence module over F
given by the following functor composition:

Ch(Ke;F) :=Cp(—;F)o K,

where C,,(—;F) : A-Simp — Vecty refers to the n'" chain group functor with coefficients in F.

Remarks. (1) C,(K,;F) is well-defined since the codomain category of K, : Poset(Ny, <) — A-Simp and
the domain category of C,(—;F) : A-Simp — Vectr match. Note that K, is a functor by
decomposition and Cy,(—;F) is a well-defined functor as discussed above Definition 1.3.5.

(2) The modifier “filtered” implies that the chain groups are those from a simplicial filtration. We de-
cided to use the term “module”, instead of calling C,,(K,; F) a filtered chain group, to emphasize
that C, (K,;F) is to be interpreted mainly as a persistence module.
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Observe that C,(Ke;F)(t) = C,(Ky;F) for all ¢ € Ny and the notation involving the vector spaces of
Cpn(Ke;F) should work as expected. For example, passing the parameter ¢ € Ny to C,(K,;F) returns the
simplicial chain group of K; of K,. This is also consistent with the convention of writing V; := V4(¢) for an
arbitrary persistence module V4, as introduced in Definition 2.1.1.

As given in Definition 3.1.1, the inclusion maps of K, are denoted as i*! : K; — K,, with the shorthand
of it = it*ht . K; — K;,1. Since the structure maps of C,,(K,;F) must be the maps on the simplicial chain
groups induced by inclusions, we can extend the hash (#) notation identified in Definition 1.3.3 and denote the

structure maps of C,, (K,;F) as follows:

iy = Co(Ko;F)(t —s)  with : Cp(K 3 F) = Cp (K4 F)

Zs,t
A
and Yy = Cp(Ke;F)(t =t +1) with i : Co(Ky;F) — Cp(Kiq1; F)

We provide an example of a filtered chain module below.

Example 3.3.2. Let K, and K be given as in Example 3.2.3 and orient K with the vertex order Vert(K) =
(a,b,c,d). For convenience, an illustration of K and K, (without orientation) is copied below:

K Yo K Y Yo Kt} Kt wht=2¢
“B ) 4 w4 __ v “[ v “E v "E v “F v
d ¢ ;70_ d e d ¢ A ¢ d ¢

The 0" and 1% filtered chain modules Cy(K,; Q) and Cy(K,; Q) of K, with rational coefficients have the
following vector spaces, described relative to their respective standard bases:

0 ift=0
a,b ift=0 ab, be ift=1

o) = { &0 and (K@) = { 2 |
Q{a,b,e,dy ift>1 Q(ab, be, cd, ad) ift=2

Q({ab,be, cd,ad,ac) ift>3

Below, we list some examples of 0-chains and 1-chains at selected values of ¢t € Ny:

1. The 0-chain 2a + b is an element of Cy(Ky; Q) for all ¢ € Ny. In contrast, the chain a 4+ 2b+ ¢ is not an
element of Cy(Kp; Q) since the simplex ¢ is not in Kj.

2. The 1-chain ab + bc — ac first appears in C;(K3;Q), in that ¢ = 3 is the minimal index for which
ab + be — ac € C1(Ky; Q). Observe that ab+ be — ac € C1(K,; Q) for any s > 3.

3. The 1-chain 2ab — bc as an element of C4(K7;Q) is mapped to i;gl (2ab — be) = 2ab — be € C1(K5; Q)
for any s > 1.

Given a filtration K, of a simplicial complex K, the vector spaces C,,(K;;F) of the filtered chain module
Cpn(Ke;TF) can all be considered subspaces of the simplicial chain group C,(K;F) of K. Additionally, the
structure maps of Cy,(K,;F) are all inclusions and agree with the identity map on C,(K;F). We state this in
more detail below.

Corollary 3.3.3. Let K, be a filtration of some simplicial complex K. For all t,s € Ny with ¢t < s,
Cn(Ky;F) is a vector subspace of Cp,(K;F) and the structure map i;@t : Cp(Ky; F) — Ch(Ks;TF) satisfies
i;;t(a) =ide, (kyr)(0) = o for all o € C, (Ky; F).
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Proof. Let t,5s € Ny with ¢ < s. By definition of K,, Ky C K; C K. By Lemma 1.3.10(i), C,(K;F) C
Cn(Kg;F) C Cp(K;F) and for all n-chains o € C,(KyTF), i;;t(a) = ide, (k,m)(0) = z[;]( ) =
ide, (k7 (0) = o where il*) refers to the inclusion map il* : K, — K. u

The corollary above does not take any imposed orientation on either K or on any K; of K, into account.
However, for convenient calculation, we usually set an orientation on K and let all simplicial complexes K; of
K, inherit said orientation by restriction. In this case, the standard basis for any C, (K;;F) at index t € Ny
(relative to the inherited orientation) must be a subset of that of C,(K;F). This property, along with the
corollary above, makes the graded module obtained by applying I'gmmoed to the filtered chain modules have a
relatively uncomplicated structure. Below, we identify notation for said graded module.

Definition 3.3.4. For each n € Z, the n** graded chain module of a simplicial filtration K, with coefficients
in a field F is the graded F[z]-module given by CC(K,;F) := Tgmod(CC(Ke;F)). We call an element of
Cn(Ke;F) a filtered n-chain.

Remark. The term “graded chain module” is not used in most of the literature for persistent homology theory.
We introduced this term in this paper to emphasize the difference between C,,(K,;F) as a persistence
module and CS"(K,;F) as a graded module. The symbol CS'(K,;F) is added for brevity.

Following the description of I'g;moq given in Definition 2.5.1, we have the following set description for the
graded chain module C¢"(K,;F):

CS (Ko F) 2 P (K4 F
t€Np
Then, a filtered n-chain o(z) € C$"(Ko;F) is an Flz]-formal sum o(z) = 3°,c, 0¢x' of n-chains such that

ot € Cp(Ky; F), i.e. an n-chain at index t € N, for all ¢ € Ny. Note that the direct sum characterization also
implies that only finitely many of o; can be non-trivial.

Observe that this formal sum notation for filtered n-chains makes identifying the homogeneity and degree of
elements in CS(K,;F) straightforward. This becomes useful since we prefer dealing with homogeneous elements
of graded chain modules, as we will see later in Chapter 4. To avoid losing this benefit, we usually avoid using
the indeterminate = of F[z] as a vertex of the simplicial complex K.

Before we proceed with an example, we have identified two useful properties of CS"(K,;F) resulting from
Corollary 3.3.3 below.

Lemma 3.3.5. Let K, be a filtration of some simplicial complex K. Let n € Z.

i. For all t € Ny, C,,(K;;F)xt is a vector subspace of C,, (K;F)zt. Moreover, if a filtered n-chain is of the
form ox' € C¢'(K,;F) with o € C,,(K;F) and t € Ny, then o € C,,(Ky;F).

ii. The action of Flz] on CP"(K,;F) satisfies 2° - ca! = gx'™* for all oz’ € CS'(K,;F) and for all ¢, s € No.

Proof. For (i): C,(K;F)zt C C, (K F)z! since C,,(Ky;F) is a vector subspace of C,,(K;F) by Corollary
3.3.3. Assume there exists ca! € CS(K,;F) with 0 € C,,(K;F) and t € Ny. We can assume, without
loss of generality, 2t ¢ C,,(K;F) for all s € Ng. Therefore, oz can only be present in C,, (Ky;F)z?,
the homogeneous component of C¢ (K,;F) of degree t. Therefore, o € C,,(Ky;TF).

For (ii): Let t,s € Ny and let ozt € CS(K,;F). Then, o € C,(K;;F)zt. By definition of

LoMod, 2° - ot = i;rs’s(a)xt“. By Corollary 3.3.3, z’;rs (o)ztts = gxtTs. n

We provide an example of a filtered chain module viewed as a graded Q[z]-module below.
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Example 3.3.6. Let K and K, be as given in Example 3.2.3, illustrations of which are copied below for
convenience. Orient K and each K; by (a,b, ¢,d), with the vertex set restricted when appropriate.

K Yo % a1 % K Kehb2s
”B b 4 bl % v “[ v “t v "‘E b “F v
4 ¢ (;7 4 ¢ 4 ¢ d ¢ d c

A description of the 0! graded chain module C$"(K,; Q) of K, is given below. Note that the direct sums below
are to be interpreted as internal direct sums of Q-vector spaces.

C§"(Ke; Q) = Temod (Co(Ke; Q) = @D Co(Ki; Q)a' = Qa, b) @ (@Q(CLJL c, d>$t>

teNg

{a f1(x)+ 0 folx) +e-afs(x) +d-xfa(x) ¢ fi(z) € Qz] for i = 1,273,4}

Using Lemma 3.3.5, we know that the action of Q[z] on C§"(K.;F) satisfies the following:

z-azt =azxtt™  and x-bzt =bxtt!  forallte Ny

z-cxt =cxttl  and z-dxt =datt! forallt>1

Listed below are some filtered 0-chains in C&"(K,;Q), along with some comments.

1. The filtered O-chain oy (z) := 2ax + 3bz3 corresponds to the pair of the 0-chain 2a € Cy(K1; Q) at index
1 and the O-chain 3b € Cy(K3;Q) at index 3. Note that oq(z) is not a homogeneous element since
degy, (2az) = 1 # 3 = degy,(3bx?). In this case, degy (o1 (z)) is undefined.

2. The element c is not a filtered 0-chain of K, since ¢ ¢ Cy(Ko; Q) = Q(a, b). In contrast, for all ¢ > 1,
cxt € C§'(K,; Q) since c is a vertex in K.

3. The filtered O-chain oa(x) := (a + 2b — c)z* corresponds to the 1-chain a + 2b — ¢ as an element of
Co(K4;Q) at index 4 and degy (o2(x)) = 4, i.e. o2(x) is homogeneous of degree 4.

4. The filtered O-chain a € C§"(K.; Q) generates the Q[z]-submodule Q[z](a) consisting of elements of the
form ax' € C8(Kq; Q) with t € Ng. Observe that Q[z](a) is a graded submodule of C§$"(K,; Q).

Recall that simplicial chain groups C),(K; R) with coefficients in a PID R are free R-modules. We have a
similar result for graded chain modules.

Proposition 3.3.7. Let K, be a simplicial filtration. For all n € Ng, C°"(K,;F) is free.

Proof. Let n € Z. If n > —1, then C),(K,;F) is trivial and therefore free. Assume n > 0. To determine that
CP"(K,;F) is free, it suffices to show that it is torsion-free as a F[z]-module. Let ozt € CS'(K,;F).
Then, o € C,,(K;;F). Note that CS(K,; Q) is a F-vector space and is torsion-free. If z* - oz = 0 for
some s € Ny, then i;;'s’s(o) = 0, contradicting Lemma 3.3.5. Therefore, C°"(K,;F) is torsion-free

and, therefore, free. [

Earlier in Definition 1.2.5, we identified a natural choice for basis on the chain groups of a simplicial complex
based on its equipped orientation. Similarly, if K, is a filtration on a simplicial complex K, an orientation on
K induces a natural choice of basis on its graded chain modules. We state this as a proposition below.
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Proposition 3.3.8. Let K, be a filtration of an oriented finite simplicial complex K. For each n € Ny,
CPC(K,;F) is free with the following homogeneous basis:

Ker .= {letl,agxtQ, e ama:t’"} with ¢ := min{t eNg:0o; € C’n(Kt;]F)} foralli e {1,...,m} (E1)

where K[n] = {o1,...,0m} is the standard basis of C}, (K+; F) induced by the orientation on K (see Defn. 1.2.5).

Proof.

Fix n € Ng. Since K is a finite simplicial complex, K[n] is finite with m := card(K[n]) < oo and we
can label the oriented n-simplices in K[n] by {o1,...,0,}. Leti € {1,...,m}. By Definition 3.1.1(iii),
there must exist some t € Ny such that o; corresponds to an n-simplex in K and o; € C,(K;TF).
Since Ny is bounded below, a minimal ¢; € Ny for o; such that o; € Cp,(K¢,;F) must exist. Then,
ozt € Cp(Ky,;F)zti C CS'(K,; F) is homogeneous with degree ¢;. Therefore, IS

2r as given above,

is well-defined as a set.

Assume, without loss of generality, that t; < to < --- < t,, ie. IC,(;" is indexed in order of
increasing degree. We need to show that KS' generates CS'(K,;F) and that S is F[z]-linearly
independent.

Fix t € Ny and consider the vector subspace C,(K;F)z! of CS'(K,;F). Let r € {1,...,m}
be maximum such that ¢, < t. By minimality of the t;’s, o; corresponds to an n-simplex in K; if
and only if ¢ € {1,...,p}. Let K; inherit the orientation on K by restriction and let K;[n] be the
standard basis of C,,(Ky;F) induced by this new orientation. Then, K;[n] = {o1,...,0,} and the
following set is a basis for C,, (K; F):

B(t) := {let, oozt . .. ,apmt} = {mt_tl copatt, 2t gt L gt Urxtp} (E2)

Since t—t; > 0 for each i € {1,...,r}, each element in C,, (K;; F) is equal to a F[z]-linear combination
in KO, Since t € Ny is arbitrary, KS" generates C°"(K,;F).

Consider the F[m]—linear dependence relation f(z) :== >, fi-opxt = 0 for KS" with fi,..., fm €
F[z]. Recall that C¢"(K,;F) = @teN (K3 F)2t. For each i € {1 ym}, let {k;;},oy, be such
that fi(x) - o2t = Y70 kiv - 032 with k;, € T for all ¢ € No. Observe that, for all ¢ € {1,...,m},

only finitely many {k; ;} ten, Are nonzero and k; ; = 0 if ¢t < ¢;. Then, f(z) decomposes into

:E):Z:lfi'aixti :Z<Zki¢'aixt> :Z<Zk” aiv >

i=1 \t=0 t=0

and the homogeneous component of f(z) of degree ¢ € Ny is given by > 1" | k; + - oz, To solve linear
dependence relation f(z) = 0, it suffices to consider Zzn kit - oyxt = 0 separately for each ¢ € Np.
Let t € Np. Observe that Y ;" ki - 02" € C,,(Ky; F)a?t is a F-linear combination in B(t), with B(t)
as defined in Equation (E2). Since B(t) is a basis for C,, (K F)at, k1 ¢ = kot = -+ = k.t = 0. Since
t is arbitrary, k; ; = 0 for all ¢ € Ny. Then, for each i € {1,...,m},

Zkltmt t’—Zk”xt tl—ZO 7t =0

t=t; t=t;

Therefore, fi = fo = --- = f, and K& is F[z]-linearly independent.

Since KS' is F[z]-linearly independent, generates CS'(K,;F), and consists of homogeneous ele-
ments, S is a homogeneous F[x]-basis for CS"(K,; F). L]

In the example calculations presented later in Chapter 4, we often use the basis LS as a starting point.
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For convenience, we provide a name for this basis below.

Definition 3.3.9. Let K, be a filtration of an oriented finite simplicial complex K. For each n € Ny, let K&,
as denoted in Proposition 3.3.8 and ordered first in increasing degree then by lexicographic order of the vertices
of K, be the standard ordered basis of C¢(K,;Q) induced by the orientation on K.

Remark. Other authors may use a different ordering e.g. [ZC05] orders KS" in decreasing degree instead. We
introduced the notion for standard ordered basis here for convenience, as we will deal with coordinate
matrices later in Chapter 4.

In the example below, we identify the basis K" corresponding to the given graded chain modules.

Example 3.3.10. Let K and K, be as given in Example 3.2.3, illustrations of which are copied below for
convenience, and orient K by the vertex order (a,b, ¢, d).

K Yo K Yo Yo KA} K\; wht=26
“B ) 4 vll%__ v “[ v "t v "E v “F v
d ¢ ;7 4 ¢ 4 ¢ 4 ¢ 4 ¢

Provided below are the ordered bases K, for C¢"(K,; Q) for n = 0, 1,2, as described in Proposition 3.3.8.
K§" = (a, b, cz,dz), K$ = (abx, bex, adx?, cdx?, acx®), KS" = (abex?, acdx®)
Therefore, we can describe CC" (K,; Q) for n = 0,1,2 as follows:
CS'(Ke;Q) = Q[x]<a, b, cx,d:zc>7 C = Q[x]<abx, bex, adx?, cdx?, acm3>, Cy = Q[x]<abcx4, acdw5>

Standard ordered bases allow us to represent filtered n-chains using coordinate matrices and vectors. Following
the ordering of ngr and K¢ denoted above, we listed some examples of these coordinate vectors below.

a 2z
3 3 b 33
o1 = 2ax + 3bz” = (a)(2x) + (b)(227) = [o1] = . 0
da 0
abx 2x
. 3
oy = (ab + be — ac)z? bea R 3z
3 3 =  [o2]= adz*| O
— (aba) @) + (be) (@) + (aca™)(~2) S I
acx’ 0
abx 0
5 bex 0
o3 = (cd — ad + ac)x 5 3
5 3 9y, 3 s, o = los]= ada’| —x
~ (ada?)(=a®) + (cda?)(a®) + (aca®)(a?) o
('l(",.l‘:; x2

The functorial nature of the simplicial chain complex construction also allows us to extend the simplicial
boundary maps to the case of persistence modules. More specifically, the collection of simplicial boundary maps
form a persistence morphism between the filtered chain groups. We state this in more detail below.
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Corollary 3.3.11. Let K, be a simplicial filtration and let n € Z. For each t € Ny, let 9} : C,,(K;F) —
Cn_1(K;F) be the n*® simplicial boundary map of K;. Then, the collection {ag}teNO determines a persistence
morphism 9% : Cp,(Ke;F) = Cp_1(Ko; F).

Proof. Fix n € Ny and let t, s € Ny with ¢t < s. By Pr0p051t10n 1.3.6, i7" 1 # 00! =05 oi’ # for all t, s € Ny

with ¢ < s with Zn,# s Cp (K F) — Cph (K F) and zn e : Cro1 (K F) — Ch—1(Kg; F) referring to
structure maps of Cy, (K,; F) and C,,—1 (K,; F) respectively. That is, the following diagram commutes:

oy,
Cn(K¢;R) ————— Ch—1(K; R)

.s,t .5,t
bn, bn—1,%
88

Co(Kgy;R) ——— Co_1(L; R)

Therefore, 95 = (0} )ten, is a persistence morphism by Definition 2.2.1. L]

We name these persistence morphisms, along with the corresponding graded homomorphism given by
application of Tgmod(—), below.

Definition 3.3.12. For each n € Z, define the n'® filtered boundary morphism 97 of a simplicial fil-
tration K, to be the persistence morphism 92 : C,(Ke;F) — C,_1(Ke;F) given by 92 = (9! )ien, where
oL : Cp (K F) — Cp_1(Ky; F) is the n'! simplicial boundary map of K.

Definition 3.3.13. Let K, be a filtration of a simplicial complex. For each n € Z, define the n** graded
boundary morphism 9" of K, to be the graded F[z]-module homomorphism 9% : CS"(K;F) — CS" | (K4;F)
given by 9°" := I'gmod (8 ) A filtered n-cycle is an element of ker(9°") and a filtered n—boundary that of
im(0%",). If K is oriented and finite, define the n'" graded boundary matrix [0S'] to be the matrix of 95"
relative to the standard ordered bases IC,, and K, _1.

Below, we identify a useful characterization of filtered and graded boundary morphisms of a filtration K,
relative to the simplicial boundary morphism of a simplicial complex K.

Corollary 3.3.14. Let K, be a filtration of a simplicial complex K and let n € Ny.
i. For all t € Ny, 9} (c) = 9, (o) for all 0 € C,,(Ky;F) and ¢ € N.
ii. The n'" graded boundary map satisfies 95 (0) = Y5 On(0y)a’ for all o = 372 oyat € C (Ko F).

Proof. Fix n € Ny. For (i): Since 95 : Cp,(Ke;F) = Cp_1(K,;F) is a persistence morphism, we have that
for all t € Ny and o € C,,(Ky; F),

0h(0) = (90l ) () = (L1 0 9n) (@) = (ide, iy © 90 ) (0) = On(0)

where Yl 1 K; — K refers to the inclusion map. For (ii): For all ¢ = > 72 oyat € O (K,;TF),

0% (o) = <Zatﬂc > @ Z(‘)t o i@n(at)xt

t=0

with (%) given by definition of the morphism assignment of I'gymod- u
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The corollary above tells us that, when evaluating filtered n-chains against graded boundary morphisms,
we can basically ignore the added z! in the notation and determine the boundary of an oriented n-simplex as
usual. We have an example below.

Example 3.3.15. Let K and K, be as given in Example 3.2.3 and equip K with the orientation by (a, b, ¢, d).
Let oy := (ab+ bc — ac)x* € CF'(K,; Q). Then, oy is a filtered 1-cycle by the following calculation:

o (oy) = 81G'((ab + be — ac)x4) = 01(ab+be —ac)z* = ((b—a) + (c—b) — (c —a))z* = (0)z* =0
Additionally, o is a filtered 1-boundary since o1 € im(9S$") by the following calculation:
oS (abcx4> = 0s(abe)z* = (be — ac + ab)z* = oy

Let o9 := (ab+ bc — ac)z® € OF(K,; Q). Then, 07 (02) = 01(ab + bc — ac)z® = 0 and o5 is a filtered 1-cycle.
However, o3 is not a filtered 1-boundary since abc is not in K3 and abez® ¢ CS"(K,; Q).

We need to verify that the Z-indexed collection of filtered chain modules C,, (K,; Q) and filtered boundary
morphisms 93 : Cp(Ke; Q) = Ch—1(K,; Q) does indeed determine a persistence complex. We also need to do
the same for the graded chain modules and graded boundary morphisms.

Proposition 3.3.16. Let K, be a simplicial filtration. Then, 9%_; 093 = 0, and 9", 09" = 0 for all n € Z.

Proof. Fix n € Ny. For the persistence modules case: For all t € Ny, (95_,002); = 0% _, 00} = 0 as F-linear
maps. Therefore, 03 0 05_; = 0o, with 0, denoting the zero persistence morphism. For the graded
module case: For all o = Y.~ oya! € CS'(K,;F), we have the following:

(ar(z;r—l © 35?) (0) = 05", (ian(at)xt> = i(ﬁn—l o 3n)33t = io 2t =0
t=0 =0 =0
Therefore, 9" | 0 %" = 0. "

Now, we define the simplicial persistence compler of a simplicial filtration, along with its corresponding
chain complex of graded modules.

Definition 3.3.17. Define the simplicial persistence complex C.(K,;F) and the simplicial graded chain
complex C,(K,;F) of a simplicial filtration K, with coefficients in F as follows:

C.(Ko;F) := (Cn(K.);IF,a,:) and CS(K,;F) := (CS'(K.);F, 87?)

nez neZ

The simplicial persistence complex C,(K,;F) can be visualized as the following sequence of persistence
modules and persistence morphisms:

o N On o
M Cn(BaF) T Cu(BGF) s Cua(BsF)

The change in perspective from having the index ¢ € Ny of a filtration K, take precedence to that for the index
n € Ny of the chain complex C, can be visualized using the following commutative diagram. In the diagram
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below, each row fixes the index ¢ € Ny of the filtration and represents the simplicial chain complex C,(K;; F)
of K;. Similarly, each column fixes the dimension n € Z and corresponds to a filtered chain module C,, (K,;F).

For clarity, we suppressed the index t in i;@t and highlighted the vector spaces of Chry1(HKe;F) in red , those
of Cp(Ke;F) in blue , and Ch—1(Ke;F) in green .

i# i# i#
Ont2 On+1 On On—1
s Cpi(Ky;F) ——— Cu(K13F) ——— G (K15 F) ——— -+
i iy i
8n+2 8n+1 n anfl
e Cop (K F) ————— Cu(KF) ————— O (K F) ———— -
Ty Ty iy
Ont2 Ont1 On On—
e — Cn+1(Kt_1;F) _— Cn(Kt—1§F) E— Cn—l(Kt—l;F) I

ig T in T inT

Finally, we present the result that allows us to use both the simplicial persistence complex and the simplicial
graded complex in our calculations.

Proposition 3.3.18. Let K, be a simplicial filtration. For all n € Z, we have that
H,(Ko;F) = HPers (C* (Ke; ]F)) = (I‘pers o H,?r) (C*G'(K.; IF)) as persistence modules over IF

where HFPes : Ch-Persy — Persp and HS" : Ch-GrModg[,; — GrModg|,) refer to the chain homology functors
on persistence complexes and graded chain complexes respectively.

Proof. Recall that H,,(—;F) = HP* o C,(—;F) as functors A-Simp — Vecty, where H,,(—;F) and C.(—;F)
are the simplicial homology and simplicial chain complex functors respectively. Since functor com-
position is associative when defined, we have the following:

Hy (KaiF) = Hy(—5F)(KL) = (HE 0 Cu(=F) ) (K) = HE*(C.(KW F))

As stated in Proposition 2.5.15, Tgimod and T'pers preserve chain complexes and chain homology. In
particular, both functors commute with the chain homology functors. Then,

H7Fl’ers o C, (K.;F) = idpers; © ngrs © C*(K0§F) = Tpers © T'GrMod © Hﬁers o C, (K.;F)
= Tpers (FGrMod © Hiers o C\ (K.; F)) = Ipers <H7?r 0 I'grmod © Cl (K‘; F))
— (Toers 0 B ) (CS(Kwi ) .
The proposition above is a fundamental result behind the derivation of the matriz reduction algorithm for
persistent homology, as presented in [ZCO05], since it allows us to calculate at the level of graded modules and

return back to that of persistence modules post-calculation. For convenience, we name the chain homology of
the graded persistence complex.
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Definition 3.3.19. For each n € Z, define the n'" graded homology module HS (K,;F) with coefficients
in a field F of a simplicial filtration K, as HS(K,;F) := H,, o C%(K,;F), i.e. the n'! chain homology of the
simplicial graded chain complex.
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Chapter 4. Calculation by Matrices

The paper Calculating Persistent Homology [ZC05] by Afra Zomorodian and Gunnar Carlsson describes how
the matriz reduction algorithm for persistent homology is based on a method of calculating invariant factor
decompositions of finitely-generated F[z]-modules using matrices over F[z]. Certain assumptions on the F[z]-
modules in question allow this calculation to be simulated using matrices over F. In this chapter, we frame the
discussion in [ZCO05] relative to the theoretical foundation established in the previous chapters.

Fix a field F and let K, be a simplicial filtration of a finite simplicial complex K. As established in Section
3.3, the n'! persistent homology module H, (K,;F) of K, with coefficients in F can be calculated using the
following persistence isomorphism relation:

Hn(K-;]F) = (FPers oHy,o FGrMod><C* (K-§ ]F))
where Cy(Ke;F) = (Cpy(Ko;F); 03, )mez is the simplicial persistence complex of K,, H, : Ch-GrModg[,; —

GrModyy, is the nth chain homology functor on graded chain complexes, and I'gmoq : Persy — GrMody, and
Ipers : GrModg,] — Persy refer to the category equivalence discussed in Section 2.5.

Following the arguments in [ZCO05], the matriz reduction algorithm for persistent homology calculates
persistent homology at the level of graded modules. In particular, the algorithm determines the graded invariant
factor decomposition of the following graded F|z]-module by matrix reduction:

HS (Ko F) := (Hn o FGrMod)(C*(K.; lF))

The resulting decomposition then determines the interval decomposition of the persistence module H,, (K,;F),
similarly as in Lemma 2.5.11 and Corollary 2.5.13.

In this chapter, we take a more general view and explore how matrix reduction can be used to find graded
invariant factor decompositions of the nt" chain homology of graded chain complexes. Let R be a PID and F
be a field. This chapter is structured as follows:

In Section 4.1. The Structure Theorem and Smith Normal Decompositions

We consider the Structure Theorem for Finitely Generated Modules over a PID R in the
category Modg, i.e. disregarding grading (if it exists), and discuss how invariant factor
decompositions of said modules can be calculated using presentations and a matrix factor-
ization called Smith Normal Decomposition (SND). Note that our examples in this section
use R = Z for comparison to the graded case in the later sections.

In Section 4.2. Matrix Calculation of Homology of Ungraded Chain Complexes

We consider chain complexes Cy = (Cy,, O )nez in Ch-Modpg such that for all n € Z, C,, is
a free R-module of finite-rank. For each n € Z, we present an existence result involving the
existence of a decomposition of C,, into three free direct summands:

ree or Cn
C, = Kfiee g Ktor @ for (9]

~

such that the free component and torsion component of H,,(C,) are given by F(H, (C,)) =
Kfree and T(H,(C,)) = K!°* /im(0,,11) respectively. We also discuss how these components
can be determined from specific SNDs of the matrices of the differentials 0,41 : Crop1 — Cp,
and 9,, : C,, = Cp_1.

In Section 4.3. The Graded Structure Theorem and SNDs in the Graded Case

We present the Graded Structure Theorem for Finitely-Generated F[z]-modules in the cat-
egory GrModpy,). We also discuss how this theorem can be considered a special case of the
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Structure Theorem in Modg(,) and how the method of calculating invariant factor decompo-
sitions by SNDs, limited to graded presentations, can be used to find graded invariant factor
decompositions of graded F[z]-modules. For convenience, we use F = Q for our examples.

In Section 4.4. Matrix Reduction of Graded Matrices

We consider matrices of homomorphisms in graded presentations, which we call graded ma-
trices for brevity. We discuss how specific matrix operations, i.e. elementary permutations,
elementary dilations, and non-trivial elimination operations in matrices over Flz], preserve
the homogeneity of graded matrices.

We also consider the simplicial filtration K, presented in Example 3.2.3, i.e. that in [ZCO05,
Figure 1]. An illustration of K, is copied below for convenience.

K Xo K 13 Yo Kt Kewhb=s
“E b “ vll% “[ v "F v "‘E v “F b
d ;7 d ¢ || d ¢ || d ¢ || ¢

In particular, we perform matrix reduction on [0f] and [05'], the matrices of the graded
boundary maps 9" @ O (Ke; Q) — C§'(Ke; Q) and 95" : CS"(K,e; Q) — CF(Ke; Q) re-
spectively, and discuss why the homogeneity of said matrices are preserved after the listed
matrix operations.

In Section 4.5. An Ungraded SND Algorithm in the Graded Case

We present a general algorithm for finding SNDs of graded matrices, adapted from an algo-
rithm for finding SNDs of matrices over a PID R, and discuss why the SNDs resulting from
this algorithm can be used to determine graded invariant factor decompositions.

We also use this algorithm to determine the graded invariant factor decomposition of the
graded Q[z]-module C§"(K.; Q) of K, and use said result, along with Lemma 2.5.11 and
Corollary 2.5.13, to determine the interval decomposition of the persistent homology module
Co(Ke;Q) of K, in dimension n = 0.

In Section 4.6. Matrix Calculation of Homology of Graded Chain Complexes

We consider graded chain complexes Ci = (Cy,, 0n)nez in Ch-GrModg(,) such that C,, is a
free graded F[z]-module of finite rank. We briefly discuss why the decomposition of C,, into
the free summands K, K'°* and C, /kerd,, and how the method of finding ungraded
invariant factor decompositions of chain homology in Ch-Maodg|,) extends to the graded case.

Some of the notation used involving matrices and matrix reduction are identified Appendix A2. In particular, we
bring emphasis to the elementary matrices ELZJap(kl, k2), Eggam(k, u), and Egé]d(kj, k; ;) € GL(n, R) described
in Definition A2.5.
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Section 4.1. The Structure Theorem and Smith Normal Decompositions

The Structure Theorem for Finitely Generated Modules over a PID, which we call the Structure Theorem
in this paper for convenience, proves the existence and uniqueness of invariant factor decompositions of certain
modules. In this section, we discuss one of the proofs of the Structure Theorem, as presented in [DF03], and
how the method of calculating invariant factor decompositions can re-stated as a matrix calculation using a
matrix factorization called a Smith Normal Decomposition, defined later in this section in Definition 4.1.8. To
start, we provide a statement of the Structure Theorem below.

Theorem 4.1.1. The Structure Theorem for Finitely Generated Modules over a PID.

Let M be a finitely generated module over some PID R. There exists a set of invariant factors {d;};_, of
non-invertible elements d; € R with divisibility relation dy | dg | --- | dy, such that M is isomorphic to a direct
sum of cyclic modules as follows:

M=ER/(d)=R/(d) SR/ (d) & - &R/ (dn)
i=1

This direct sum is called the invariant factor decomposition of M and is unique up to isomorphism. The
invariant factors d; are unique up to multiplication by units.

Remark. We refer to [DF03, Theorem 12.5] and [DF03, Theorem 12.9] for the proofs of the existence and
uniqueness claims respectively. Note that a key characteristic of a PID is that all of its ideals can be
generated by a single element. Given d € R with R a PID, we write (d) to refer to the ideal generated
by d by (d) := Rd = {rd : r € R}.

The divisibility relation d; ’ da | e ‘ d,, on the invariant factors {d;} in the Structure Theorem is sometimes
stated in terms of proper ideals, wherein each (d;) must be a proper ideal of R, i.e. (d;) # R, and we have the
following decreasing sequence of ideals:

(d) 2 (dg) 2 -+ 2 (dn)

Here, we use the term decreasing relative to the subset relation. Given a,b € R such that a divides b, i.e. a | b,
there must exist ¢ € R such that ag = b. Then, any element rb € (b) with 7 € R must also be in (ra) since
rb=r(aq) = (r¢)a and rq € R. Therefore, (b) C (a) or equivalently, (a) D (b).

Since the ideals (d;) must be proper ideals, this means that the invariant factors d; cannot be invertible.
More specifically, if a € R is invertible, then (a) = (a~'a) = (1) = R where a~! € R refers to the multiplicative
inverse of ¢ in R. If d; € R were invertible, then the summand R/ (d;) = R/ R would be the trivial module
and, therefore, can be removed from the direct sum without invalidating the isomorphism.

We also want to emphasize that the Structure Theorem allows the invariant factors d; to be zero. Note
that, relative to the decreasing sequence of ideals, this means that d; = 0 would occur at the end of the sequence
since (0) C (a) for any a € R. Consequently, some references prefer to only consider nonzero d;’s for the
invariant factors and state Theorem 4.1.1 as follows:

M=R' @R/(d)®R/(d)® - ®R/(d,)

with f + 7 =mn and d; # 0 for all s € {1,...,r}. In this case, we call R/ the free component of M and f € Ny
the rank of M. We call the remaining part of the decomposition @;_, R/ (d;) the torsion component of M.
We prefer the statement in Theorem 4.1.1 since it is more suitable with the matrix calculation we present in
this section.
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The proof for the existence of invariant factor decompositions presented in [DF03, Theorem 12.5] relies
on a system of generators and relations of a finitely generated module over a PID. We provide an alternate
characterization of these systems below.

Definition 4.1.2. A presentation of a module M over a PID R is an exact sequence
[%2) m
Fs—Fg—M—0

of free R-modules Fs and Fg with homomorphisms ¢ : Fs — Fg and 7 : Fo — M. We call Fg and Fgs
the module of generators and module of relations respectively. Given a basis A of Fg and S of Fg, we
call 7(A) C M and (¢ o m)(S) C M a system of generators and relations for M respectively. A finite
presentation of M is a presentation wherein both Fs and Fg have finite rank.

When we say that a presentation of M is given by ¢ : Fg — Fg and 7 : Fg — M, we refer to the exact sequence
as given above.

Remark. We usually indicate that a presentation ¢ : Fg — F( is finite by listing a finite basis S = (o1, ...,04)
of Fg and A = (ay,...,a,) of Fg. Also, this notion of presentation is not generally compatible with
the notion of presentation of groups, particularly in the case of non-abelian groups.

In the proof presented in [DF03, Theorem 12.5], a presentation of M is constructed using a set of generators
{a1,...,am} of M, which exists by assumption of M being finitely generated. Let {aq,..., .} be a set of
indeterminates. Define the module of generators to be Fg = R{ay, ..., ;) and the homomorphism 7 : Fg — M
by a; — a; for j € {1,...,m}, i.e. o is essentially a relabeling of a; € M. Note that we use different labels
for a; and o since a; € M may be a torsion element of M, i.e. there may exist 7 € R such that r-a; = 0,
but a; € Fz cannot be since it is an element of the free R-module Fz. Then, the following exact sequence is a

finite presentation for M:
Fg Fq
I I
ker () “, Rl{ag,...,am) — M — 0

where ¢ : ker(r) — R{ai,...,an) is taken to be the inclusion map. Since ker() is a submodule of a finitely
generated module over a PID, ker(7) must also be finitely generated. Note that this is not true in general if R
is not a PID. Then, ker(r) is a free module with finite basis, i.e. of finite rank. Then, the presentation above
determines M by the following isomorphism:
. @ ®) .
M = im(w) & Fg / ker(w) = Fg / im(ep)
where (%) is given by the first isomorphism theorem on 7 : Fg — M, and (1) and (2) are both given by the

exactness of the sequence Fs — Fg — M — 0, i.e. im(7w) = ker(M — 0) = M and ker(m) = im(y) respectively.
Note that the homomorphism ¢ : Fg — Fg determines M up to isomorphism since M 2 F /im(p).

Observe that this isomorphism holds true even if Fs is not exactly ker(w), i.e. Fs only needs to contain
ker(m) as a submodule, or if ¢ : Fg — Fg is not an inclusion map. That is, the isomorphism holds for arbitrary
presentations given by Definition 4.1.2. We discuss state this in more detail later in Proposition 4.1.5.

The next step in the proof of [DF03, Theorem 12.5] involves finding a basis on ker(w) and Fg, as denoted
in Definition 4.1.2, of a presentation such that certain properties are fulfilled. The existence of such a basis is
guaranteed by the following theorem, taken from [DF03, Theorem 12.5].

Theorem 4.1.3. Invariant Factor Theorem for Submodules.
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Let M be a free module over a PID R with rank(M) = m and let L be a submodule of M. Then, L is a

free submodule with rank(L) = r < m and there exists a basis B = {f1,...,8m} of M and nonzero elements
di,...,d, € R with divisibility relation d; | da | e | d, such that {d151,...,d.B,} is a basis of L. Furthermore,
the elements dy,...,d, are unique up to multiplication by units.

Remark. For a proof of the existence and uniqueness claims, see [DF03, Theorem 12.4] and [DF03, Theorem
12.9] respectively.

With M and L as denoted in the theorem above, we have the following decompositions for M and L using
the bases {f1,...,8m} and {d151,...,d.5r}:

M = RB) @& RB) & RBri1) @@ R{Bm)
L R(dip1) @ --- @ R{(d.B,)

1%

Note that the elements di,...,d,. € R given by this theorem may still be invertible as elements of R, e.g.
d; = 1 for some j € {1,...,r}. Observe that each basis element d;5; of L is then associated with a unique
basis element 8; of M. Since for each j € {1,...,r}, R{(d;f;) is a submodule of R(f;), we can characterize the
quotient module M / L by considering each pair of R(3;) and R(d;53;) as a torsion summand of M /L. We state
the result that allows us to do this below.

Lemma 4.1.4. Let M and N be modules over a ring R. Let A be a submodule of M and B that of N. Then,
MeN (MY (N
AaB \ A B

Proof. Let m; : M - M / A and m : N — N / B be canonical quotient homomorphisms. Note that
ker(m) = A, ker(mg) = B and that both 7, and 79 are surjective, i.e. im(m;) = M /A, im(m3) = N/ B.
The direct sum of modules induces a homomorphism m = m; @ o as follows:

T :M®&N— (M/A) & (N/B)
(m,n) — (ﬂl(m),ﬂ'g(n)) =(m+ A,n+ B)

Then, ker(m) = ker(m) @ ker(m2) = A @ B and im(7) = im(m) ® im(me) = (M / A) ® (M / B). By
the first isomorphism theorem on 7,

B

- ()0 () 2y 420

We then apply Theorem 4.1.3 on the image of a finite presentation of a finitely generated module over a
PID. Note that the basis from this theorem allows us to apply Lemma 4.1.4. We state this in more detail below.

Proposition 4.1.5. Let M be a finitely generated module over a PID R. Let ¢ : Fs — Fg and 7w : Fg — M
correspond to a presentation of M with rank(Fg) = n and rank(Fg) = m. Then, there exists a basis {f1,..., Bm}
of Fg and nonzero values di,...,d, € R with divisibility relation d; | do | e | d, such that {d1f1,...,d.B} is
a basis for im(p) and

Fo o (BB ) g (B8
M im(go)_<R(d151>>@ @(R<drﬁr>>@R<ﬁr+1>@ @ R(Bm)

1%

PAGE 103 OF 169



Proof. Since images of module homomorphisms are submodules of the codomain, im(¢p) is a submodule of
Fg. Let the basis B = {f31,...,8m} of Fg and nonzero elements dy, ..., d, € R be given by Theorem
4.1.3 on im(p) =: L. Then, im(yp) = R{d151) @ --- ® R(d,.5,) and Fg = R{(B1) & --- & R(Bm)-
Observe that for each j € {1,...,r}, R(d13;) is a submodule of R(5;). We apply Lemma 4.1.4 on
M = Fg /im(p) as follows:

Fo . R{B)® @ R(Bw)

M= im(e)  R(d1p1) ®--- @ R(B,)
~ R(B1) & - & R(By)
TR D RAB)DOD DO

1%

(i) 0 (aaan ) o (15 20 (F7)

() oo (AT ) enins s

where the trivial R-module is denoted by 0. u

Note that, in the statement of the Structure Theorem (Theorem 4.1.1), the invariant factors dy,...,d,
may include zero elements at the end of the sequence while the elements dy, ..., d,, as denoted in Proposition
4.1.5, are defined to be nonzero. The notation does suggest that dy,...,d, are related to the invariant factors.
By Proposition 4.1.5, the module of generators Fg has rank(Fg) = m. The zero invariant factors correspond
to the free summands of M. Since R(08;) = {r(05;) : r € R} = {0} becomes trivial, we can define additional
elements d;41,...,d,, to be zero and present the decomposition from Proposition 4.1.5 as follows:

M= é(iﬁ@) - (R%%S) v (R%%i>) v (Ré%fi}iﬁ) e (%)

J=1
either torsion R-modules or trivial these are free R-modules since d; =0

This direct sum is then transformed into an invariant factor decomposition by replacing each summand into
either a copy of R or a cyclic ideal of R. We state the required isomorphisms for these below.

Lemma 4.1.6. Let R(a) be a free module over a PID R with basis {a} and let d € R be nonzero. Then,

R{a) = R. If d is invertible, then R(a)/ R{da) = 0, i.e. the trivial module. Otherwise, R{a)/R{(da) = R/ (d).

Proof. Let f: R{(a) — R be given by a +— 1 where 1 € R refers to the identity element of R. Observe that
f is a homomorphism with inverse r — ra € R{a) for all r € R. Then, f is an isomorphism and
R{a) = R. We then examine two cases below.

1. Assume that d € R is invertible, i.e. there exists d~* € R such that d~1d = 1. Since R(da) C R{a),
it suffices to show R(da) C R{a) to claim that R(da) = R{a). Each element ra € R{a) with r € R
is generated by s = d~1r in R(da) as follows:

(5)(da) = (d7'r)(da) = d"'d(ra) = ra.

Note that PIDs are commutative by definition. Therefore, R(da) = R{a) and R(a)/R({da) = 0.
2. Let m: R — R/ (d) be the canonical quotient map. By the 15* isomorphism theorem on (7 o f):

B N R(a) B R{a) _ R{a)
B/ @) =imlme )= 000 = Tare (@)~ Rlda)
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Then, by applying Lemma 4.1.6 to the direct sum resulting from Proposition 4.1.5 and removing the trivial
summands, we get an invariant factor decomposition of a module over a PID. Since the nonzero values dy, . . ., d.,
as denoted in Proposition 4.1.5, must satisfy the divisibility condition d | | d., any invertible values must
occur at the beginning of the list. That is, we have some k such that 1 < k < r and the elements dy, ..., d; are
invertible (contributing to trivial summands) and the elements dg41,...,d, are not invertible. Then, we get an
invariant factor decomposition as follows:

trivial summands torsion summands free summands
~ [ _R(B) ) ( R{B:) ) ( R(Bs) ) ( R(3,) >
M= <R<dlﬁl> © O\ Raesy ) € \Rldenen ) € O Riaopy ) © B @ O RBn)
= ing in here R R
= (nothing in here) &) (o) @ (S3) ) (S3) Ra& &R

———
f:=m —r times

The matrix calculation for invariant factor decompositions essentially comes from re-stating the Invariant Factor
Theorem for Submodules (Theorem 4.1.3) in terms of matrices. We state this in more detail below.

Proposition 4.1.7. Let R be a PID. Let ¢ : N — M be an R-module homomorphism between free R-modules
N and N with rank(N) = n and rank(M) = m. Then, there exists a basis T' = (71,...,7,) of N, a basis
B = (f1,...,8m) of M, and nonzero elements d1,...,d, € R with r = rank(im(y)) < n and divisibility relation
d1|d2| |dr such that
d; B; ifiE{l,...,T}
p(7i) = o
0 ifie{r+1,...,n}

That is, the matrix [p]p 1 of ¢ relative to T and B is given by the following block matrix

di 0 0
D, 0 0 ds 0
[elgr = ( OT O> € My, n(R) with D, = diag(dy,...,d,) =] . )
: 0
0 O d,

Furthermore, the elements dy, ..., d, are unique by multiplication of units.
Proof. We provide an outline of the proof given for [AW92, Proposition 4.3.20] below.

Since im(¢p) is a submodule of M, the Invariant Factor Theorem for Submodules (Theorem 4.1.3)
applies. Let B = (f1,..., Bm) be the basis of M and {ds,...,d,} with » < m be the set of nonzero
elements given by Theorem 4.1.3. Then, {d151,...,d.3,} is a basis for im(p) and the divisibility
relation dy ‘ e | d, is satisfied. Note that di,...,d, are also unique up to multiplication by units.

For each ¢ € {1,...,r}, choose 7; € N such that ¢(7;) = d;f8;. Note that N = ker(y) ®
(N / ker(y)) and that {r1,...,7-} is a basis of N / ker(y). Since ker(y) is a free submodule of
N with n = rank(ker ¢) + r, there exists a basis {7,41,...,7,} of ker(¢). One then proves that
{71y s TryTrt1,---,Tn} 18 & basis of N by showing linear independence. Then, by construction,
o(r) =d;ip; ifi € {1,...,r} and p(r;) = 0 otherwise.

The matrix representation follows from the definition of matrices of homomorphisms. For ref-
erence, see Definition A3.8 in Appendix A3. Let ¢ € {1,...,n} be a column index. By definition,
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col;([¢lg,r) = [p(7:)]B, i-e. the coordinate vector of p(7;) relative to B. If i € {1,...,r}:

[¢lB,7(j,1) = [p(T:)]B(]) = {? i)ftie?v:ise

Ifie{r+1,...,n}, then col;([¢]gr) = [¢(7:)]z would be the zero column since ¢(7;) = 0. L]

The proposition above is then used to prove the existence of Smith Normal Decompositions of matrices,
defined below. Note that this definition is taken from from [AW92, Section 5.3].

Definition 4.1.8. The Smith Normal Decomposition (SND) of a matrix A € M,, ,,(R) is a triple (U, D, V)
of matrices U € GL(m, R), V € GL(n, R), D € M,,, »(R) such that

D, 0

AV =D =
UtAV <0 0

> and D, = diag(dy,...,d;)

with r = rank(A) and nonzero elements dy,ds, . ..,d, € R that satisfy divisibility relation d; ’ doy ’ e ’ d,. We
call D € M,,, »(R) the Smith Normal Form (SNF) of A € M,, »,(R).

We do warn readers that, in most references, the matrix U € GL(m, R) in the Smith Normal Decomposition
(U,D,V) of A € M, (R) is defined such that UAV = D, as opposed to our definition where U corresponds
to the factorization U1 AV = D. We have decided to change the definition for U € GL(m, R) so that the
factorization U~'AV = D is more compatible with our application, i.e. we should interpret U"'AV = D as
corresponding to some R-module homomorphism equipped with change of bases on the domain and codomain,
as we will see later in this section in Proposition 4.1.11.

Next, we state the result for the existence and uniqueness of Smith Normal Decompositions. The main idea
here involves creating an R-module homomorphism from the given matrix and using Proposition 4.1.7. Note
that definitions for elementary matrices over R, including elementary dilations, are given in Definition A2.5.

Theorem 4.1.9. Let A € M,, ,,(R) be a matrix over a PID R. Then, a Smith Normal Decomposition (U, D, V)
of A exists and the Smith Normal Form D of A is unique up to elementary dilations over R, i.e. the diagonal
elements of D are unique up to multiplication by units in R.

Proof. We refer to the proof in [AW92, Theorem 5.3.1] and provide an outline below.

Let § = (01,...,0,) denote the standard ordered basis on R™ and let A = (aq,...,ay,) be
that on R™. Define the R-module homomorphism ¢ : R™ — R™ such that [¢]4,s = A4, i.e. A is the
matrix of ¢ relative to A and S. By Proposition 4.1.7, there exists a basis T = (71,...,7,) of N, a
basis B = (81, ..., 8m) of M, and nonzero elements dy,...,d, € R with r = rank(A) < n such that

[‘p]B,T = <%T 8) € Mmq,n(R> with D, = diag<dla ceey dr)

Let [idas]s,.4 € GL(m, R) be the matrix of the identity map ids : M — M relative to A and B. Note
that [idas]B, 4 is invertible with inverse [idps] 4,5. Similarly, let [idy]7.s € GL(n, R) be the matrix of
the identity map idy : N — N relative to 7 and S. Then, we can relate [¢]a s and [¢]p 7 by the
following matrix equation:

[ida]s,a [0las [ldn]s, T = [¢ls,T
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Let U € GL(m, R), D € M,;, ,(R), and V' € GL(n, R) be given by

U=lidylas D=lelsr V=I[dn]sT

Observe that the divisibility relation on the entries dy,...,d, is satisfied by Proposition 4.1.7. We
can confirm that the matrix factorization is correct by the following calculation:

U-lAV = ([idM] A,B) B ([(P]A,S) ([idN]S,T) = [ida]B,4 [Plas idn]s.m = [¢ls,r = D

Since the elements dy, ..., d, satisfy the divisibility relation dy | o | d, and U"*AV = D, (U,D,V)
is an SND of A.

Note that the uniqueness of the Smith Normal Form D of A (up to multiplication by elementary
dilations over R) is implied by the uniqueness of the invariant factors up to multiplication by units,
as stated in the Invariant Factor Theorem for Submodules (Theorem 4.1.3). L]

Below, we provide an example of two SNDs of a matrix over Z. Note that for both SNDs, the Smith
Normal Forms on both SNDs only differ by an elementary dilation, e.g. multiplication by (—1) since (—1) is a
unit in Z, but the matrices U and V on an SND (U, D, V) are not generally unique.

Example 4.1.10. Let A € My 3(Z) be given as follows:

[N BTG
N CO Ot N
= O O W

By Mathematica (a software system), A admits the following Smith Normal Decomposition (U, D1, V1) where
(U1)"'AV4 = Dy and the matrices Uy € GL(4,7Z), D1 = My 3(Z), V1 = GL(3,Z) are given by

13 00 1 00
1 -2 2
4 3 10 0 1 0
Ui=|7 3 2 1 Pi=19 0 3 ‘/1_81_01
1 4 00 0 0 O
We can confirm this by doing the following calculation:
4 0 0 -3 1 2 3 1 _9 9 1 00
1 -1 0 0 1 4 5 6 ) - |0 1 0f _
W)7AVi=| 13 1 o 9|7 8 9 8 1 01 - “lo o 3|™D
1 -2 1 0 1 2 4 0 0 0

Another Smith Normal Decomposition of A is (Us, D, Vo) with Uy € GL(4,Z), Dy = My 3(Z), and Vo € GL(3,Z)
given as follows:

6 4 -1 0 10 0 L9 1
15 13 -3 0 01 0

Ua=194 99 5 1 Da=1g o _3 ‘/2_1(1)(1)
7 4 -1 0 00 0

PAGE 107 OF 169



As with (Uy, D1, V1), we can confirm that (Us, Da, V3) is a valid factorization by doing the following calculation:

-1 0 0 1 123\ o,y 1 0 0
. -6 1 0 3|4 5 6 o1 0] _
(U2) 7 A(V2) = -31 4 0 18||7 8 9 1(1)(1)_ =lo o —g| =P
1 -2 1 0/)\1 2 4 00 0

Observe that the diagonal elements Do(1,1) = 1, D2(2,2) = 1, D5(3,3) = —3 of Dy obey the divisibility rule
where d; divides dy and ds divides d3. Also, the first two diagonal elements of Dy and D, match and for the
34 diagonal element, we have Dy(3,3) = —3 = (—=1)D;(3,3) = (—=1)(3).

As implied in the proof of Theorem 4.1.9, given a homomorphism ¢ : N — M, the nonzero diagonal ele-
ments dy, . . ., d, of the Smith Normal Form D of the matrix [p]4, s are exactly the nonzero elements guaranteed
by the Invariant Factor Theorem on Submodules (Theorem 4.1.3). We believe this is partly why the nonzero
diagonal elements of the Smith Normal Form of a matrix are sometimes called the invariant factors of the matrix
[¢]a,s. To avoid confusion between the invariant factors of modules (which cannot be invertible elements) and
that of matrices (which can be invertible elements), we will only use invariant factors in the context of modules,
i.e. the nonzero elements of the SNF of matrices are not called invariant factors in this paper.

This means that the problem of finding invariant factor decompositions can now be expressed as a matrix
factorization problem, i.e. that of finding an SND. Below, we describe how we should interpret an SND of [¢] 4.5,
as denoted above, in order to apply Proposition 4.1.5 to calculate invariant factor decompositions.

Proposition 4.1.11. Let ¢ : N — M be a module homomorphism between free R-modules N and M with
ordered bases S = (01,...,0,) and A = (o, ..., ) respectively. Let (U, D, V) be an SND of [¢] 4.5 € My, »(R)
and let d; € R be given by d; = D(i,7) # 0 for i € {1,...,r} with r = rank([¢]a,s).

Then, V € GL(n, R) determines a basis T = (71,...,7,) of N given by [r;]s = col;(V) for i € {1,...,n}.

Similarly, U € GL(m, R) determines a basis B = (f1, ..., 8m) of M given by [5;]4 = col;(U) for j € {1,...,m}.
Furthermore, the divisibility relation d; | ds ‘ . | d, is satisfied and D = [p]p T, i.c.

d; B; ifiE{l,...,?”}
p(7i) = o
0 itie{r+1,...,n}

Note that {¢(11),...,0(7)} = {d1B1,...,d.B,} forms a basis of im(¢) C M and {7,41,...,7,} determines a
basis for ker(¢) C N.

Proof. Let €/ € M,,1(R) denote the it" standard basis (column) vector of R™ and let eg.m] € M,,1(R) be
the j'" standard basis (column) vector of R™.

Since V' € GL(n, R) and U € GL(m, R) are invertible matrices, they can be used as change of
basis matrices. Define a basis T = (r1,...,7,) of N by V = [idn]s7. Note that [idy]rs = V1.
Similarly, define a basis B = (f1,..., 8m) of M by [ida]a,p = U. Note that [ida]p,4 = U™'. Then,
the coordinate vectors of each 7; and 3; relative to S and 7" respectively are given below:

[rls = lidnlsz [mlr = Vel™ = coly(V) € Mp1(R) forie{l,...,n}

(3

[idM]AJg [6j]B = ([idM]B,A)_legm] = Ueg-m] = COlj(U) € MmJ(R) fOI‘j S {1,. .. ,m}

=
o
Il

Since (U, D, V) is an SND of [p]a,s, U [¢]a,sV = D. Then, [¢]p 7 = D by the following calculation:

D=U"glasV = ([idM]A,E:)_l ([SD]A,S) ([idN]S,T) = [idm]B,alpla,slidn]s T = [l
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Then, for each i € {1,...,n}, the coordinate vector of ¢(7;) relative to B is as follows:

diel™ ifie{1,...r
(o(rls = [elarlrlr = Del! = col(p) = § 4 TP L)

0 ifie{r+1,...,n}
Therefore, p(;) = d;f; if {1,...,r} and ¢(7;) = 0 otherwise. Observe that {¢(m1),..., (1)} =
{d1$1,...,d.B:-} is a basis of im(p) and {7.41,...,7,} is a basis for ker(p). The divisibility relation
dq | doy | . | d, is satisfied by definition of SND. n

Since an SND (U, D, V) of the matrix [p]4,s of a homomorphism ¢ : N — M, as denoted above, gives
us the results of the Invariant Factor Theorem for Submodules (Theorem 4.1.3), i.e. we can identify the basis
B = (B1,...,8m) of M and the basis {d101,...,d.B,} of im(¢), we can use Proposition 4.1.5 to calculate
invariant factor decompositions.

Observe that given a finite presentation ¢ : Fg — Fg, m : Fg — M of an R-module M, the basis
B = (f1,...,Pm) and the nonzero elements di,...,d, € R given by the above proposition (Proposition 4.1.11)
are exactly the information required in the hypothesis of Proposition 4.1.5. In particular, if given ordered bases
S =(o1,...,0n) 0of Fsand A = (a1,...,a), an SND (U, D, V) of [¢] 4,5 determines the basis B = (1, ..., 8m)
by [8;]a = col;(U) and the nonzero elements d; = D(j, j) and yields the following isomorphism by application
of Proposition 4.1.5:

~ o _ Rlag, ..., ;)
o im(Fs) o im(Fs)
~ R<5177ﬂm>

=~ by Proposition 4.1.11
R{difr,- - dr ) yorep

= (R<61>> Q- D <R<BT>> @D R(Brs1) ® - D R{Brm) by Proposition 4.1.5

R(d:f) R(d: ;)
Qi@...@i@R@..‘@R by Lemma 4.1.6
@) (@) ' N

where k € {1,...,r} is chosen such that dgy1,...,d, are all the invertible elements of the set {di,...,d,.}. We
provide an example of this calculation below, using a homomorphism between Z-modules.

Example 4.1.12. Let N = Z{a,b,c,d) and M = (x,y, z). Define the module homomorphism ¢ : N — M by
a—mrx—y, boy+z, c—2x, d—z.

Then, the matrix of ¢ relative to the bases A = (a,b,¢,d) of N and X = (z,vy,2) of M is as follows:

d
0
)
1

Using Mathematica, the triple (U, D, V) of matrices below corresponds to an SND of [¢]x A:

a b

T 1
[SD]X,A: Y (—1
0

—_ = O
(e RN anll (RN

1 01 1000 é?j:;
U=|-110 D=0 10 0 V=100 1 1
0 10 0010 00 1 9

PAGE 109 OF 169



The validity of this factorization can be confirmed by performing the following calculation:

0 -1 1 1020(1)(1):1:3 1000
UllelxaV=10 0 1 Jf-1 1005 1 4|= =|0 10 0]|=D
11 -1)\0 10 1/\5 ¢ | o 0010

From V € GL(4,Z), we determine the basis A = (a1, ag, as,aq) of N by [a;]a = col; (V) as follows:

[a1]a = coly (V) [az]a = cola(V) [a3]a = colz(V) [a] a4 = coly (V)
ar=a as =b az=—a—b+c+d ag = —2a—2b+c+2d

From U € GL(3,Z), we get the basis Y = (y1,72,73) of M by [y;] = col;(U) as follows:

[11]x = coli(U) [72]x = colz(U) [v3]x = col3(U)
N=x—y Yo=Y+ =z V3=

We can confirm that D = [¢]y 4 by the following calculations:

plar) =pla) =z —y =M
plaz) = (b)) =y + 2 72
plag) =p(—a—b+c+d)=—(z—y)—(y+2)+2z+z=2x =13
plag) =p(—2a—2b+c+2d) = —2(x —y) — 2(y + 2) + 22+ 2(2) =0
Then, we can express the kernel and image of ¢ as follows:
ker(p) = Z{ou) = Z{—2a — 2b + ¢ + 2d) with rank(ker¢) =1
im(p) = Z(D(1, )71, D(2,2)72, D(3,3)73) = Z{z — y,y + 2, 7) with rank(im¢) = 3

While we have established that Smith Normal Decompositions always exist for arbitrary PIDs, we have not
yet discussed an algorithm for their calculation. However, if we restrict the PID R to be a Euclidean domain,
we can use the following result.

Proposition 4.1.13. Any invertible matrix over a Euclidean domain R can be expressed as a finite product
of elementary matrices. That is, GL(n, R) is generated by the elementary matrices over R of degree n.

Remarks. (1) For a proof, see [AW92, Theorem 5.2.10]. Note that definitions for elementary matrices (i.e.
elementary dilations, elementary permutations, and elementary transvections) on arbitrary Eu-
clidean domains are given in Definition A2.5.

(2) The paper Products of Elementary Matrices and Non-FEuclidean Principal Ideal Domains [CZZ18|
conjectures that this is not generally true if the ring R is a PID but not a Euclidean domain.

Since elementary matrices correspond to row and column operations (as discussed in Proposition A2.7
for row operations and in Proposition A2.8 for column operations), it is possible to calculate SNDs by doing
matrix reduction assuming the matrices are over Euclidean domains. We will not present a general algorithm
for calculating SNDs of matrices over Euclidean domains in this paper and we refer to [AW92, Remark 5.3.4]
for those interested. Below, we provide an example of this reduction process in a matrix over Z.
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Example 4.1.14. Let A € M3 4(Z) be the (3 x 4)-matrix given by
1 2 01
A=10 3 0 3
0 011

We can calculate an SND of A by the following row and column reduction operation, represented by the sequence
(A,,) of matrices. Let Ag = A. The elements of A,, highlighted in red are elements that are to be eliminated
using an elementary transvection, in blue is the pivot used for said transvection, and in orange the pivot
multiplier.

1201(1)188 100 1
A=A 1,2:-2) =[0 3 0 3 ={0 3 0 3
o o 1 1|9 0 1O 00 1 1
0 0 0 1
1 00 1 (1)(1’8_01 100 0
Ay = A EY (1,45 -1) =0 3 00 1 o =10 3 03
001 1
o001 1)) 0 Y
1 0 0 0 10001 1000
Ay= AEY 24,1 =[o 3 o 3 ||Y L0 ~ ={0 3 0 0
N o0 1 1/(00 10 00 1 1
000 1
1000(1)(1)88 100 0
00 1 0
o0 1 1)) 0

The matrix A4 is almost is Smith Normal Form. We need to apply row and column permutations. Highlighted
in green are the elements that are switched in each A,,.

1 00\/1 0 0 0 100 0
As :=ERL.,(2,3) A4 =(0 o 1]fo 3 0 =(o 0o 1 0
01 0 0 0 1 0 03 0 O
1 0 0 0 (1) 8 (1) 8 100 0
Ag := AsElvap(2,3) =00 3 0|, 1 o ¢ ={o 1 0 0)]=D
01 0 0/\g o 0 1 0 3.0
The matrices U € GL(3,Z) and V € GL(4,7Z) are given by:
10 -2 1
— w4 . [4] : [4] . [4] . [4] 00 1 —1
V‘:Eadd(172v_Q)Eadd(174v_1)Eadd(2ﬂ4’_1)E(dd(274’_l)Eswap(2a3) = 0 1 0 -1
00 0 1
4 100
[3)
U= (Eswap(z,g)) —(o 0 1
010

Observe that U and V are invertible since they are both a finite product of elementary matrices, which are also
invertible. Therefore, the triple (U, D, V') represent an SND of A.
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The method described in [AW92, Remark 5.3.4] mostly involves the elimination of specific entries in a
matrix, like in the case of matrices over R. However, since nonzero elements of an arbitrary Euclidean domain
are not generally invertible, the entries used to eliminate other entries along the same row or column (usually
called a pivot) have to be chosen with care, i.e. we cannot use any nonzero element as in the case of matrices
over R. The main difference lies in the family of elementary dilations over R which, as described in Definition
A2.5, are defined on the group of units R* of R. In the case of R = R, any nonzero element of R can be used
to construct an elementary dilation. So, any nonzero element a € R of a matrix over R can be used to eliminate
any entry in the same row or column since a can be reduced by 1 using an elementary dilation by a=! =
contrast, the only units of Z are {—1,1} and an element such as 2 € Z cannot be reduced to 1.

1 In
a

Consequently, there is no direct analog of row or column echelon form for matrices over Z and over F[x]. In
particular, even if a matrix over Z or F[x] may appear to be in row or column echelon form (as we conventionally
define those), the pivots of that matrix generally do not correspond to the diagonal elements of its Smith Normal
Form. Note that this applies more generally for Euclidean domains that are not fields. We provide an example
of this problem below.

Example 4.1.15. Let A € M5 4(Z) be the matrix given by

2 0 3 0
A=10 7 2 0
0 0 0 3

Note that the matrix A is in row echelon form with pivots 2,7,3 (in the row echelon sense) above highlighted
in red . An SND (U, D, V) of A, calculated by Mathematica, is given below:

1 —21
1000 _20_?8_4
U=1I, D=0 10 0 V=l o L 0 1
00 30 0 o0 1 o

Observe that the nonzero diagonal elements of D are 1,1,3, not 2,7,3. Note that this is because we cannot do
dilation operations on A as a matrix over Z like the one below:

1 1 00(2 030 1020
A/_E([i?;]late(lv2>A— 0 1 0 72 0fl=(0o7 20
00 1/\o o o0 3 00 0 3

Note that % is not an element of Z and therefore, E([i}l ate

we consider A as a matrix over R, we can calculate an SND (Ug, Dg, V) of A as follows:

(1, %) is not an elementary matrix over Z. However, if

NN

1.0 0 0
Ur =13 Dr={(0 1 0 O Ve =
0 010

w= o O O

S O OoOw
S O O

1
0
Observe that Vg is not a matrix over Z. As a sidenote, since all nonzero field elements are invertible, any

nonzero diagonal element of the Smith Normal Form of any matrix over a field F can always be made into 1 € F
by multiplication of an appropriate elementary dilation over F
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Section 4.2. Matrix Calculation of Homology of Chain Complexes

Let Cy = (C},, On)nez be a chain complex of free modules C,, over a PID R with differentials 9,, : C;, — C,, 41 and
assume that each C,, is of finite rank. By the assumption on rank(C,,), the n*® homology H,,(C.) of C. is finitely
generated and therefore admits an invariant factor decomposition by the Structure Theorem (Theorem 4.1.1).
In this section, we discuss how SNDs of the matrices [0,+1] and [0,,] of 041 : Crop1 — Cp, and 0y, : Cp, = Cq
respectively (relative to some chosen ordered bases) can be used to calculate these decompositions for H,(C\).

The method we discussed for calculating invariant factor decompositions in Section 4.1 starts with a finite
presentation for the R-module in question. The following proposition identifies a finite presentation for H,, (C,)
that arises naturally from the definition H,(C.) := ker(9,) /im(0p41)-

Proposition 4.2.1. Let C, = (Cy,, 05 )nez be a chain complex of free modules C,, over a PID R and differentials
Op : Cp, — Cy,_1. Then, the n*® homology group H,(C,) of C, admits the following presentation

D,
Ot 271 er(9,) —— Hy(C) — 0

with 7 being the canonical projection onto H,(C,).

Proof. Note that since C, is a chain complex, i.e. im(9,+1) C ker(9,), the restriction of the codomain of
On+1 : Cny1 — Cy onto ker(9,) is well-defined. Since ker(d,,) is a submodule of a free module
C,, over a PID R, ker(9,,) is a free R-module for all n € Z [DF03, Theorem 12.1]. By definition
of homology of chain complexes, H,(C.) = ker(d,) / im(dp4+1). Then, im(9,41) = ker(w), and
im(m) = ker(H,(Cy) — 0) = H,(C.). Therefore, Equation (1) is an exact sequence of free R-
modules and is a presentation of H,, (C\). u

We want to emphasize that, in the proposition above, the codomain of the (n + 1) differential 0,4, is
restricted to ker(d,). For clarity, we write 5% : Cpry1 — ker(8,) to refer to 9,41 : Cppq — C, with this
codomain restriction. Since it is rarely the case that ker(9,) = Cy,, the matrices [0,5%;] (i.e. with the codomain
restriction) and [0p,41] (i.e. without the codomain restriction) are generally not the same. For example, since
rank(ker 9,,) < rank(C,), the number of rows of [9X¢] is less than or equal to that of [,]. It may also be the
case that the basis of ker(9,,) used for [0,5¢,] is not a subset of the basis of C,, used for [9,41].

This means that the results of Section 4.1 only immediately apply to the matrix [(’“)}fi‘"l]. More specifically,

if we were to use an SND of [9,,41], then said calculation would correspond to the following sequence:

On+1 ™
Chy1 — C,, — H,(C,) — 0

Note that this sequence is generally not exact and, therefore, is not a presentation of H, (C\). Consequently, in
order for H,(C,) to be computable from [J,,11], we need to determine how SNDs of [J,,41] correspond to those
of [@lfirl]-

Before we discuss this further, we provide an example calculation of the 0'" homology group Hy(K) =
Ho(K;Z) of a simplicial complex K below. Note that, by definition, the 0*® boundary map dy : Co(K) — 0
has trivial codomain. Therefore, ker(dy) = Co(K) = Cy(K;Z) and the method of calculation by Section 4.1 is
directly applicable to the matrix [0;]. Note that an orientation on K induces a standard ordered basis on the
chain groups of K.

Example 4.2.2. Define the simplicial complex K as illustrated below and equip K with the orientation given
by Vert(K) = (a1, a2, as, a4, as, ag).
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The following sequence is a finite presentation for the 0" homology group Ho(K) = Hy(K;Z) of K with

coefficients in Z:
ker(9p)

61 H ™
Gy Co Hy(K) —— 0

Therefore, we can calculate Ho(K) using an SND (Uy, Dy, V1) of the matrix [01] of 01 : C1(K) — Co(K) relative
to some ordered bases. The orientation on K by Vert(K) = (ai1,as9,as,a4,as,as) determines the following
ordered bases of Cy(K) and Cy(K):

O-simplices: (a1, as, as, a4, as, ag) and 1-simplices: (aias2, azaq, asas, asae, asag)

Then, the matrix [91] € Mg 5(Z) relative to the standard ordered bases can be calculated as follows:

aijas as3aq aqa5 a4 a50e

a1 [ —1 0 0 0 0
as 1 0 0 0 0
[01] = a3 0 -1 0 0 0
ay 0 1 -1 -1 0
as 0 0 1 0 -1
ag 0 0 0 1 1

Given below is an SND (U, D1, Vi) of [01] calculated using Mathematica. Since Cy = ker(dp), all six columns
of Uy correspond to a basis of ker(dy). Highlighted in green are the columns of U; € GL(6,Z) corresponding
to torsion summands of Hy(K) and their corresponding diagonal elements in Dy and in blue are the columns
of Uy corresponding to free summands of Hy(K).

ar f=1][0 )0 ) o o]0 1o 00 o0

a1 ]f0f o ofzLfo 000 ”1”2(1)?888
go_as] 0 l=1/l0 [0 foflo b0 0f1]o o v 010 1
T a o1 |=-1]-1|0}0 1= 1o 0 010 SN I

as| 0 |l0 | 1] 000 00000 o 0 0 0 1

ag 40 |l 0l 0| 1]0]1 00000 e

/

Then, by Proposition 4.1.5, we can calculate Ho(K) as follows:

H()(K) _ Co(K) ~ a2 Qg >

m() 7 (1)(az —a1), ((as—as), (1)(as —as) , (1)(ac — as) )

Z{ag — ay) Z{ay — as) Z{as — ay) Z

- Z<a2—a1> b Z<a4—a3> & Z<a5—a4> EB

Z<a2—a17a4—a57a5—a47a6—a4, ,

(a — ay)
Z(ag — a4>

® Zlaz) @& Z{as)
= Z<a2> D Z<a6> ~ 72

Observe that this result matches with the expected interpretation of the 0" homology group of K, wherein K
has two path components represented by the homology classes [as] and [ag] as illustrated below:
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We now consider H, (C,) and the matrix [0 ] corresponding to the presentation of H,(C.) by Proposition
4.2.1, i.e. 8}:?1 refers to 0,41 with codomain restricted to ker(9,,). Following the calculation presented in Section
4.1, an SND (U, DXty V,ken) of [057,] determines a basis B = (81, ..., B,4¢) of ker(9,) with rank(ker d,) =

r+ f by [8;] = col;(UX%) and nonzero elements di, .. .,d, € R by dj = D}f‘irl (4,7) such that {d151,...,d.B}
is a basis for im(9p41).

Observe that we can express the partition of the basis B into (81, ..., 8,) and (Br+1,---,05m) as a decom-
position ker(d,) = K" @ K¢ of ker(d,,) where K" and K¢ are free R-submodules given by:

K" .= R(By,...,B,) and K .= R(Bri1,. .., Bm)

As the notation suggests, the submodule K" accounts for all elements in ker(9,,) that map to torsion elements
or trivial in H,,(C,) and the submodule K¢ accounts for the elements of ker(9,,) that remain free in H,(C,).
We illustrate this below with the torsion component of H,(C,) highlighted in green and free component of
H,(C.) in blue .

L ker(d,) _ K@ Kfie  Kpr o
Ha(C2) = im(0n41) B im(0p41) ~ im(On1) @ Ko
. BBy o BB
> Ridapr) & ® R gy © R(Bry1) @ © R{(Bm)

In order for H,(C,) to be computable from [J,,+1], we need to show that a basis B = (81,..., 8m) of ker(d,)
and elements dy,...,d, € R as described above can be calculated from some SND (Uy41, D1, Vat1) of [On41]
with Up,41 inducing a basis on C),, not on ker(9,). The existence of such an SND of [0,,41] is given by the
following result, taken from [Mun93, Theorem 11.4].

Theorem 4.2.3. Let C, = (Cy,d,) be a chain complex of free modules C,, over a PID R with differentials
On : C,, — C,,_1 and assume each C, is of finite rank. For each n € Ny, C,, decomposes into the following direct

sum of free R-modules: o

ker(0p,)
where ker(9,) = Kffe¢ @ K im(9,,1) C K", and K!°* /im(d,1) is the torsion component of H,(C.).

n

Furthermore, there exists an SND (Up1, D1, Vig1) of [0541] such that the basis B = (f4,...,3q) of Cp, by
[B;] = col;(Un+1) partitions into three sets of bases as follows:

Cn — K;clor D K’rflree @

or ree Cn
K7t1 :R<ﬁ17"'757’> ) K’fL :R<ﬁr+1a”'7ﬁr+f> and ker(an) :R<ﬁ7“+f+17"'7ﬂq>

Note that im(0p41) = R{d1/1,...,dB) with dy,...,d, € R corresponding to the nonzero entries of D,,.

Remark. For a proof, see [Mun93, Theorem 11.4] where they write W,,, V,,, and U, to refer to KT, Kfree
and C,, / ker(9,) respectively. Note that since K" /im(9,+1) has to be the torsion component of
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H,(C.), we have the following by definition of torsion component:

ker(0y,) ; Ktor
Ho(C,) = —— ) o Rlree gy _Zn
()= aGn) NG

with K = R(B,41,...,Br+) = RY consists of the torsion-free elements of H,,(C.).

The existence of this decomposition of C, into direct summands guarantees that the information we
get about im(9,4+1) from an SND of [0,41] is compatible to that about ker(9,) from an SND of [0,]. Let
rank(C),,) = ¢ and let the ranks of the direct summands of C,, by Theorem 4.2.3 be given as follows:

rank(K") =r

; rank(KTe®) = f rank(C,, / ker(9,)) = q

Let (Wpi1, Dnt1, Vay1) be an arbitrary SND of [9,,41]. The first r columns of the matrix W, 11 D, 41 determines
a basis (dyaq, ..., dra,) of im(9,,41) (or equivalently, the first r columns of W, 11 and the first r rows of Dy, 41).
Let A = (au,...,0m) be the basis of C,, given by [a;] = col;(Wy41). Part of Theorem 4.2.3 tells us that the
basis A of C,, partitions into two sets: the subset (aq,...,) is a basis of the direct summand K°* of C,
and the other subset (@,41,...,a,,) form a basis of the direct sum K¢ @ (C, /kerd,,) , as illustrated below:

Dn+1 S Mq)(,) (R)

Wyi1 € GL(m, R)

Ktor Kfree @ (C), /ker 8,,)

Note that, in general, the basis (41, ...,q,) of K& @ (C, /ker(d,)) generally does not partition into bases
for each summand.

In contrast, let (U, Dy, V,,) be an arbitrary SND of [0,,]. The matrix V,, € GL(m, R) determines a basis
K = (K1,...,km) of Cp, by [k;] = col;(V},) such that (k1,...,Kq) is a basis of C), /ker d,, and (Kgq41,...,km) IS
a basis of ker(9,,) = K!°* @ K*¢ as illustrated below.

D, € M(,)’q(R)

V,, € GL(m, R)

ker(0,) = Kt°r @ Kfree

The problem here is that the basis (Kg41, ..., fm) generally does not partition into a basis of K'°" and a basis
of Kree,

PAGE 116 OF 169



What Theorem 4.2.3 guarantees is the existence of an SND (Up41, D1, Vug1) of [On41] wherein a basis of
Kfree can be identified, possibly in comparison with another SND of [9,,]. Then, rows of the SNF D,, ;1 of [0,,11]
corresponding to basis elements of C,, / ker d,, can be removed to get the SNF DX} of [9X%], the matrix of
On+1 with the codomain restriction into ker(9,,). We provide an example of such an SND below, in a calculation
of the 1% homology group of a simplicial complex.

Example 4.2.4. Let K be the simplicial complex illustrated below with orientation Vert(K) = (a1, az, as, ay).

b\

S

The 1% homology group Hy(K) = Hy(K;Z) of K can be calculated from a Smith Normal Decomposition of
[02] with Oy : Co(K) — C1(K). The orientation on K induces a standard ordered bases on the chain groups of
K. We identify these bases for Cy(K), C1(K), and Cy(K) below.

0z

&

four O-simplices : (a1,az,a3,a4)
six 1-simplices : (a1aq,a1as,a1a4,a2a3, a2a4a304)
two 2-simplices : (a1a3a4, azazaq)

The matrices [01] and [02] of the boundary maps 9 : C1(K) — Cy(K) and 02 : Co(K) — C1(K) respectively
relative to these bases are given below.

a1a3a4 A20a304

ai1Gs G143 A1G4 G203 A204 G304 a1a2 0 0

ap -1 -1 -1 0 0 0 aias 1 0

[O1] = ao 1 0 0 -1 -1 0 and [02] = ajay -1 0
as 0 1 0 1 0 -1 asas 0 1

ay 0 0 1 0 1 1 a2y 0 -1

asaq 1 1

Given below is an SND (Us, D, Vs) of [3s], with the columns of Uy corresponding to Ki°" (following the
notation in Theorem 4.2.3) highlighted in green .

wmar (fO1[0] 1 0 1 0 1] 0
was {110 0 00 0 0
atas | (=110 =1 1 0 O 0 0
Uy = Dy = Vo = 1.
27 waslloll1 0 00 0 2 00 S
awa 10 |=1 1 0 0 0 0 0
asay LL 0 0 0 1 0 0

Columns 3 to 6 of Uy determine a basis of K@ (C; /ker d;). We can confirm that the basis B = (81, ., 8s)
of Cy by [Bi] = col;(Us) partitions into bases for K{°r, Kf*¢ and C; / kerd; as given in Theorem 4.2.3 by
considering the SND (Uy, D1, V7) of [01] given as follows:
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tor
Kl

—
araz ([o]f1)fo]fo] (0] [1)
a [~1 =1 0 0 1J0 00 0 0 aas [|0fofo]|1|]0]|0
gl 100 D1:00000 v~ mas [(L10}h0f|=1f |0 |-1
a0 1 -1 0 0 0f1]o 0 o "7 aas||ofofo]|o| 1|0
a\1 1 1 1 000000 azas |[O|f0f O[O ||-1] |1
azay VO[O 1]] 1 1 0
—_—— =
Cl/ker 81 K{ree

Observe that the matrix Us is the matrix V; up to column permutation. The basis B = (81, ..., 3s) of Cy given
by [8;] = col;(Us) is described below, grouped relative to the decomposition of C.

01 = aja3 — ai1a4 + azag with dy = DQ(]., 1) =1

Ktor . .
1 02 = azaz — agay + azay with de = D(2,2) =1
K{ree : 03 =a1a2 — @104 + Q204
04 = Qa104
C4 /ker 01 : o5 =ajas
0¢ = G304

We can calculate Hq(K) by disregarding the rows of Dy corresponding to the basis elements of C; /ker 01, i.e.
by only considering the basis elements of K and K° as follows:

_kero, | Kier

H(K) = imds im(0;) Mo Zio2)

Z<d10’1> @ Z<d20’2>

o K{ree

I

Il

Z(alag —ai1a4 + a2a4) ~=7

Note that both summands of K map to trivial elements in H;(K) since both 01,02 € imd;. The cycle
representative o3 of the homology class [03] € H1(K) of K is illustrated below:

Once the decomposition of C,, into the three direct summands is established, an SND (Uy41, Dniy1, Vat1)
of [0p+1] with the required properties can be generated from any SND (W,,11, D11, Viu1) of [On+1]- The first

r columns of W, 1, as discussed earlier, determines a basis (a1, ..., ;) of KY©* by [a;] = col;(W,,11). Since
Kfree and C,, /ker(9,,) are direct summands of C,,, there must exist bases (v1,...,7f) of K and (w1, ...,w,)

of C, /ker(d,) that is a subset of some basis of C,,. Observe that B, as given below, is a basis of C,,.

basis of K'ree

—_—~
B:_{ o1, Qe oYY WL Wy
basis of K" basis of C,, / ker 9,

A matrix U,41 € GL(m, R) such that (Uy11, Dpt1, Vag1) is an SND of [0,,41] and is as given by Theorem 4.2.3
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can be defined as follows:

Un+1 -

Kter Kfree C,, /ker 0y,

Observe that since im(9,41) € K, there should be no non-trivial elements of C,,; mapping into K¢ and
Cy, / ker 0,,. Then, the expression of [0,,41] relative to the basis B of C,, (with the same initial basis of Cj,11)
should be given exactly by D, ;1. That is, replacing the basis elements a1, ..., q,, of K¢ @ (C, /kerd,)
with any basis element leaves the matrix D,,+1 undisturbed. We can confirm this by showing that the equation
(Wn+1)71[an+1]vn+1 = Dn+1 from the SND (Wn+1, Dn+1, VnJrl) 1mphes that (Un+1)71[an+1]vn+l = Dn+1.

Observe that if cycle representatives for the homology groups are not required, we can calculate the invariant
factor decomposition of homology groups of free chain complexes using any SNDs of [9,,+1] (for the nonzero
invariant factors) and of [9,] (for rank(d,,)). We state this as a result below.

Corollary 4.2.5. Let C, = (C,,,9,) be a chain complex of finitely-generated free modules C,, over a PID R
with differentials 0, : C,, — C,,_;. For each n € Ny, the n'" homology group H,,(C.) can be calculated using
the SNF D, 1 of [0,41] as follows:

R
H,(C, ~ RM @ ®--P
() Ry ¢ R
where {dy,...,d,} with »r = rank(9,+1) are exactly the nonzero diagonal elements of D,y; and f +r =

rank(ker 9, ). Note that rank(ker d,,) can be determined from the SNF of [0),].

Proof. Let (Up+1, Dnt1, Vat1) be the SND of [9,41] as denoted in Theorem 4.2.3, i.e. the basis B =
(B1,...,Bm) of C, induced by [3;] = col;(Upt+1) with U,41 € GL(m,R) partitions into three
bases: (B1,...,0r) of K (Bry1,---,Briy) of K¢ and (Byyf41,.-.,8m) of Cy / kerd,. The
nonzero entries of D, 1 are given by di,...,d, with r = rank(0n41) and d; = Dyp41(j, 7). Since
ker(9,) = K" @ Kfe¢ rank(9,) = r + f. Then,

ker 0, Ktor R{B1,...,0r)
H,(C,) = - = —n" _gKire = e ® R(Brs1s-- -, Br
(C) im0py1  im(0pqg1) R{d\ By, ...,d.Br) Bre Bres)
By I g

R{d1) = R(d1)

Since the SNF D, ;1 of [On41] is unique up to multiplication by elementary dilations over R, any
SND of [0, +1] will share the same SNF. n

This result is particularly powerful since the SNDs of [0,,41] as guaranteed by Theorem 4.2.3 can be
cumbersome to find. In addition, most software packages only provide the SNF of matrices over Z as output,
not the full SND.

We re-calculate H; (K) of Example 4.2.4 again using this corollary below. Note that the SNDs we provide
in the example below are the SNDs returned by the SmithDecomposition[-] method with the matrices [01]
and [0s] as input. That is, the SNDs presented in Example 4.2.4 are specifically calculated to match Theorem
4.2.3.
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Example 4.2.6. Let the simplicial complex K be as given in Example 4.2.4. An SND (Uy, D4, V') of [0s] is
given below with the columns of U} corresponding to K{°" highlighted in green and the columns corresponding
to the direct sum K {ree @ (Cy /ker 0y) are highlighted in purple .

K‘lcor
S~
aas {0 ][ 0 J[o]1]o]fo 0
amaz | 1| 0 floflo]ollo 0
aras || =11 0 [[10|0]O0 , 0 0 ,
Uy = D, = V=1
27 was |l o] 1 |lollo]lofo 2 0 0 272
o0y 0| —=1/0(O0]1//0 0 0
a3ayq 1 1 \gii\i} 0 0
| ——
Kfree g (Cy /ker &)

An SND (U{, D}, V{) of [01] is also given below, with the columns of V' corresponding to Cj /ker d; highlighted
in red and the columns corresponding to kerd; in orange .

Ki;or D K{ree

—_——~
a1a9 TFF 1 1 0
0 /=1 -1 -1 0 1000 0 0 aas |lo]l1]lo] =1 o || 1
, a1 0 0 o0 , oo o oo ,_awag|[O]f0f 2] 0 ||-1-1
— D} = v/ =

a0 1 0 o0 0 0[]0 o0 o0 asas [lofolfo] 1 | o o
w\0 0 1 1 000000 asas [lOf 0]l 0 || 1| o
asas \[O[|O{ 0| O 0 1

0JL0]J10]

Cy [ker 0,

We can determine the following facts from these two SNDs:
1. From Dj, rank(kerd;) = 6 — 3 = 3 and from D}, r = rank(92) = 2. Therefore, f = 1.

2. Let A= (ay,...,as) be a basis of C; by [a;] = col;(Uj). We can confirm that the basis (as, ..., aq) of
Kiree @ (Cy /ker 9;) does not partition into bases for each summand since 9; (a;) # 0 for j € {3,...,6}
but rank(Kfree) = f = 1.

3. Let K = (k1,...,kg) be a basis on C; by [k;] = col;(V{). Since the basis elements kq4, £5, kg do not
appear as basis elements in A, i.e. the columns of V] are not columns of Uj. Note that it is not
immediately clear if one of sy, ks, kg generates Kiree,

However, if we do not need to calculate cycle representatives, we have enough information to calculate H; (K)
up to isomorphism using Corollary 4.2.5: From D}, we have r = 2, d; = 1, d2 = 1. From D}, we have
rank(kerd1) =3 and f =3 —2 = 1. Then,

Hy(K)=7/ & (fz) ® ((ZZ) =729 (Z) ® (;) =7.

Observe that this matches with our calculation for H;(K) in Example 4.2.4.
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Section 4.3. The Graded Structure Theorem and SNNDs in the Graded Case

In Section 4.1, we discussed a method of calculating the invariant factor decompositions of finitely generated
modules over a PID R, i.e. finitely generated modules in the category Modg(,). In this section, we extend this
method to the category GrModgy, of graded F[r]-modules, wherein invariant factor decompositions need to
be given by graded isomorphisms. For reference, we discuss the category GrModg,; and the notation we use
involving graded F[z]-modules earlier in Section 2.4.

To start, we state Graded Structure Theorem in GrModg,) for graded F[z]-modules, which is the
theorem corresponding to the Structure Theorem (Theorem 4.1.1) in the ungraded category Modgy, of F[z]-
modules.

Theorem 4.3.1. The Graded Structure Theorem.

Let M be a finitely generated graded F[z]-module over F[x] for some field F. Then, there exists a finite direct
sum of shifted cyclic graded submodules of F[z] that is graded isomorphic to M as follows:

GrMod F[m] F[I]
MU e S S Fla] & - @ S F
(Gy) oo (g oo e e o
with indices s1,...,8:,...,8, € Ny and non-zero, non-unit z*,z'2 ... x' € Flx] such that the divisibility
relation ' |22 | -+ | 2! is satisfied. Furthermore, the collection {(z'*,s1),..., (2!, 5,),(0,5741), ..., (0, 5m)}
is uniquely determined by M up to graded isomorphism.

Remark. This theorem is stated in [ZC05, Theorem 2.1] without proof. The paper [Loe23] by Clara Loh
provides a detailed proof, with this theorem listed as [Loe23, Theorem 5.1].

Much like the case of the Structure Theorem in Modg,], we give the decomposition guaranteed by the
Graded Structure Theorem a special name.

Definition 4.3.2. Let M be a finitely generated F[z]-module and let the following direct sum decomposition
of M be as denoted in the Graded Structure Theorem (Theorem 4.3.1):

GMod [ TF[x] . Flz]
M = ¥ @ 0T SR IR
(oo) e oz (fd)exrFde- o
This decomposition is called the graded invariant factor decomposition of M. The invariant factors
of M are given by z'1,... z'* € F[z] (which are non-zero and non-unit) and the grading shifts of M by
S1y...,8m € Ng.

Remark. The term invariant factor for graded Flz]-modules is deliberately chosen since it corresponds to that
of Flz]-modules, i.e. the invariant factors of a graded F[z]-module M are exactly the invariant factors
of M viewed as a F[z]-module (disregarding grading). Note that some references, e.g. [Loe23], define
invariant factors to include zero elements. To avoid confusion, we sometimes use the term nonzero
invariant factor for clarity.

In this section, we discuss how this graded invariant factor decomposition can be calculated, under certain
restrictions, using a method similar to that for non-graded decompositions as presented in Section 4.1. Let M
be a finitely generated graded F[x]-module. Since F[z] is a PID, the non-graded Structure Theorem (Theorem
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4.1.1) guarantees the existence of an invariant factor decomposition for M as a F[z]-module as follows:

Mo <]F[~”U]> P <]FM> OFa] - & Fla]

(fl) (fr)
with nonzero invariant factors f1,..., f € Flz]. However, this isomorphism may not correspond to that between
graded F[z]-modules. For example, if f; € F[z] is not a homogeneous element for some j € {1,...,r}, then the

ideal (f;) is not a graded ideal of F[z] and the quotient F[z]/(f;) is not necessarily a graded ring. If we assume
that each f; € F[z] is homogeneous of the form f; = 2% and each homogeneous element g € M is mapped to a
homogeneous element in one of the summands, then we can shift each summand such that the degree of ¢ € M
matches that of its image in the decomposition as follows:
°*§°“ Zdegh(q1)<w> DB zdegh(qr)(mx]) ® Zdegh(qurl)F[x] D..-P gdegh(qTH)]F[x] (E1)
(z*) (")
where g; € M is chosen such that g; corresponds to the generator 1; of each summand. We claim that,
assuming we start with a presentation that respects the graded structure, then a non-graded invariant factor
decomposition can be transformed (for lack of a better word) to a graded invariant factor decomposition. Below,
we provide a definition for these kinds of presentations.

Definition 4.3.3. A graded presentation of a graded F[z]-module M is a presentation
2] ™
Fs — Fg — M — 0

on M such that Fg and Fg are free graded F[z]-modules and the homomorphisms ¢ : Fs — Fgand 7 : Fg = M
are graded homomorphisms.

A graded presentation by ¢ : Fs — Fg and 7 : Fg — M of a graded F[z]-module M determines M up
to non-graded isomorphism by M = Fg /im(p), as discussed under Definition 4.1.2. Since im(yp) is a graded
submodule of F, the quotient Fg /im(yp) is a graded F[z]-module that inherits the grading of Fg and the
graded presentation also determines M up to graded isomorphism. As with the non-graded case, the calculation
of graded invariant factor decompositions start with graded presentations. Below, we provide an existence claim
for these graded presentations.

Lemma 4.3.4. There exists a graded presentation for any finitely generated graded F[z]-module.

Proof. Let M be a finitely generated graded F[z]-module. By assumption of M being graded, there must
exist a homogeneous system of generators {a1z°*,...,amz*"} of M with degy (a;x%) = s; € Ny for
all j € {1,...,m}. Note that we write a;z% € M such that a; is an element of the F-vector space
M, with M, x% being the homogeneous component of M of degree s;. We can construct a graded
presentation for M as follows:

Define the module of generators Fg to be the free graded F[z]-module with homogeneous basis
given by A = (qz®, ..., apaz®) with degy (a;z%) = s; and define 7 : Fg — M by a;z% +— a;z
for j € {1,...,m}. Then, 7 is a graded homomorphism. Observe that if the set of generators of M
were not homogeneous, then the requirement that degy, (ojz®) = degy(a;2%) may not be fulfilled
since degy (a;x*) may be undefined. For reference, F can be expressed as a direct sum of shifted
graded free F[z]-modules, each with one basis element, as follows:

Fo =Flzl{a1z®) @ - - - @ Fla]{ama®) = T3 F(ay) @ - - & 2 Flay,) (E2)
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Define the module of relations Fg by Fg := ker(w) and define ¢ : Fg — Fg to be the inclusion
of ker(m) into F. Note that ker(r) is a graded submodule of Fg as it is the kernel of the graded
homomorphism 7 : Fg — M, and ¢ is graded as the identity map. As with the non-graded case,
p: Fs — Fg and 7 : Fg — M correspond to a non-graded presentation of M. Since Fg, Fg are
graded F[z]-modules and ¢, m are graded homomorphisms, this presentation of M is also a graded
presentation of M. u

Let M be a finitely generated graded F[z]-module. Let a graded presentation of M be given by ¢ : Fs — Fg
and 7 : Fg — M with bases S = (01(x),...,0n(z)) of Fs and A = (a1(x),...,amn(z)) of Fg. In the non-graded
case, an SND (U, D, V) of [¢]a,s, which exists since F[z] is a PID, gives us the following by Proposition 4.1.11:

1. A basis T = (11(z),...,m(x)) of Fg by [1:i(z)]s = col;(V).
2. A basis B = (f1(z),...,Bm(z)) of Fs by [B;(z)]a = col;(U).
3. The set of nonzero invariant factors fi,..., fr € F[z] by f; = D(4,j)-

Note that we write o;(z) and a;(x) here to emphasize that these elements are polynomials in x, i.e. the degree
of o;(x) and of aj(x) are generally not zero.

For the process described for Equation (E1) to make sense, i.e. shifting the summands of the (non-graded)
invariant factor decomposition, the basis B = (5;(x)) must be a homogeneous basis. Otherwise, degy,(3;(z)) and
»deen(#i (#))F[2] would be undefined. If we have that B is homogeneous and that the nonzero invariant factors
{f;} are also homogeneous, then we can calculate a graded decomposition for M that would later correspond
to a graded invariant factor decomposition. We state this in more detail below.

Proposition 4.3.5. Let M be a finitely generated graded Flz]-module. Let ¢ : Fg — Fg, 7 : Fg = M
correspond to a finite graded presentation on M with rank(Fs) = n and rank(Fg) = m.

If there exists a homogeneous basis {312°, ..., Bnz*"} of Fg and nonzero elements z't,... xlr € F[x] with
divisibility relation a't | -+ |z* such that {Biz**T*, ... B.a® "} is a basis for im(yp), then we have the

following graded isomorphism on M:

"= (F[x1<ﬂ1x31+tl>)@ @<F[x1<ﬂrx8r+tr>>@ﬂ [Brira® ) @ @ Fla] (Ba®™)  (E3)

Note that we write the basis elements 8;2% € Fg such that deg, (8;2%) = s,.

Proof. Assume there does exist a homogeneous basis {3;2°}"" | of Fiz and nonzero elements {z" };:1 € Flz].
For j € {1,...,r}: Flz](B;x% %) is a graded submodule of F[z|(3;2%) since it has a homogeneous
basis. Therefore, the quotient module Flz](B;x%) / Flz|(B;x% 1) is graded with homogeneous
components of degree ¢ € {s;,...,t; — 1} given by [k - 8;29] for k € F nonzero.

By Proposition 4.1.5, (E3) is a F[x]-module isomorphism. For j € {1,...,r}: the isomorphism
by (1) maps [B;21] € Flz|(B;2%) /Flz](B;x% ') with ¢ € {s;,...,t; — 1} to w(B;27) € M. Since 7
is a graded homomorphism, we have that

degy, ([8;27]) = ¢ = degy, (8;27) = degy, (n(8;27))

Similarly, for j € {r +1,...,m}, the isomorphism by (1) maps B;z9 € Flz](5;2%) with ¢ > s; to
m(Bjx?) and degy, (B;27) = g = degy, (m(B;27)). Therefore, (E3) is a graded isomorphism. u

We provide an example of this calculation below. Note that we have not yet proven that a homogeneous
basis {8;2° } and a set of nonzero invariant factors {z'} with the desired properties generally exists.
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Example 4.3.6. Let M be a graded Q[z]-module and define a graded presentation on M as follows: Let

S = {019&, 0925, 758, a4x10} be a basis on the Q[z]-module Fg of relations and let A = {alx, ax?, agad

4
, QT }
be a basis on the Q[z]-module F of generators. Observe that since S and A are homogeneous bases, Fs and

F¢ are both graded Q[z]-modules. Let ¢ : Fs — Fg be given by the following matrix:

1 42> 0 329

0 z* —zf 0
Wlas=1y o 5 _o¥

0 0 0 0

We can confirm by inspection that ¢ is a graded homomorphism. Assume that M = Fg /im(p), i.e. 7 is the
canonical quotient homomorphism. An SND (U, D1, V1) of [¢]a,s is given below:

1 22 —x2 0 1 0 0 0 1 —2z°% —5z7 —11zY
0 1 0 -z 0 z* 0 0 0 1 x? 224
= D = =
U 00 1 2 ! 0 0 25 0 Vi 0 0 1 222
0 0 0 1 0 0 0 0 0 0 0 1

We can confirm this matrix factorization is correct by the following calculation:

1 =2z z2 —423 1 4z° 0 329 1 —22° —527 —112°
0 1 0 x? 0 z* —2f 0 0 1 x? 224
1 _ —...=D
(U1)" [plasVa 0o 0o 1 -—2llo o » —Z227llo o 1 272 !
0 0 0 1 0O O 0 0 0 0 0 1

The matrix U; € GL(4,Q|x]) induces a new basis B = (8;z'") on Fg by [Biz'i]a = col;(U), given below, along
with its corresponding diagonal element d; = D1 (4,7). Note that the basis elements of B can be written as 3;x%
with deg;, (8;2%) = t; since the basis B consists of homogeneous elements (confirmed post-calculation).

Bt = (1)()z = (a1)z with d =1
Bt = (22) (1) + (1)(a22?) = (201 +az)a®  with  dy = a*
Baats = (—2?)(a1z) + (1)(aza®) = (—on + a3)2® with dy = a°
Bar't = (=2%)(a22?) + (22)(a2®) + ()(cua?) = (—as+2a3+ )t with  dy = 0

By applying Proposition 4.1.5, we have the following (non-graded) isomorphism on M. Note that since B is a
homogeneous basis and the nonzero elements d; € F[z] are also homogeneous, the following decomposition is
also a graded isomorphism by Proposition 4.3.5:

0o (@WM)@(Q[ﬂﬂl<x4~ﬂzw2>>@<@[x1<x5~53x3>>w[ )

Since the only units of Q[z] are nonzero field elements, the nonzero entries of the SNF D; of [¢]4,s have to be
homogeneous elements by uniqueness of SNFs. However, we can do row operations on the SNF (U;) ™ ¢]a sV =
D; without disturbing the nonzero elements of D, i.e. 1, * and 2°. In particular, we can add any Q[x]-multiple
of the 4" row of D; to rows 1, 2, and 3 of D; without changing D;. However, this will affect the matrix that
determines the basis for F. For example, we can do the following:

100 20\ /71 0 0 0 1 0 0 0
010 0/lo 2t 0 o 0 2 0 0
EY (1,421 D, = = =D
ad(L4e0)D=10 00 o 1o 0 5 o 0 0 4% 0 !
000 1/\0 0 0 0 00 0 0
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Then, we can get another SND (Us, D1, V1) of [¢]4,s by considering the following factorization:

Dy = EY (1,452 Dy = B (1,45 22°) (0) Vgl asVi = (UiEEL (1,4 —2)) " o]V
1 add(’ L ) 1 add(’ L )( 1) [plasVi 1 add(’ ety ) [pla,sVi

Set this as (Uy) ™!

Note that the inverse of the elementary transvection Egﬂd (1,4;2') is given by Egﬂd (1,4;—2'). Then, the
matrix Uy € GL(4, Q[z]) determines a new basis P = (p1(x),...,pa(z)) of Fg as follows:

1 20 —z2 —z10 pi(z) = iz
2 z) = Box®
U, 0 1 0 T and pa(z) /3’23
0 0 1 2x p3(z) = 631'
0 0 0 1 p4(a?) — (—.1‘10)(0411‘) +,84.T4 _ —04131‘11 +54$4

Then, the isomorphism by Proposition 4.1.5 on the SND (Us, D1, V1) of [¢]a,s, given below, is not a graded
isomorphism:

M= <F[$]<ﬁ1$>> © (F[w]<m4 -52334>> @ (F[w](w5~52x5>> ® Flz](—anz't + Baz*)

In particular, the summand Fz](—ayz!! + B4z*) fails to be a graded Q[z]-module since it cannot be generated
by a homogeneous element.

The decomposition given by Proposition 4.3.5 is then transformed into a graded invariant factor decomposi-
tion by applying specific graded isomorphisms to each summand in the direct sum. We state these isomorphisms
in the following lemma.

Lemma 4.3.7. Let Flz](ax®) be the free graded F[z]-module generated by the element ax® with deg(az®) =
s € Ng. Let 2t € F[x] for some t € Ny with ¢ # 0. Then, we have the following graded isomorphisms:
GrMod F[l‘] <Oé$s> Gr&od

Flz]{az®) = X°F[z] and Fll(et - o) ES<F[m]/(xt))

Note that if ¢ = 0, then z* =1 is a unit of F[z] and Flz|(az®) /F[z](z' - az®) = 0.

Proof. Let ¢ : Flz]{az®) — X°F[z] be given by az® — (z°)(1). This is an isomorphism with inverse
(x*)(1) = az®. Let f € Flz]{ax®) be a homogeneous element. Then, f = k- az*™" for some k € F
nonzero and r € Ny and

degy,(f) = degy, (k- az™*") = s + 1 = deg,, ((«")(1)) = degy(#(f))

The quotients Flx] / (2!) and Flz]{ax®) / Flx]{az®Tt) are graded F[z]-modules with grading de-
termined by their coset representatives, well-defined since (z') and F[z](ax*Tt) are graded sub-
modules respectively. Then, the isomorphism F[z](az®) / F[z](az*Tt) — X%(F[z] / (z')) given by
[ax®] — (2°)[1] is graded similarly as in the case of . L]

By this lemma, the graded decomposition given by Proposition 4.3.5 can be transformed into a graded
invariant factor decomposition as follows, with summands that have a unit for 2%, i.e. ¢; = 0, removed from
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F[m] <Brxsr>

Fla](B1*") >> oo (Fm BT

= (MW&ﬁﬁh
Flz)(6,)

U (O Y g e
Fl] ) ST HF[2] @ - - ® B F[a]

Flz](Bra")
F[z]
N s
Jeom (G
., 8m) are identified from the degree of the homogeneous basis

)@F“W%Hf”w@~-@Mﬂwmﬁw

the decomposition.
) & L Fz](Br41) & - - - & B Fla](Bm)

GrMod
= 51
< (z1)

Observe that the set of grading shifts (si,..
element deg(5;x% ). We provide an example of calculating a graded invariant factor decomposition of a module

below.
Example 4.3.8. Let M be the graded Q[z]-module as given in Example 4.3.6. We have calculated the following

craod ( Q[a] (1) Q[z](B22°) Qlz](Bs2®) g
N (QW“”Q@<@M@*&ﬂQ (QM@“&ﬁ)@QHw4>

Then, by application of Lemma 4.3.7, the graded invariant factor decomposition on M is given as follows:

22(Qle] / () & 5°(Qlel / (%)) @ £'Qla]

graded decomposition on M by Proposition 4.3.5:

GrMod
M =
Note that the first summand with the basis element ;2 becomes a trivial module. Recall that in Chapter 2,

we discussed how graded Q[z]-modules correspond to persistence modules over Q. Then, by Corollary 2.5.13,

we have the following isomorphism:
Tpers(M) 224 g [3:3+9) g plho0) _ [2,6) 4 [3.8) o pldio0)
where = refers to an isomorphism in the category Persg of persistence modules over Q.

Pers
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Section 4.4. Matrix Reduction of Graded Matrices

Let M be a graded F[z]-module with a graded presentation given by ¢ : Fg — Fg and 7 : Fg — M. In
Proposition 4.3.5, we stated that if there exists a homogeneous basis {3;x* };nzl of F and nonzero invariant
factors a1 ... x'" € F[z] such that {Byz51 T ... B,z Tt} is a basis for im(y), then the graded invariant
factor decomposition of M can be calculated from said basis. In this section and in Section 4.5, we argue
that we can always calculate such a basis, assuming we know of homogeneous bases A and S of Fg and Fg
respectively.

Our argument makes use of the general algorithm for the calculation of Smith Normal Decompositions
described in [AW92, Remark 5.3.4] for matrices over arbitrary Euclidean domains, as discussed in Section 4.1
after Example 4.1.14. This algorithm involves strategically performing matrix reduction on [¢]4 s, with V being
the product of elementary matrices corresponding to column reduction and U~! being that for row reduction.
Since [p]a,s is a matrix of a graded homomorphism, there are a number of restrictions on the entries of [¢] 4 s
that makes matrix reduction more straightforward and allows a more simplified version of the algorithm by
[AW92, Remark 5.3.4].

Assume A and S are homogeneous bases. In this section, we consider four types of elementary matrices
used in matrix reduction and discuss how matrix reduction preserves the homogeneity of these bases. Then,
in Section 4.5, we present Algorithm /.5.1. Matriz Reduction Algorithm for Graded SNDs, which calculates the
desired SND (U, D, V) of [¢]a,s using only said types of elementary matrices.

Our first result is about the entries of matrices over F[z] corresponding to graded presentations.

Lemma 4.4.1. Let ¢ : N — M be a graded homomorphism between two free graded F[z]-modules N and M
with ordered homogeneous bases S = (o1(z),...,0,(2)) and A = (a1(x),. .., am(z)) respectively. Let [p] be
the matrix of ¢ relative to S and A, i.e. [¢] := [pla,s € My, n(Flx]).

For all row indices j € {1,...,m} and column indices ¢ € {1,...,n} such that [p](j,7) # 0, [¢](j,i) is a
homogeneous element of F[z] and

e, (a;(2)) + dey ([)(5. 1)) = degy, (1(a))

where deg; (a;(x)) and degy (o;(x)) are defined by homogeneity of the bases S and A.
Proof. For brevity, write o; := o;(x) for i € {1,...,n} and «a; := a;(z) for j € {1,...,m}.

Let ¢ € {1,...,n} be a column index such that ¢(o;) # 0. Since ¢ : N — M is a graded
homomorphism by assumption, col;([¢]) is not a zero column and degy(c;) = deg,(¢(0;)). By
definition of matrix of module homomorphisms, we have that col;([¢]) = [¢(0;)]a and

plo) = 3 (el ) = DolAll ) ey

Let j € {1,...,m} be a row index such that [¢](j,7) # 0. Since ¢(o;) is homogeneous of degree
degy, (¢(0;)), the summand [¢](j,7) a; must be homogeneous of the same degree. Moreover, [](j, )
must also be homogeneous. Otherwise, the product [](j,) o; would not be homogeneous. Then, we
have that:

degy, (75) = degy, (2(02)) = degy, (), 1) ;) = degy, ([2](G,7) ) + degy ()

Below, we provide an example of a graded homomorphism involving the persistent homology of some
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filtration, as discussed in Section 3.3.

Example 4.4.2. Let K, and K be given as in Example 3.2.3 and orient K with the vertex order Vert(K) =
(a,b,c,d). For convenience, an illustration of K and K, (without orientation) is copied below:

K ¥o ¥ ¥ Yo K4 Kewhi2t
o b AN R T T -
N TN NN
4 e d oo |l d o lld e |4 e |4 e

The 1% and 27? graded chain modules of K, with coefficients in Q are given as follows, relative to the ordered
bases induced by the orientation Vert(K) = (a, b, ¢,d) on the simplicial complex K:

Cf(Ke; Q) = Q[z]{aba, bex, adz?, cdz?, acz®) and C$"(Ke; Q) = Q[z]{abez?, acdz®)

The matrix [0$7] of the graded boundary map 05" : CS"(K,; Q) — CF'(K,; Q) relative to the standard ordered
bases is given as follows:
abcx®  acdx®

abx 23 0
bex 23 0
[85*] = adz? 0 —3
cda? 0 x5
ace® \ —x x?

Observe that the nonzero entries of [05"] satisfy the degree relation stated in Lemma 4.4.1. We list these below.

057(1,1) = 23 : degy( 3 ) + deg,( abz ) = deg,( abczt )
[0$1(2,1) = 2 : degy( 2® )+ degy( bexr ) = degy( abcx* )
[0$1(3,2) = —2® : degy( —2 ) + degy,( adx?® ) = degy,( acdz® )
[05(4,2) = 23 ¢ degy( 3 ) + deg,( cdz? ) = degy,( acdz® )
[0$1(5,1) = —x . degy( —x ) + degy( acz® ) = degy( abcx* )
[05(5,2) = 22 : degy( x? ) + deg,( acz® ) = degy,( acdz® )

Note that Lemma 4.4.1 does not apply for zero entries since degy, (0) is undefined.

Since Lemma 4.4.1 implies that the nonzero elements of the matrices over F[z] are homogeneous and that
their degrees are fixed by the degrees of the initial homogeneous bases (with the added assumptions stated
on the same lemma), we can show that elimination operations done on the matrix reduction algorithm for
graded SNDs must also preserve the homogeneity of the initial bases, i.e. the bases that they induce are also
homogeneous assuming we start with homogeneous bases.

Column operations on a matrix correspond to multiplication of said matrix on the right by an elementary
matrix (see Proposition A2.8 in Appendix A2). For clarity, we identify certain terminology involving column
reduction of matrices.

Definition 4.4.3. A column reduction operation on a matrix T € M,, ,,(F[z]) consists of the following:

i. a fixed row index r € {1,...,m},
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ii. a nonzero target entry T'(r, k) with target column index k € {1,...,n} to be eliminated in T,
iii. a nonzero pivot entry T'(r,p) with pivot column index p € {1,...,n},
iv. a pivot multiplier f € F[z]| such that T'(r, k) + f - T(r,p) = 0, and

v. an elementary transvection V := Egé]d (p, k; f), multiplied to T on the right. Note that the pivot column
index p is the first argument and the target column index k is the second.

Then, the entry T'(r, k) is eliminated in the product TV = TEES]d (p,k; f), ie. (TV)(r,k) =0.

Following the notation above, we can show that (T'V)(r, k) = 0 by looking at the columns of the product
TV and using a column-wise description of V = E[;(Li]d (p,k; f): for all column indices i € {1,...,n},

colg(T)+ f-col,(T) ifi=k

col;i(TV) = T col; (V) = T col; (El (p. k3 ) =
V) ") ( saalp f)) {coli(T) otherwise

Note that T and TV can differ only on the k" column. Then, the (r, k)th entry of TV would be zero, i.e. the
target entry T'(r, k) is eliminated as follows:

coly(T)(r) + f - col,(T)(r) =T (r,k)+ f - T(r,p) =0

For arbitrary matrices over F[x], elimination operations as above generally cannot be done since f exists if and
only if the pivot entry T'(r, p) divides the target entry T'(r, k). However, assuming T = [p] is as given in Lemma
4.4.1, the elements [p](r, p) and [¢](r, k) are homogeneous and we have the following equivalence:

[el(r,p) | Lel(r, k) . [ degn(lp)(r,p)) < degy, ([¢](r, k)
if and only if
divisibility relation degree relation

Then, f € Flz] is given by f = —[¢]|(r, k) / [¢](r, p) assuming that deg,, ([¢](r,p)) < deg), ([¢](r, k)). The question
now is whether the basis induced by V' € GL(n,F[z]) and the remaining entries of coly([¢]V) correspond to
homogeneous elements. The following proposition addresses this.

Proposition 4.4.4. Column Reduction Preserves Homogeneity.

Let ¢ : N — M be a graded homomorphism between two free graded F[z]-modules N and M with ordered
homogeneous bases S = (o1(z),...,0n(2)) and A = (a1(x), ..., am(x)) respectively. Let [p] be the matrix of ¢
relative to S and A, i.e. [¢] := [p]a,5 € My, (F[z]).

Let p,k € {1,...,n} be distinct column indices and r € {1,...,m} be a row index such that the target [¢](r, k)
and the pivot [p](r,p) are both nonzero and deg, ([¢](r,p)) < degy([¢](r,k)). If f € F[x] is nonzero and
homogeneous such that

degy,([)(r, k) = degy (f) + deg, ([£1(r,))

then the basis T = (11(x),...,7n(x)) of N induced by the elementary transvection V := Egé]d(p,k:;f) by

[Ti]s = col;(V) is homogeneous.

Proof. Let f € F[x] be nonzero and homogeneous such that deg, ([¢](r, k)) = deg, (f) + degy, ([¢](r,p)). For
brevity, let o; := 0;(z), 7; := 7(z) and o := ().

Since V := Egzl]d (p, k; f) differs from the identity matrix I,, only in the (p, k)" entry, we have
that 7; = o; and 7; is homogeneous for all ¢ € {1,...,n} with ¢ # a. We need to check that 7, € N
is also homogeneous. Since [1x]g = colx (V') = colg(I,) + f - col,(I,,), we have that 7, = or + f - 0.
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For 7, to be homogeneous, we need to show that deg, (ox) = degy, (f - 0,):

degy, (f - 0p) = degy(f) + degy(op) by homogeneity of f and o,
= degy,([¢](r k) — degy, ([¢](r, p)) by assumption on f € Flz]
+ degy, (o)
= degy,([¢](r, k) — degy ([¢](r, p))
+ degy, ([¢](r,p)) + degy, () by Lemma 4.4.1 on the [¢](r,p) #0
= degy, ([¢](r, k) + degy (o)
= degy, (o%) by Lemma 4.4.1 on [¢](r, k) # 0

Since degy(ox) = degy(f - 0p), 7% € N is homogeneous with deg; (7;) = degy (o). Therefore,
T = (7;)"_ is a homogeneous basis of N. L]

Note that the statement of Proposition 4.4.4 applies even when f € F[z], as denoted above, is not used to
eliminate entries, i.e. it is not required that [¢](r, k) + f - [¢](r, p) = 0, only that [¢](r, k) + f - [¢](r, p) results in
either zero or a homogeneous element of the same degree. While this is not critical for the reduction algorithm,
it does allow some steps that may be more preferable when working by hand.

Observe that the key part of the proof of Proposition 4.4.4 is the existence of a row index r € {1,...,m}
such that both [¢](r, k) and [¢](r,p) are nonzero, in that they determine the degree of the element f € F[x].
Note that we use the degree relation from Lemma 4.4.1 on both [](r, k) and [¢](r,p), which require them to
both be nonzero. If such a row index r does not exist, then it is possible for the nonzero entries of [p]V to be
homogeneous but the basis T' = (7;) induced by V to not be a homogeneous basis. A trivial example would
involve a zero column on [p], wherein if the nonzero entries of [¢] are homogeneous and col,([¢]) is the zero
column, then [(,D]E[az}d(p7 k f) for any column index k and any element f € F[z] would also have entries that are
either zero or homogeneous. We saw a similar issue happen with row reduction earlier in Example 4.3.6 wherein
the matrix Uy € GL(4,F[x]) produced a non-homogeneous basis since the 4'® row is the zero row. Fortunately,
column operations of this type are generally not required for matrix reduction since these tend to create more
nonzero entries, i.e. the opposite goal of matrix reduction.

As denoted above, [¢]V = [p]a,sV = [¢]aT, L.e. [p]V corresponds to the matrix of ¢ relative to the bases
T = (ri(z))jzy of N and A = (;(z))jL; of M, Since we have shown that T is a homogeneous basis of N,
Lemma 4.4.1 also applies for [¢]V = [¢]a 1, i.e. for all nonzero entries [¢]a.1(4,1),

degy, (o (x)) + degy, ([ipla.r (. ) = degy, (7:())

An immediate consequence of this is that we can do elimination by column reduction finitely many times and
the resulting matrices from said operation will also preserve the homogeneity of the initial bases. Below, we
provide an example of this column reduction process in action. Note that the following example does not use
the algorithm by [AW92, Remark 5.3.4] (Algorithm 4.5.1) since we have not established that row reduction
preserves homogeneity. Instead, this example more closely resembles the column reduction algorithm discussed
in the next section.

Example 4.4.5. Let K, and K be given as in Example 3.2.3 and as illustrated below.
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K ¥o ¥ ¥ Yo Ky K v 25

”No“.b“ﬁ“Dw“\o“b“b
]
4 :‘c“cd;cd;cd;c

The 0** and 1 graded chain modules of K, with coefficients in Q are given as follows, relative to ordered bases
induced by the orientation Vert(K) = (a,b,c,d) on the simplicial complex K:

C8(Ko; Q) = Q[z){a, b, cz, dz) and Cf(Ke; Q) = Q[z]{aba, bex, ada?, edz?, acx®)

Below, we identify the matrix [0 of the 1% graded boundary morphism 9% : CfM(K,; Q) — C§'(K.; Q)
relative to the same ordered bases:

abr ber adx? cdx?  acz®

a [—z O —x 0 —z3

ofN=b | = -z 0 0 0
cx|l O 1 0 T x?
de \ 0 0 T —x 0
Given below is a sequence Q1,Q2, ... of matrices @, € My 5(F[z]) resulting from successive column reduction
operations on Qg := [0f"], with the following color scheme:

chosen pivot entry , target entry for elimination , pivot multiplier , affected column

—z 0 —x2 0 -2z 10000 —z 0 —z% —x% —28
x —x 0 0 0 01000 z —x O 0 0
Qii= QB3 4:1) = 001 0 o 22 |[09YE0 =0y 1 0 4 a2
1
0 O -z 0 8 8 8 0 (1) 0 0 =z 0 0
—z 0 —z% —z? —2° 10000 —z 0 —z? —z% —2°
x —x 0 0 0 01 0o z —x 0 z? 0
Qri=QEPL (2,4;—2) = o [loo1 0 of = )
0 0 = 2 ||00 1 o 01 0 0
0 0 =z 0 0 000 0 1 0 0 =z 0 0
—x 0 —z% —z? —g° (1) (1) g _Ox 8 —z 0 —22 0 —2°
- 0 2 0 - 0 0 O
Qs 1= QeEGu(1 45 -0) = e N R
0 0 =z 0 0 000 10 0 O 0 O
000 0 1
-z 0 —2%2 0 —23 (1) (1) 8 8 _02 -z 0 —2%2 0 —23
(5] 5 r —z 0 0 0 ’ r —x 0 0 a3
Q4 := Q3Eadd(2,5;—a:) = 0 0 0 22 0010 O = 0 1 0 0 0
0 0 = 0 O 00010 0 O 0 0
0000 1
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1 _ 2
—z 0 —2* 0 —a3 0(1)88;; —z 0 —22 00
— 0,E! o |z -z 0 0 & B z —x 0 00
Qa '_Q4Eadd(1757 Z’) = 0 1 0 0 0 0010 0 = 0 1 0 00
0 0 2 0 0 00010 0 0 =z 00

0000 1

Then, we have Q5 = [0°T]V with V € GL(5,F[x]) given as follows, with each successive elementary transvection
matrix multiplied on the right of @;:

R ) abr {1 0 0 —x —2z?
first column elimination fifth and last column elim. bex 0 1 0 —z —xQ
V=B34 ) EfL(2.4; —2) - Efj (1,55 —2%) = ada®| 0 0 1 1 0
N————— 2
second column elimination Cdl“ 0 0 O 1 0
acx>\0 0 0 0 1

Then, V € GL(5,F[z]) induces a new basis T = (11(z),...,75(x)) by [1:(z)] = col;(V), i.e.

T1(x) = (1)(abx) (ab)x
To(x) = (1)(bcx) = (be)x
3(x) = (1)(adx?) = (ad)z?
Ta(x) = (—2z)(abx) + (—z)(bcz) + (1)(adz?) = (—ab— bc + ad)x?
15(x) = (—2?)(abx) + (—22)(bex) + (1)(acx3®) = (—ab— bc + ac)x®

Observe that 7' is a homogeneous basis for CS"(K,; Q) and that the nonzero entries of Q5 are as expected by
Lemma 4.4.1. For example, at the (1,3)' entry of Q5, we have that

degy,(a) + degy, (Q5(1,3)) = 0+ degy, (—2%) = 3 = deg,, (3(x)) = degy, (adz?)

We have a similar result for elimination by row reduction. Row operations on a matrix correspond to
multiplication of said matrix on the left by an elementary matrix (Proposition A2.7 in Appendix A2). For
clarity, we identify certain terminology involving elimination by row reduction below.

Definition 4.4.6. A row reduction operation on a matrix 7' € M,,, ,,(F[z]) consists of the following:

i. a fixed column index ¢ € {1,...,n},
ii. a nonzero target entry T'(k,c) with target row index k € {1,...,m} to be eliminated in T,
iii. a nonzero pivot entry T'(p,c) with pivot row index p € {1,...,m},

iv. a pivot multiplier f € F[z| such that T'(k,c) + f - T(p,c) = 0, and
v. an elementary transvection U1 := Eggg(k, p; f), multiplied to T" on the left. Note that the pivot row
index p is the second argument and the target row index k is the first, and that U = Egﬁ(]i(k,p; -f).
Then, the entry T'(k,c) is eliminated in the product U T = Eggg(k,p;f)T, ie. (UT)(k,c)=0.

Remark. We define U1 := Eggg(k,p ; f), as opposed to setting U := Egﬁi(k,p ; f), since we want to interpret
the resulting matrix as a change of basis on the codomain of homomorphisms.

Following the notation above, we can show that (U~1T)(k, c) = 0 by examining the the rows of the product
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U~'T € M,, ,(F[z]) and using a row-wise description of U~! = Eggé(k,p; f): for all row indices j € {1,...,m},

rowy(T) + f-row,(T) ifj=k
row;(U'T) = row; (U™ 1T = row; (Egg(]i(k,p;f))T = Wi (T) + f - rowy(T) J

row; (1) otherwise
As with the case of column reduction, when T' = [¢] is as given in Lemma 4.4.1, the elimination process becomes
more straightforward. We have the following result involving row reduction of matrices given by Lemma 4.4.1.

Proposition 4.4.7. Row Reduction Preserves Homogeneity.

Let ¢ : N - M be a graded homomorphism between two free graded F[z]-modules N and M with ordered
homogeneous bases S = (01,...,0,) and A = (aq,...,q,,) respectively. Let [¢] be the matrix of ¢ relative to
S and A, i.e. [¢] :=[p]a,5 € My, (F[z]).

Let p,k € {1,...,m} be distinct row indices and ¢ € {1,...,n} be a column index such that the pivot [¢](p, c)
and the target [p](k,c) are both nonzero and degy ([¢](p,c)) < degy([](k,c)). If f € F[z] is nonzero and
homogeneous such that

degy,([i)(k, ) = degy (£) + deg, ([¢](p. )

then the basis B = (B1(z),..., Bm(x)) of M induced by the elementary transvection U := Eggd(k:,p; —f) by

[Bj]a = col;(U) is homogeneous.

Proof. Let f € F[z] be nonzero and homogeneous such that deg, ([¢](k,c)) = deg,(f) + deg, ([¢](p,c)).
For brevity, let o; := 0;(x), a; := a;(x), and §; := [;(z). Note that while U := Eﬁd(hp; —f) e
GL(m,F[z]) corresponds to a row operation, the basis B = (81,. .., n) is determined by the columns
of U.

For j € {1,...,m} with j # p, col;(U) = col;(I,,) and 5; = a; is homogeneous. Consider the
P column of U. Since [8,]4 = col,(U) = col,(I,,) — f - colg(Ly), By = o — f - . For B, € M to
be homogeneous, we need to show that deg;, («,) = deg;, (—f - o). Note that degy, (—f) = degy, (f)-

degy, (f - ax) = degy, (f) + degy, (o) by homogeneity of f and ay
= degy, ([¢](k, ¢)) — ([¢l(p, ) by assumption on f € F[z]
+ degy, (o)
= degy, ([¢](k, c)) — deg, ([¢)(p, ©)
+ degy, (0¢) — degy, ([¢](k, ) by Lemma 4.4.1 on [p](k,c) # 0
= —degy, ([¢](p, ¢)) + degy(oc)
= degy, (o) by Lemma 4.4.1 on [¢](p,c) # 0

Since degy, (o) = degy(—f - ar), Bp € M is homogeneous with degy,(8,) = deg; (o). Therefore,
B = (B;)7%, is a homogeneous basis. u

Observe that, as denoted above, U~ '[p] = U™ [p]a,s = [¢]B,s, i.e. U ] is the matrix of ¢ relative to
the bases S = (0y(z))j; of N and B = (B;(z))L; of M. Since we have shown that B is a homogeneous basis,
then Lemma 4.4.1 applies to U~ 1[¢] = [¢]p.s, i.e. for all nonzero entries [p]p 1 (j,1):

degy, (8;(2)) + degy, ([l s 1) ) = degy, (0.(x)) -

As with the case for column reduction, we can do elimination by row reduction finitely many times and the
resulting matrices will also preserve the homogeneity of the initial bases and that of its entries. Below, we
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continue Example 4.4.5 and perform row reduction.

Example 4.4.8. We continue from Example 4.4.5. We currently have that Q5 = [0V with

1 —r —
-z 0 —z2 0 0 -z 0 —x2 0 —a3 00 r v
r —z 0 0 0 r -z 0 0 0 0 10 -z -

= B o] = B V= 11
@s 0O 1 0 00 [0r] 0 1 0 =z 22 00 0
0 0 2 00 0 —x 0 0 001 0
000 0 1

We perform the following row operations on Qs, as written below with the following color scheme:

chosen pivot entry , target entry for elimination , pivot multiplier , affected row

100« —z 0 —2200 —x 0 00O
R . _[o100 r —x 0 00| r —x 000
@ =FuaL 4@ = 106170l o 1 0 ool = o 1000
0001/\o o [z]00 0 0 200
1000\ /~z 0 000 20000
R . B 01z0 r —x 000 zr 0000
Qr:=Eua(23;2)Q = [ 0 [1] 000 01000
0001/\0 0 z00 0 0200
1100\ /20000 00000
0100|[[z)0000 20000
=8 (1,2;1)Q; = -
Qs = E,4q(1,2;1)Qr oo10|{o 1000 01000
0001/ \0o 0z00 00200

Note that the elementary transvection for each row operation is multiplied on the left of @;. Let U € GL(4, F[z])
such that U=1Qs = U~ |V. Then, U~! is given as follows:

third row elimination first row elimination 11 2 «x

4 4 4 01 = O

U_l :E:[a(}d(l’271)Eg(;d(2’3’x)EL(}d(1747x) = 0 0 1 0
second row elimination 00 0 1

Since the inverse of Egggl(a, b; f) is given by Egg(]i (a,b;—f), we can calculate U as follows:

inverse corr. to _inverse corr. to
first row elimination third row elimination

-1 —_—~
U= <E§gd<1, 2:1)EY (2,3;2) Egﬂd(1,4;x>> — B (1,4, —2)EY (2,3, —2) EY (1,2, -1)
—_———

inverse corr. to
second row elimination

a /1 -1 0 -z

b0 1 —2 O
“eafo 0o 1 0

dr \0 0 0 1
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Then, the basis B = (81(z),..., B1(z)) of C&(K.; Q) given by [3;(x)] = col;(U) is as follows:

W@ =
+(1)(b) = —a+b

+()(ea) = (~b+o)a
+ (1)(dz) = (—a+d)x

8

)
)

8

Observe that B is a homogeneous basis and that the nonzero entries of Qg are as expected by Lemma 4.4.1.

The last two types of elementary matrices involved in matrix reduction are elementary permutations
and elementary dilations. In the proposition below, we claim that these two kinds of matrices also preserve
homogeneity of bases. Note that, unlike the case for elementary transvections in column and row reduction, the
elementary permutations and dilations are not restricted by the entries of the matrix being reduced.

Proposition 4.4.9. Let N be a free graded F[z]-module with ordered homogeneous basis S = (o1, ...,0,). If
V € GL(n,Flz]) is an elementary permutation or elementary dilation over F[z], then the basis T' = (11, ..., 7,)
of N by [r;]s = col;(V) is homogeneous.

Proof. We examine two cases. Assume that V = Ewap(kl, ko) is an elementary permutation with distinct
indices ki,ko € {1,...,n}, Note that if ky = ko, then V = I,, and T is trivially a homogeneous
basis. For ¢ € {1,...,n} with ¢ # ky and ¢ # ka, 7, = 0;. Since coly, (V) = colg, (1), Tk, = Ok,
is homogeneous. Similarly, coly, (V) = colg, (I,) and 74, = o, is homogeneous. Therefore, T is a
homogeneous basis.

Assume that V = Egﬂate(k, 1) is an elementary dilation over F[z] with index k € {1,...,n} and
w € (Flz])* = F[z] \ {0}. Fori e {1,...,n} with ¢ # k, 7, = 0;. Since colg(V) = u - coli(I,) and
1 is a nonzero homogeneous element of degree 0, 7, = poy and deg, (71,) = degy, (uox) = degy, (o).

Therefore, T' is a homogeneous basis. u

Then, multiplication on the left (for row reduction) and on the right (for column reduction) by an elemen-
tary dilation or elementary permutation over F[x] will preserve the homogeneity of the initial bases and Lemma
4.4.1 applies to the resulting matrix.

Putting it all together, any reduction algorithm on a matrix over F[z] that satisfy Lemma 4.4.1 that
involves a finite product of elementary permutations, elementary transvections, and elementary transvections
that satisfy Proposition 4.4.4 or Proposition 4.4.7 over F[z] will produce a matrix that has zero or homogeneous
elements and the bases they produce will also be homogeneous (assuming we start with homogeneous bases).
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Section 4.5. An Ungraded SND Algorithm in the Graded Case

In this section, we present and discuss the algorithm for finding SNDs given [AW92, Remark 5.3.4] optimized
for the case of matrices of graded homomorphisms relative to homogeneous bases.

Algorithm 4.5.1. Matrix Reduction Algorithm for Graded SNDs.
Input : [p] € M, ,(Flz]) as given in the hypothesis of Lemma 4.4.1, i.e. ¢ is a graded Flz]-module
homomorphism relative to homogeneous bases.

Output : A Smith Normal Decomposition (U, D,V) of [¢] with U € GL(m,F[z]), V € GL(n,F[z]) and
D e M,,, ,(Flx]).

. set Dy := [p].

2. for increasing indices k :=1,..., min(m,n) do

3. if Dy_1(j,3) =0forall j € {k,...,m}and i € {k,...,n} then

1. set Din(m,n) = Di-1-

—

5. for indices i := k, ..., min(m,n) do set U; := I, and V; := I,,.
6. break. > stop the for-loop, Dyin(m,n) is in SNF.
7. find a row index 7, € {k,...,m} and a column index ¢ € {k,...,m} such that

deg,, (Dk,l(r;ﬁck)) = min{ deg, (Dk,l(j,z')) cjedk,...,m}ie{k,...,n}, Dy_1(j4,3) #0 }
8. set Uk,k = nggp(k,rk), Vk,k = Ewap(k,ck) and Wy, = Uk,ka—lvk,k-

9. for increasing column index 7 :=k+1,...,n do

10. ‘ set fr; = —Wy(k,i)/Wi(k, k) and Vj,; := Eﬁd(k,i;fk7i).

11. set Vi := Vi iV k+1 - Vin-

12. for increasing row index j :=k+1,...,m do

|| set geg = Wi k) / Wik k) and Uy o= BV (ks —gg). & (Uny) 't =BG ks fun)
14. set Uy := Uk kU v1 - Uk > (Up) ™t = Ukom) " (Ugm1)" - (Ug) ™

15. set Dy, := (Ux) ' Dj_1Vi.

16. set U :=U1Uz -+ Uniingm,n)s V = V1Va - Vinin(m,n)-
17. set D := Dyin(m,n)-

18. return (U, D, V)

Remarks. (1) This algorithm is written such that no variable is re-defined, e.g. for [¢] € M3 4(F|[z]), the matrix
D, is defined once in Line 15 at the £k = 2 loop and not re-defined in later loops. This is done
to help with exposition.

(2) We refer to [AW92, Remark 5.3.4] for the correctness of Algorithm 4.5.1, i.e. that the result
(U,D,V) is indeed an SND of [¢] (as denoted above).

For the rest of this section, we discuss how the assumption of [¢] being given as in Lemma 4.4.1 allows
certain optimizations in the algorithm and how the matrix operations in the algorithm preserve the homogeneity
of the initial matrices. In particular, we examine 4 major steps that are done for each k' iteration of the for-loop
starting in Line 2 of Algorithm 4.5.1:

Step A. Check if the matrix Dy, is in Smith Normal Form. If not, continue.
Step B. Choose an appropriate pivot and perform the appropriate row and column permutations.
Step C. Eliminate the entries to the right of the pivot by column reduction.

Step D. Eliminate the entries below the pivot by row reduction.
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We expand on what happens for each of these steps below.

Step A. Checking the Result of the Previous Iteration: Lines 3 to 7 of Algorithm 4.5.1.
The algorithm in [AW92, Remark 5.3.4] examines the submatrix Dy_1[k:m,k:n] of Dy_1, where Dj_1 is the

result of the previous iteration, and Dy_1[k:m,k:n| is obtained by removing columns 1,...,k — 1 and rows
1,....,k—1of Dy_q,i.e. Dg_1 can be expressed as the following block matrix:
diag(dl, PN 7dk—1) 0
Dy = _ .
0 Dy_1lk:m,k:n]
where dy,...,di_1 are to be the nonzero diagonal elements of the SNF D of [¢]. There are two cases:

Case 1: If the submatrix Dg_1[k:m, k:n] is the zero matrix, then Dj_; is already in Smith Normal Form
and we do not need to do any more matrix operations. That is, D;_; is the Smith Normal Form
of [¢]. Note that we set Diyin(m,n) := Dr—1 in Line 4, as opposed to defining D := Dj_; right
there, for consistency. The break keyword in Line 6 tells us to stop the for-loop and proceed
directly to Line 16. Then, at Line 17, we define D := Dyyin(m,n)-

Case 2: If the submatrix Dy _1[k:m, k: n] is not the zero matrix, then Dj_; is not in Smith Normal Form.
The goal of the k'! iteration is then to find matrices Uy, € GL(m, F[z]) and V}, € GL(n,F[x]) such
that

_ diag(dy,...,di_1,d 0
(Uk;) 1Dk—1Vk: — Dk: — ( g( 1 k—1 k) )

0 Dy [k+1:m,k+1:n]

where Dy, is the end result of this iteration and passed to the next, i.e. the matrix D} determines
the k' diagonal element of the Smith Normal Form of D. We apply the appropriate elementary
matrices on Dj_1 to achieve this.

Below, we provide an example of a matrix on which Algorithm 4.5.1 stops at some k' iteration and another
where it does not and continues.

Example 4.5.2. Let A € My 4(F[z]) and B € My 4(F[z]) be given below:

1 0 0 0 1 0 00
0 52 2 0 0 22 0 0
A= d B =
0 22 3z 3 an 00 00
0 4 -2z 222 0 0 0 O

We can view the matrix A to be the matrix D; relative to Algorithm 4.5.1, i.e. this is the matrix that is processed
in the iteration with k = 2. Then, A is not in Smith Normal Form and we consider the submatrix A[2:4,2:4],
highlighted in red below:

1 0 0 0

0 \ Sz 2 0
A= 0 with Al2:4,2:4] = | 22 3z 3

0 4 -2z 227

Since A[2:4,2:4] is not the zero matrix, we proceed with the calculation.

In contrast, we can assume that the matrix B corresponds to the matrix Ds relative to Algorithm 4.5.1, i.e.
the matrix processed in the iteration with & = 3. Then, Algorithm 4.5.1 concludes that B is in Smith Normal
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Form since the submatrix B[3:4, 3:4], highlighted in red below, is the zero matrix.

1 0 00
0 22 0 0
B=D2=14 0 [0 0
0 0|0 O

Then, the for-loop stops here and sets Dyyin(m,n) = D2 = B in Line 4 and D = B in Line 17 of Algorithm 4.5.1.

Step B. On Selection of Pivot Elements: Lines 7-8 of Algorithm 4.5.1

The next step involves finding an element in the submatrix Dy_1[k:m,k:n] that can be used to eliminate any
nonzero entry in Di_1[k:m, k:n] as necessary. For convenience, we call this element the pivot, consistent with
the terminology for our reduction operations by Definition 4.4.3 and Definition 4.4.6.

This pivot, given in Line 7 of Algorithm 4.5.1 by Dy_1(rk, k), is an element that has minimal degree across
the nonzero entries of Di_1, where the term degree refers to the Euclidean function deg(—) on a Euclidean
domain. Since the pivot is chosen to be of minimal degree, it can be shown that any nonzero element of
Dy, _1[k:m,k:n] can be eliminated by a finite number of elementary row/column operations. Note that if the
matrix [p] is over a field F, then any nonzero element can serve as the pivot since deg(y) = 1 for all nonzero
wel.

Observe that, by Lemma 4.4.1, the nonzero entries of [p] are homogeneous and are of the form ka! for
some k € F and ¢t € Ng. Then, the degree deg(—) on F[z] as a Euclidean domain and the degree deg, (—) on
F[x] as a graded ring agree on the entries of the matrices involved. Moreover, if the chosen pivot is kz® € Flx]
for some k € F and s € Ny, the pivot multiplier required to eliminate a nonzero entry k’z' can immeidately
be determined by k'z! / kx® = (k' / k)x'~* since ¢t < s by minimality of the degree of the chosen pivot. This is
reflected in the Step C involving column reduction and Step D involving row reduction.

We then apply appropriate permutations on Dj_q such that the pivot Dj_1(rg,cr) is found on the
(k, k)™ entry. Relative to the submatrix Dy_[k:m,k:n], we want the pivot to be the (1,1)" entry post-
permutation. The row permutation is given by Uy := Eg@;p(k,rk), which swaps rows k and r; of Di_; in
the product (Ug k) 'Dg—1. Note that (EL@!}p(k,rk))_l = nygp(k,rk). The column permutation is given by
View == Egvlv]ap(k,ck), which swaps columns k and ¢ of Uy ;Dk—1 in the product Uy Di—1Vi . We save this
permuted matrix as Wy, and perform the matrix operations on W.

Note that, by Proposition 4.4.9 (permutations preserve homogeneity), the homogeneity of the entries
of W), and of the bases induced by the multiplication of the permutation matrices Uy ) = Eg;gp(k,rk) and

View = E£’$Jap(k, ¢k) are preserved. We provide an example of this calculation below.

Example 4.5.3. Let [0f"] € My 5(F[z]) be as given in Example 4.4.5. For convenience, the description of [9°']
is provided below. We apply Algorithm 4.5.1 on [9f"]. Following the notation in the algorithm, we have that
Dy := [0%]. At the k = 1 iteration, the entry Dy (3,2), highlighted in blue below, can serve as the pivot.

abr  bex adx? cdx®  acx’®
a [—x 0 —? 0 —x3
Dy:=[0=b| x —x 0 0 0
ce| 0 0 T x?
0

dx 0 x —x 0

Then, we permute the rows of Dy by Uy 1 = E£ﬂap(1, r1) with 71 := 3 and columns of Dy by V1 1 = Egi],ap(l, c1)
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with ¢; := 2 as follows. Highlighted in green are the rows and columns of the pivot Dy(r1,c¢;) = 1 and in
orange are those of the entry Dy(1,1) = —z.

1
0010 —z 0 —22 0 -2 0 000
0100z =2 0 0 o0 g0 000
Ui 1DoVi1 = B0 (1,3)DoERp(1,2) = > [loo1o0o0
’ ’ 1000[f o0 0 x

0001/\o0o 0 =z -z 0 00010
00001

0 0 x  x?

“r z 0 0 0

= 2 3| =W

with W7 € My 5(F[z]) as denoted in Algorithm 4.5.1.

Step C. On Elimination by Column Reduction: Lines 9-11 of Algorithm 4.5.1

The matrices Vi k41, Vi k+2; - - -, Vin € GL(n, F[z]) correspond to column operations that eliminate the entries
to the left of the pivot Wy(k, k). Recall that any nonzero homogeneous element of F[z] divides any nonzero
homogeneous element of equal or greater degree. Since the pivot Wy (k, k) is of minimal degree by construction,
we can eliminate any nonzero entry Wy (k,i) to the left of Wy(k, k) with ¢ € {k+1,...,n} by addition of
frei - Wi(k, k) with fi; € Flx] homogeneous.

Note that since none of the transvections V;; := E[;(Li]d(k,i;fk’i) act on the k" columns of W, and all of

them add a fj ;-multiple of the k™ column of Wy, the order in which Vi.,i is multiplied to W}, does not matter
for the definition of V4 ;. In particular, coly(Wy) = coly(Wy Vi ;) for any i € {k +1,...,n}. Therefore, we can
define f;; for each transvection V; ; relative to W, as done in Line 10, as opposed to a matrix product like
WiVi k41 -+ Vis—1 that accounts for matrix operations that are already done.

Observe that if Wy (k, i) = 0, then there is nothing to eliminate. In that case, fi,; =0, Egé]d(k, i;0) = I,
and homogeneity is trivially preserved. However, if Wy (k,4) # 0, then fj; must be homogeneous with

degh (fk,i) + degh(Wk(kJ, k)) = degh(Wk(k, 7,)) .

Then, Proposition 4.4.4 (column reduction preserves homogeneity) applies and these column reduction opera-
tions preserve the homogeneity of the bases and of the entries. We provide an example below.

Example 4.5.4. Continue Example 4.5.3. For reference, a description of Wy € My 5(Q]x]) is given below, with
the pivot entry Wi(1,1) highlighted in blue and the target elements , i.e. the elements to the left of the

pivot, highlighted in red .
(0] [o]
W, = - = O2 0 O3

0 -z -z 0 —=x

0 0 T —x 0

Below, we define the elementary transvections Egd(l,i;fl,i) for i € {2,...,5} used to eliminate the entry
Wi (1,4) with the pivot multiplier f; ; highlighted in orange .
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100000
0100 0
Wi (1,2
i=2 fl,z—WlEll;—O and Vi =Bl (1,2:0) =1 = [0 0 1 0 0
e 00010
0000 1
10000
0100 0
Wi (1,3
i=3 f1,3:_VV1E11;:0 and Vi =Bl (1,3:0) =1 = [0 0 1 0 0
e 00010
0000 1
100 -z 0
010 0 0
Wy (1,4
i=4 f1,4=—W1E11;:—x and Viai=EQ (1,35 —2) =001 0 0
e 000 1 0
000 0 1
100 0 —a?
0100 0
Wi(1,5
i=5 fl,SZ_VVlElli:—-T2 and V1,4;:E£f’jd(1,3;—x2) =]00 10 o0
e 0001 0
0000 1

As a sidenote, we can calculate the matrix product (V12)(Vi3)(V1,4)(Vi5) or any re-ordering of the product
[5]

without explicitly identifying each E_3,(1,7; f1,;) as follows:
1 fiz fizs fia fis 110/0|—z| —22
0 1 0 0 0 01 0 O 0
Vi) Vis)(Via)(Vis)=]0 0 1 0 0 |=foo0o1 0o o
0 0 0 1 0 0 0 0 1 0
0 O 0 0 1 0 0 0 O 1

Then, the column reduction step in the & = 1 loop produces the following matrix, with the columns highlighted
in orange being the columns affected by the column reduction.

100 —=x z?
2
900 (PITH @ou0s
= 1 =
W) (Vi2)--- (Vi) 0 —o 22 0 2|20 0 0 0 —z -z 0 —ab
0 0 zr —x O 0.0 01 0 0 O r —x 0
00 0 O 1

Note that the definition of V; by Line 11 of Algorithm 4.5.1 includes the column permutation in its defi-
nition. Note that since Vi, = Eg‘?,]vap(l,Q) is multiplied on the left of (Vi2)---(Vi5), it permutes the rows
of (Vi2)---(Vh,5) instead. Highlighted below are Row 1 and Row 2 of (Vi3)---(Vi5) and where they are
mapped to after the row permutation.

1 0 0 —x —2a? abr (O 1 0 O 0
01 0 O 0 /1('('1" 1 0 0 —x —2a2
Vi= (Vi) (Vi) (Vig)(Via)(Vis) = ERlap(1,2)]0 0 1 0 0 |[=ad’[0O 0 1 0 0
000 1 0 cdl0 00 1 0
000 0 1 ac®\0 0 0 0 1
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The matrix V; € GL(5,Q[z]) induces a basis T = (11(z),...,75(z)) of CF"(Ka; Q) given as follows:

]
=
8

o
B

N
8
I
|
8

~—

—
f=al
9]
5]

~

+

=

S
QU
S

[N~}
~
I

>
~~ N /N /N
\_/\./\ﬁ/\_/\_/
|
—~
—t
~—
N
I
8
[\
~—
I
~—~ N /N N
N
59
~—r
8
[\V)

=
8
I
8
[ V)
~—
=
9]
=
_|_
—
=
9]
=
w
~
|

Observe that the basis T' = (7;(x)) is a homogeneous basis.

Step D. On Elimination by Row Reduction: Lines 12-14 of Algorithm 4.5.1

The matrices Uy k+1, Uk k+2; - - - Uk,m € GL(m,Flx]) correspond to row operations that eliminate the entries
under the pivot entry Wi (k, k). As with column reduction, since the elements of W} are homogeneous by
Lemma 4.4.1 and the pivot Wy (k, k) is chosen to be of minimal degree, each entry Wy (j, k) under the pivot can
be eliminated by the addition of g ;Wi (k, k) with g ; € Flz] homogeneous and j € {k+1,...,m}.

As mentioned on Item 4, the column operations in Lines 9-11 of Algorithm 4.5.1 do not affect the &*" column
of Wi. Then, the entries below the pivot Wi (k, k), i.e. entries indexed by (j,k) with j € {k+1,...,m}, are
unaffected by the column reduction. Therefore, we can define the transvections Uy ; that eliminate the (j, k)th
entry of Wj, relative to Wy, as opposed to the matrix WV} post-column reduction. Furthermore, all of the
row operations by the transvection (Uy, ;) ™! = Egg}i (j, k5 9k;) also do not affect the k' row of Wj,. Therefore,
we can define the elements gy ; such that Wi (j, k) + gr,; - Wi(k, k) = 0 relative to Wy, as done in Line 13 of

[m]

Algorithm 4.5.1. As a sidenote, the order in which the row operations E_ 3 (j, k; gk ;) with j € {k+1,...,m}

n)

and the column operations E[add(k, i; fr,:) with i € {k+1,...,n} do not affect the definition of g ; and f,.

Since we have labeled the matrix Uy € GL(m,F) in Item (1) such that (Uy) ' Dy_1Vi = Dy, ie. (Ux)™!
more closely describes the row operations done on Wy, = Uy, . Dy.—1 Vg 1, we will have to take the inverse of the
matrix product (Ug,m) *(Ugm—1) - (Ugx) "' resulting from the row operations done on Dj_; if we want an
expression for Uy. To simplify this calculation, we can apply the property that (AB)~! = B~tA~! for any pair
of invertible matrices A, B € GL(m,F[z]). Then, the matrix reduction on Dj_; is as follows:

row reduction on Wi Wi, column reduction on Wi
Dy = (Ukm) ™ (Ukym—1) " Uk 1) ™ (Uke) ™" (Di=1) (Vi) (Vi) (Vig2) -+ (Vien)
( (Uke) Uk+1) -+ (Ukym—1) (Ug,m) )71 (Di-1) Vi) Vieor1) (Vieer2) - -+ (Vien)
U Vi

[m]

Observe that if Wy (j,k) = 0, then there is nothing to eliminate and E_;;(j, k;0) = I,,, trivially preserves
homogeneity. If Wy (j,k) # 0, gi,; € F[z] must be homogeneous and satisfy the following equation:

degy, (gk,;) + degy, (Wi (k, k)) = degy, (Wi (4, k))

Then, Proposition 4.4.7 (row reduction preserves homogeneity) applies and these row operations preserve the
homogeneity of the bases and of the entries. We continue the calculation of the SNF of [0 below.

Example 4.5.5. Continue Example 4.5.4. Listed below is the matrix Wi, with the pivot entry Wi (1,1)
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highlighted in blue and the target entries , i.e. the entries below the chosen pivot, in red .

0 0 T x?
x 0 0 0
W= -z —2* 0 -3
0 x -z 0
Below, we define the elementary transvections Eggd(j,i;fl_i) for j € {2,...,4} used to eliminate the entry

Wi(j,1), with the pivot multiplier ¢g; ; highlighted in orange .

100 0

; _ @y —1 [4] z 1 0 O
i=2: 2=y ¢ ad () =E(21:0) =100 1 0
000 1

100 0

_ B 1 ol 0100

7 =3 91’3__W1(1,1)_0 and (Ui 3) .:Eadd(3,1,0):]4 =100 1 0
0001

100 0

Wi(4,1) _ 4 0100

j=ds ga=mpagy =0 and (U) 1::E£‘d}d(4’1;0)114 =lo o1 0
00 0 1

Like in the case of (Vvl,g) "‘(V175), the matrix product (U174)71(U173)71(U172)71 = (U172U1,3U172)71 can be
identified explicitly without identifying each matrix U; ; as follows:

1 00 0 100 0

. . 4 |@me 100 z 100
)7 W) )™ = 160 0 1 o =0 0 1 0
gia 0 0 1 0 0 0 1

Since the inverses of elementary transvections are known, we can also calculate the product (Ui 2)(U1,3)(Us.4),
i.e. the inverse of the matrix calculated above, directly as follows:

1 000 1 000
g2 1 00| [-2 100
(r2) W)U = | 0" 0 1 0o~ [0 01 0
—gis 0 0 1 0 00 1

To calculate Uy = (U11)(U1,2)(U1,3)(Uy,4) with Uy = Eéﬂap(l,i’)) from Example 4.5.5, we can permute the
rows of the product (Uy,2)(U1,3)(Ur,4) as follows:

1 0 0 O a 0O 0 1 0

o 4] -z 1 0 0 o b -z 1 0 0
Ur = (U1,1)(U1,2)(U1,3)(Ur,4) = Eswap(1,3) 0o o1 ol=al1 000
0O 0 0 1 de \N O 0 0 1

The matrix U; € GL(4, Q[z]) determines a basis B = (81(x),...,B4(z)) of C§'(Ke; Qz]) by [8;(z)] = col;(Uy)
as given below:

Pi(x) = (=2)(b) + ()(cx) = (=b+c)z
Pa() = (1)(®) =b

Ps(x) = (1)(a) =a

Ba(x) (1)(dz) (d)z
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We can confirm by direct calculation that the entries to the right and below the pivot W7 (1, 1) in the product
(U1)~'DoVy =: Dy are zero, highlighted in red below:

001 0\/1 0o o « 2\ oo Y
(U)_lDV: z 1 0 O - T 0 0 0 00 1 0 0
1 on 1 000 O—m—x20—x300010

000 1/\0 0 =2 -z 0

000 0 1

0000

0 =z 0 22 2

:O—z—x20z3:D1
0O 0 =« —x O

Final Step. Aggregating the Results: Lines 16-17 of Algorithm 4.5.1

Observe that in the k" iteration, the zero entries found below and to the right of the entries dy, . .

., dg—1 of Dy

with d; = Dg_1(4,4) remain zero on Dy, i.e. the permutation, column reduction, and row reduction operations

done on Dj,_4 leave columns 1,...,k — 1 and rows 1,...,k — 1 of Dy_; undisturbed. Then, at each iteration
with k& € {1,...,min(m,n)}, the matrix [¢] gets cleared row by row and column by column like so:
Dy = [(,D] Dy = (Ul)_lD()‘/l Dy = (UQ)_lDl‘/Q
* % * 0
k% k% 0
>;< * * % x| ~=
* * * * *
0
0
~

is achieved

(:] S (Repeat until SNF

)

We also get the matrices U € GL(m, F[z]) and V € GL(n,F) by unfolding the matrix reduction as follows:

D

= Dmin(m,n)

= (ljmin(m,n))_1 (Dmin(m,n)—l) (Vmin(m,n))
= (Unin(man)) ™" Ukg) '"U) ™ (De=1) (Vi) (Vig1) - (VaainGman))

= (Umm(myn))*l e (U) T (U U) T Dy V(Va) - (Vi) -+ (Vmin(m,n))
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= ((U1)(U2) < (Uk) -+ (Unin(m,m)) )1 [«] (Vi)(2) -+ (Vi) (Vamin(mon)
U Vv

5

Below, we finish the calculation on [9¢'] started on Example 4.5.3

Example 4.5.6. Continue from Example 4.5.5. In this example, we finish the calculation of an SND (U, D, V)
of [0f"] by Algorithm 4.5.1. For reference, [¢] =: Dy € My 5(Q[z]) is given below.

abr ber adx® cdx®  acz®

a (—x 0 —2? 0 —x3
Dy:=[0%=b| 2 -z 0 0 0
ce| 0 1 0 T x2

dr \ 0 0 T —x 0

From Example 4.5.5, we have calculated the matrices Uy € GL(4, Q[z]), V1 € GL(5,Qlz]), and Dy € My 5(Q[z])
as labeled in Algorithm 4.5.1. For convenience, we copied the results below.

0 01 0 1 0 0 0 0 010002

—z 1.0 0 0 = 0 22 23 L 00— —z

U, = Dy = , \ vi=lo o1 0o o
1 0 0 O 0 —x —z 0 =z

0 0 0 1 0 0 x -z 0 000 1 0

000 0 1

For the k = 2 loop of Algorithm 4.5.1:

We perform matrix operations on D;. For brevity, we provide the matrices Uy € GL(4,Q[z]) and V3 €
GL(5,Q[z]) that account for all row and column operations on D respectively. Note that since D;1(2,2) = z
is already of minimal degree across the nonzero entries D1 (j,4) with j € {2,...,4} and i € {2,...,5}, D1(2,2)
can serve as the pivot and we do not need to permute D;. Highlighted in blue is the pivot D;(2,2) =z,
in red are the entries to be eliminated by row reduction , and in orange are those to be eliminated by
column operations .

D, =

c oo
\
8
\
8
[
o
8

0 T —x 0

We set Uy € GL(4, Q[z]) for the row operations and V, € GL(5,Q) for the column operations as follows, with
their respective pivot multipliers highlighted in orange and red respectively.

10 00 1 0 0 100 0 0
2
010 0 0 1 00 0 1 [o)f=e) =?]
—1 .

(UQ) = with U2: and V2: 0 0 1 0 0

0/ 1/1 0 0 -1/1 0
0 0/0 1 0 0] 01 000 10
000 0 1

For the k = 3 loop of Algorithm 4.5.1:
Given below is Dy := (Uy) 1D Vs, with the chosen pivot entry D;(4,3) = x highlighted in blue . Since
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the pivot is not given by the (3, 3)™ entry of Dy, we need to permute the rows and columns of Ds.

1000\/1 0 0

_ o1o00|lo = o0
Dyi=(U)'DiVe= | g1 1 gl|0 o —a2
0oo01/\0o 0 =z

0 O 1
x? 28 0
0 23 0
—x 0 8

00 O 0
10 —x —z?
01 0O 0
00 1 0
00 0 1

0

0

—x2

0
0
22

o O O O

10
0 =z
0 0
0 0

—X

We have the following calculations for Us € GL(4, Q[z]) and V3 € GL(5, Q[z]) below. Highlighted in green are
the entries and rows related to row permutations , those in red for column reduction , and those in orange

for row reduction .

100 0\ /1
4 0100]]o0
W3 - ELV\]rap(gaZl)DQ: 0 0 0 1 0
0010/\O
1000\/10 0 0 0
D ~loroo0f{foz 0 o0 O
2 7 loo010]|00 [z] -z 0
00z 1 00—%3520
1000\/1000 1
01o0o0|l[o100 0
-1 . _
W)™ =1o010|looo1|=]o0
00z 1/\0010 0
1000 1000
U 101 00]-1/0 100
3 7 looo1 0010
0010 00z 1
10000
01000
Vs =100110
00010
00001

For the k = 4 loop of Algorithm 4.5.1:

o O

[ V)

coor~o B&
—roco0co ~—m— oo ~o o

OO OO

= O OO
8~ OO

o OO
o o= O

0 O 10 O 0 O
0o o] [oz 0o 0 0
22 0] [00 [z] —2 0
—x 0 00 —z% 22 0
88 10000
Col_fozo0o00
. 0 0(z]0 0
00O0O00O
01
0 10 0 O 10 0 O
0 01 0 0O |01 0 O
1 00 1 O0) o0 —x1
0 00 —z 1 00 1 O

Observe that Dj is already in Smith Normal Form. Then, Algorithm 4.5.1 stops and returns the matrices
U and V as denoted below and the matrix D := D3 as the Smith Normal Form of Dy = [9{"].

0 010 1 0

—x 1 00 0 1

U= (Ul)(U2)(U3)_ 1 000 0 —1
0 001 0 0

010 O 0 100

100 —z —22|[010

V=W =loo1 0 o |[oo1
000 1 0 000

000 O 1 000

00 1
00}fo0
10])10
01 0
0 0
—r —a?
0 0
1 0
0 1

oSO = O

0
0
-
1

corRroo L oOC

oo oo
(vl el =)
O == OO
= O O oo

a 0 -1 —z 1
bl—-x 1 0 O
cr| 1 0 0 O
de\NO 0 1 0
abr {01 0 —x —2z2
bex |1 0 0 —z —x2
adz?l 0 0 1 1 0
cdz®{0 00 1 0
ac®\0 0 0 0 1
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We can confirm that U~1[0%"]V = D by the following calculation:

e 2
0010\ /-2 0 —22 0 —2° ?ég_i_; 10000
1Sy 01 x20 z —x 0 0 0 001 1 o0 |= _Oa:OOO_D
T oooaflo o0 e 2001 ol loozoo]”
t1zo/\o 0o = = 0/)\,00 0 1 00000

Then, the matrices U € GL(4,Q[z]) and V € GL(5,Q[z]) induce bases B = (1(x), ..., Ba(z)) of C§"(Ke; Q) by
[Bj] = col;(U) and T = (71 (z),...,75(x)) of CF"(Ke; Q) by [1;] = col;(V) as follows:

fi(x) = (=2)(b) + (1)(cx) = (=b+c)z
Pa(x) = (=1)(a) + (1)) = (-a+b)
Ba(x) = (=x)(a) + ()(dz) = (—a+d)z
Ba(x) (1)(a) = (a)

(bex) = (be
1)(abx) = (ab

I
,_.A/—\

)
Y
8

]

S~—

I

I
A~ N N~
L8 E
I
—~~

( 2
= (—xz)(abz) + (—z)(bex) + (1)(adz?®) + (1)(cdx?) = (—ab+ be + ad + cd)x?
T5(x) = (—2%)(abx) + (—2?)(bex) + (1) (acx®) = (—ab + be + ac)x®

Observe that both B and T are homogeneous bases and that the nonzero elements 1, z,z € Q[z] of the SNF D
are also homogeneous.

)

)
(ad)z

)

)

With Algorithm 4.5.1 established, we can now state the existence claim for the Graded Structure Theorem
(Theorem 4.3.1) in relation to the SNDs compatible with Proposition 4.3.5.

Proposition 4.5.7. Let M be a finitely generated graded F[x]-module with graded presentation given by ¢ :
Fs — Fg and 7 : Fg — M with homogeneous bases S = (01(z),...,0n(2)) of Fg and A = (a1(x), ..., am(x))
of FG.

Then, there exists an SND (U, D, V) of [¢]4 s such that the basis B = (81(x),. .., Bm(x)) of Fg by [5;(z)] =
col;(U) is a homogeneous basis and the nonzero elements di(z), ..., d,(x) of the SNF D by d;(z) = D(j, ) are
also homogeneous. Furthermore, the basis B = {5;’(@}]71 of Fg and the nonzero elements {d;(z )};:1 satisfy

the hypothesis of Proposition 4.3.5 and can be used to calculate the graded invariant factor decomposition of
M.

Proof. Since [p]a,s satisfies Lemma 4.4.1, Algorithm 4.5.1 will yield an SND (U, D, V) with the required
properties. Note that Proposition 4.4.4 states that the properties given by Lemma 4.4.1 are preserved
in the column reduction operations done by Algorithm 4.5.1, Proposition 4.4.7 states this for row
reduction, and Proposition 4.4.9 states this for the permutations and dilations.

The divisibility relation di(z)| --- |d-(z) is guaranteed by how the pivots in each iteration in
Algorithm 4.5.1 are chosen, i.e. deg;, (d1(z)) < degy, (d2(x)) < ---degy, (d-(x)) since each d,.(z) is chosen
to be of minimal degree. Note that while d;(z) is generally not in the form 2% with degy, (d;(x)) = t;
as required by Proposition 4.3.5, there exists a nonzero p; € F such that p - d;(z) = 2%. Then, the
SNF D of [¢] can be multiplied by appropriate elementary dilations over F[z] to have d;(z) = z% for
all j e {1,...,7}. L]

While we have not strictly established this for arbitrary graded chain complexes of free graded F[z]-modules,

we can continue the calculation on [0 on Example 4.5.6 and determine the 0'' persistent homology module
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of the filtration K,.

Example 4.5.8. Let K, and K be given as in Example 3.2.3 and orient K with the vertex order Vert(K) =
(a,b,c,d). For convenience, an illustration of K and K, (without orientation) is copied below:

K ¥o ¥ ¥ Yo K4 Kewhi2t
o b AN R T T -
N TN NN
4 e d oo |l d o lld e |4 e |4 e

We claim that the following sequence is a graded presentation of the 0" graded persistent homology module
HS(K,; Q) of K, with coefficients in Q:

8Gr
CS(Ku; Q) — 2 OS5 (Ku; Q) —— HS(Ku;Q) —— 0

where 7 refers to the canonical quotient map. The justification for this is similar to the non-graded case by
Proposition 4.2.1 with ker(9$") = C§"(Ke; Q).

An SND (U, D, V) of [0f"] in the graded presentation of H{"(K,; Q), as calculated in Example 4.5.6, is given
below. The columns of U and the diagonal entries of D highlighted in blue correspond to a basis of im(y) ,

and the columns of U highlighted in red correspond to the basis elements that map to the free component
of HS"(K.; Q).

u 211 00 0 0 abr {0 1 0 —zx —z?

bex |1 0 0 —x —2a2
szr 8 8 D= 88 8 V=oad#[0 01 1 0
dz 1o 0000 0 cde>0 0 0 1 0
' ac\0 0 0 0 1

Then, HOGr(K.;Q) is calculated using Proposition 4.3.5 as follows, with the trivial and torsion summands
highlighted in blue and the free summands in red .

(trivial) (torsion) (torsion) (free)

B0 e © e © Gty © e
e o (_Qll(—a+b) i _Qleltza+d) 2)(a

- 0o (g rm) © Qe ) ® @

GriMod % 1 M x

= 2 e () e om

We can also determine the 0" persistence barcode Bar(K,; Q) of the filtration K, by calculating the interval

decomposition of the 0*" persistent homology module Hy(K,; Q) by Corollary 2.5.13 as follows:
(torsion) (torsion) (free)
HS' (K, Q) o (%[Q)C] D 21(%) & Qlz as graded Q[z]-modules
T x
Hy(K,;Q) P’g H[.O’l) D H[.1’2) D ]I[.O’OO) as persistence modules over Q
Bar(K,;Q) > [0,1) , [1,2) ,  [0,00) as intervals in a persistence barcode
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Section 4.6. Matrix Calculation of Homology of Graded Chain Complexes

Let Cy = (Ch, On)nez be a chain complex of free graded F[x]-modules C,, of finite rank with graded differentials
O, : Cp_1 = C,. As with the case of chain complexes of free R-modules in Section 4.2, we can calculate the n'®
homology of C, using SNDs of [0,+1]. Recall that this calculation relies on the existence of a decomposition of
C,, by Theorem 4.2.3 into three direct summands as denoted below:

Mod tor free
Chn = K" @ K. (Cy [ kerd,)

We discussed that this decomposition can be represented by a specific SND (U, 11, Dyt1, Vig1) of [Ony1] and
we have also established that this SND can be calculated using an arbitrary SND (W, 41, Dpt1, Viut1) of [Ont1]-
Then, using the same arguments for Smith Normal Decompositions of matrices over F[z] given by Lemma 4.4.1
in Section 4.3, we claim that the results of Section 4.2 also extend to the graded case. That is, we have the
following decomposition on C,, as a graded F[z]-module:

GrM

od f
Cn. = KXo K™ao((C, / ker 9,,)

with graded F[z]-modules K, K¢ and C,, /kerd, defined similarly as in Theorem 4.2.3.

In Section 3.3, we discussed how the persistent homology of filtrations can be expressed as the homology of
graded chain complexes. That is, given a filtration K,, we can determine the n'" persistent homology module
H,(K,;F) of K, with coefficients in F by the calculating the n'" simplicial persistent homology module:

ker(9S")
HE(Ke;F) Zamod — ot
3 ) Sttt im(05 1)

where, for all n € Z, the filtered n*® chain module C¢(K,;F) of K, is a graded F[z]-module and graded n't
boundary map 95" : C¢'(K.;F) — CS ,(K,;F) is a graded homomorphism. Then, HS' (K,;F) admits the
following graded presentation:

o%
CS (Ko F) —1 ker(987) — HS'(Ky;F) — 0

Since the arguments for the calculation of graded chain complexes follow exactly as that of Section 4.2 (with the
addition of the modifier graded for R = F[z]), we only present examples and some comments about calculation
in this section.

Earlier in Example 4.5.8, we calculated the 0" persistent homology module Hy(K,; Q) of some filtration
K. where ker(9§") = C&(Ko;Q). In the example below, we calculate the 15 persistent homology module
Hy(K,;Q) of the same filtration.

Example 4.6.1. Let K be the simplicial complex given below with orientation Vert(K) = (a,b,c,d). Let K,
be a filtration on K with K; given as follows:

K Yo K ¥ ¥z Ky K v 26

“F\o “‘.\217»“[10“F\0“E\o“]§b
d(‘. ;Cd(‘.d(‘,dcd(‘.

To calculate H;(K,;Q), we consider the matrices of the graded boundary maps 95" : C$"(K,e; Q) and 9% :
CF(K,;Q), which determine the torsion and free component of H'(K,; Q) respectively. Provided below are
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[0F] and [0$7] relative to the standard bases.

4 5
. . ‘ abcx®  acdx
. ,
abr bex adr® cdx®  acx®

. 0 2 0 3 abx xz 0
) bex 0
ofN=0o 2 -z 0 0 0 and [057] = B 3
cx 0 1 0 —T x? ade 0 -
'll 0 0 - N 0 cdx? 0 3
dx ‘
acx® \ —zx 22

We want to find an SNDs (Uy, D1, V1) and (Us, D2, Va) of [0°] and [95"] respectively such that a basis compatible
with the following decomposition of C"(K,; Q) can be identified from said SNDs:

Cr'(K.; Q)

Gr GrMJOd tor free
(O (K';@) = K\"®K'"o ker(aGr)
1

with Kt°" and Ki™¢ as denoted in Theorem 4.2.3. Recall that
ker(96) = K1 @ KP  and  T(H(K.;Q)) = K /im(9§")

where T(—) denotes the torsion submodule of a graded F[xz]-module. Note that if we want to identify cycle
representatives, the basis we get for K1°" from the SND of [0$'] must be identifiable in the basis for ker(9°") we
get from the SND of [0%]. To get SNDs with this property, we do matrix reduction differently than described
by Algorithm 4.5.1.

For the SND (Us, Da, Va) of [057]: Define Ty := [05"] and let T}, denote matrix [05"] after &k column or row
elimination operations. We use the following color scheme in the calculation below:

chosen pivot , entry to be eliminated , pivot multiplier , affected row or column

a3 0 z3 |zt

3 0 z3  zt

Ty =Ty B2 (1,2;2) = 0 —a? (é) -0 -2t

0 3 0 x3

10 0 0 0 3 gt x>zt

01 0 0 xt 0 at

T :=EP (2,5:2%) Ty = |0 010 0 0 —a3 | =]0 -2

0001 0 0 a3 0 a®

0000 1/)\(=z 0 —z 0

100 0 22 zt 0 at

0100 [0 0 af 0 ot

Ty:=E0,(1,5:2%) T, = [0 0 1 0 0 0 -3 | =0 -4
3 add \ 2 Y 2

0001 0 0 4B 0 a3

0000 1/)\=z 0 —z 0

1000 0 0 t

01000 0 0 ot

T,:=EP34;1) 3 = |00 1[1]o 0 -3 = |0 o

000110 0 0 a3

0 00 01 - 0 —x 0
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Ty :=EP (2,4;-2). Ty =

SO OO
OO OO

Ty = EPl (1,4;—2) - T3 =

|
8
o8 coco o ool

OO OO
OO OO

Observe that the matrix Ty is only a few elementary permutations away from being in Smith Normal Form.
Instead of doing row and column permutations on Ts, we stop here and work with the SND (Us, Da, Vz) of [95']
as given below, with the columns of U, corresponding to a basis of K{°" and the entries in Dy corresponding to
the invariant factors of H'(K,; Q) highlighted in red and purple .

0 0

L. 0 0
%Eﬁ}d(l,fz;x)<0 1), ad  D;=Tp=| 0 0|
0 ..a:

=) o

Uy = (Eﬂd(l,zi;—x) EP(2,4;—2) - EP) (3,4;1) - EF (1,

ot

;x2) -Egsd]d(2,5;x2)>_1

= EP (2,5, -2%) Bl (1,55 —2%) - BN (3,45 -1) - EPL (2,4;2) - BB (1,4 2)

abx 1 0 0z || —22
bex | 01 0| o || —22
= adz”| 0 0 1]|—1 0
cdz] 0 0 0 1 0
acz®\ 0O 0 0] 0 1
——
K{or

Let Sz | faz*® € CS'(K,;Q) be given by [f12°] = coly(Us) and [B22°2] = col5(Us) , following the color
scheme above. Then, we have the following information for the graded invariant factor decomposition of K{°r /
im(05"):

Filtered Cycle Cycle in C1(K;Q) Degree of Invariant Factor ~Grading Shift
1z = (ab+bc — ad + cd)x®> By = ab+ bc — ad + cd t; = degy, (23) =3 51 =2
B2x*? = (—ab — bc + ac)x® B2 = —ab — bc+ ac t; =degy(—z) =1 S92 =3

Then, the torsion component T(H " (Ko; Q)) of HE(K,; Q) is given by:

GMod  KYOT Qlz](Br12?) Q[x](B2z*) ~ w2 [ Qlz] 5[ Qlz]
= mEF) Qe A © Qe far®) ((ﬁ)) b ( @) )

T(H (K Q)

To determine the free component F(HE(K,;Q)) = K¢ of HS(K,;Q), we need information about
ker(90¢") = Kl @ K1°' which we can get from an SND of [0f]. Given below is the SND (Uy, Dy, V;) of
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[0F"] calculated in Example 4.4.5 (column reduction) and Example 4.4.8 (row reduction):

. )
11 2 = 0000 0 aba 1 0 0 =z x2

01 0 00 0 0 bex 01 0| x | —x

U = * Di=|"% Vi=ad?| 0 0 1 =1 0

00 1 0 01 0 0 0 5

00 0 1 0 0 0 0 cdx 0 0 01 0

t acz®\0 0 0 0 1

——

ker(9¢)

Since the 4** and 5*® columns of the SNF D; of [0%] are zero columns , the 4*® and 5 columns of V; determine a

basis of ker(9°"). Observe that these two columns are exactly the columns corresponding to S17*! and B22** .
Then, K{ree = 0 and the free component of H IG'(K., Q) is also trivial. Therefore,

HE (K Q) 2 F(HS (Ko@) o T(HE (K Q) =00 32 (gf)]) & E‘”’(%ﬁ)

By application of Tpes(—) on the graded invariant factor decomposition of HS'(K,;Q), we get the following for
the interval decomposition and persistence barcode Bary (K,; Q) of H;(K,.;Q):

and

Bar (K.; Q) = {[275)7 [374)}

P

Re

Hl(Ko;Q)

The intervals in the 15 persistent barcode Bari(K,;Q) of K, over Q correspond to the 1% filtered homology
classes illustrated below:

Interval Module [lustrated in K,
% K % % Ky ehtes
12249 ~ 1 Qlz){p12?) % b 4 vl % v || % v | &4 b4 )
: — e Qe Bia?) 7 D & N N
with 51 = ab+ bc — ad + cd ; . 4 e P 4oy 4 .
AF— -5
Yo ¥ ¥ Yo Ky K vwh 125
334D & 1o Qz)(B22*) % b — b | f— v b A b G v
* T Qe (e et 7 D E N N
with 8o = —ab — bc + ac ; . 4% i e Y 4.
Y

PAGE 151 OF 169



Acknowledgements

This expository paper is the culmination of my two and a half year’s stay at Oregon State University. I will be
the first to admit that this paper is far from perfect and there is so much more that can be done to improve it.
The weaknesses of this paper are reflective of my journey as a graduate student and a learner of mathematics.
Before I started my program at OSU, I had very little to no knowledge of topics like category theory, graded
module theory, algebraic topology, and homological algebra — all of which I had to learn in sufficient depth to
write this paper. Mistakes were a huge part of my journey but I like to see my recognition of these mistakes as
part of growth and as a testament to how much I have improved from where I started.

Despite this paper’s weaknesses, I'd like to think that this paper has some meaningful contribution to
mathematics. Persistent homology theory is a new and young field of mathematics, one that emerged only a
few decades ago. A huge part of the writing process involved gathering all these seemingly disparate papers
and results, and trying to make sense of the differences in definitions, convention, and notation. This paper is
my attempt at reconciling these differences and making the connections between all these algebraic concepts
clearer and more concrete. I'd like to think that, in the future, what I had written would help another student
progress further in their learning journey.

The strengths of this paper are also reflective of my support system, without whom I could not have
completed this paper and my Master’s degree. I'd like to express my sincere gratitude to the following people:

1. My advisor, Dr. Christine Escher, for her unwavering support and guidance throughout my career at
OSU, undeterred by my failings and weaknesses.

2. Dr. Chad Giusti and Dr. Ren Guo, for their encouragement, patience, and understanding as part of my
graduate committee, especially during the times I had faced hardships and roadblocks.

3. The mathematics community at OSU, including my fellow graduate students, the graduate and under-
graduate math faculty, and the math support staff, for making me feel welcome at OSU.

4. My family and friends, for their support throughout the challenges I've faced, whether they be academic,
financial, emotional, or medical in nature.

PAGE 152 OF 169



Appendix Al. List of Symbols

Symbols involving Sets, Modules, and Graded Modules.

Ng

R

/’}j\'ﬁ
=

=
=

=
|

the nonnegative integers, i.e.
No={ne€eZ:n>0}={0,1,2,...}.

unless otherwise specified, typically used
to refer to an arbitrary principal ideal
domain (PID).

the group of units (invertible elements) of
some ring R.

typically used to refer to an arbitrary field.
the free component of an R-module M.
the torsion component of an R-module M.

usu. the quotient module with some
R-module M and submodule N of M;
equiv. to M /N.

refers to the free R-module formed by
R-formal sums of elements in the
argument, see Definition A3.7.

Symbols for Relevant Categories.

C
Top

usu. used to refer to an arbitrary category.

the category of topological spaces and
continuous maps.

Poset(R, <) the category induced by a poset (R, <),

A-Simp

AbGrp

MOdR

MOdZ

see Definition A4.3, conventionally
denoted as (R, <) in category theory;

not to be confused with the category
Poset of posets and order-preserving maps
(not used in this paper).

the category of (abstract) simplicial
complexes and simplicial maps, see
Definition 1.3.2.

usu. for an arbitrary abelian category.

the category of abelian groups and group
homomorphisms.

the category of right R-modules and
R-module homomorphisms for some ring
R, the modifier “right” is usu. dropped
when R is commutative.

category of Z-modules, equiv. to AbGrp.

Rlx] the polynomial ring with indeterminate x,
equipped with the standard grading when
grading is considered, see Definition 2.4.2.

Mgzt the R-module isomorphic to M by
mat — m € M; may be used to identify
the degree of a homogeneous component of
a graded R[z]-module, see Remark 2.4.9.

deg(—)  the degree of a polynomial with
indeterminate x, not necessarily as an
element of a graded F[z]-module.

degy,(—) the degree of a homogeneous element of a
graded F[z]-module, usually used when a
relation is only valid for homogeneous
elements, agrees with deg(—) for nonzero
homogeneous elements and is undefined
for non-homogeneous elements and zero.

idg usu. the identity function on some set A.

Modpg,; the category of ungraded R[z]-modules,
i.e. disregarding any graded structure (if
such exists).

GrModp(,) the category of graded modules over
R[z] and graded R[z]-module
homomorphisms, see Theorem 2.4.6.

Persp the category of persistence modules over F
and persistence morphisms, see Definition
2.2.1.

Ch-A the category of chain complexes of an

abelian category A and chain maps; in this
paper, * is used for the index n € Z, e.g.
C. = (Cyn,0n)nez 18 a chain complex.

Ch-GrMody,) the category of graded chain
complexes, see Definition 2.4.17.

Ch-Persy the category of persistence complexes, see
Definition 2.2.10.

H,(—) the n'® chain homology functor Ch-A — A
in some abelian category A.
For A = GrModpy/,), see Definition 2.4.17.
For A = Persg, see Definition 2.2.10(iii).

ide the identity functor on a category C.
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Symbols and Shorthands for Specific Binary Relations.

&) refers to the direct sum operation on an
abelian category A; when the category A
is ambiguous or emphasized, an
accompanying relation =, is identified in
the relevant line.

For A = Modg(,) or A = GrModg|,], see
Remark 2.4.7. For A = Persp, see
Definition 2.2.5.

denotes an isomorphism relation on a

Il
0

category C, usu. used when the category
in which the relation is considered is
ambiguous or emphasized.

& denotes an equality at the level of abelian

groups or F[z]-vector spaces, see Remark

2.4.7.

Mod

= shorthand for an isomorphism relation in
Modg(,, disregarding any graded
structure (if such exists), see Remark
2.4.7.

GrMod

>~ shorthand for an isomorphism relation in

GrModg|,), see Remark 2.4.7.

Pers

shorthand for an isomorphism relation in
Persp, see remark under Definition 2.2.3.

Notation involving Simplicial Complexes and Simplicial Homology. See Chapter 1.

K unless otherwise specified, usually used to
refer to an arbitrary simplicial complex.

Vert(K) the vertex set of a simplicial complex K,
see Definition 1.1.1.

Kn the standard ordered basis of C,,(K; R) of
a simplicial complex K relative to some
given orientation on Vert(K), see
Definition 1.2.5.

Cn(K;R) the n*® simplicial chain group of a
simplicial complex K, see Definition 1.2.1.

shorthand for C, (K;Z).

Cn(—; R) the n'" simplicial chain group functor
A-Simp — Modpy with coefficients in R,
see Definition 1.3.5.

frt usu. the map C,,(K; R) — C,,(L; R) on
the n'? simplicial chain groups induced by
the simplicial map f: K — L, see
Definition 1.3.3.

fu shorthand for f,, », used when the
dimension n is arbitrary or unambiguous.

[vo,...,v,] an oriented n-simplex, i.e. a basis
element of an n'" chain group C,(K; R)
with ordering (vo,...,v,), see Definition
1.2.5.

string shorthand for the oriented
U], see Remark 1.2.2.

UO ... U’,L
n-simplex [vg, .. .,

On usu. refers to a simplicial boundary map
On : Co(K;R) — Cp—1(K; R), see
Definition 1.2.7; also used to denote
differentials of an arbitrary chain complex
Cy = (Cpy On)nez.

C.(K; R) the simplicial chain complex
Cy(K; R) = (Cp(K; R), Op)nez with
boundary maps 9, : C,,(K; R) —
Crn-1(K; R), see Definition 1.2.9.

shorthand for C,.(K;Z).

C.(—; R) the simplicial chain complex functor
A-Simp — Ch-Modg, see Definition 1.3.7.

H,(K;R) the n*® simplicial homology group of a
simplicial complex K with coeff. in R, see
Definition 1.2.9.

H,(K) shorthand for H,(K;Z).

H,(—; R) usu. refers to the n'" simplicial homology

functor A-Simp — Modg with coeff. in R,
see Definition 1.3.9.

Bn(K; R) the n'™ Betti number of a simplicial
complex K with coefficients in a PID R,
ie. B, (K; R) = rank(H,(K; R)).

Bn(K)  shorthand for 5, (K;Z).

[o] usu. refers to a homology class in
H,(K; R) with the n-chain o an R-formal
sum of oriented n-simplices, typically
written in string notation.
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Notation involving Persistence Modules. See Chapter 2.

(Ve,e) & persistence module with vector spaces V;
and structure maps o, : Vi — Vg, see
Definition 2.1.1.

Ve shorthand for (V4, @, ), see Definition 2.1.1.

Ve usu. a persistence morphism e : Vo — W,

with pe = (©1)ten,, see Definition 2.2.1(ii).

(V2,a2,02) a persistence complex, i.e. a chain
complex of persistence modules (V,2, o)
with differentials 05 : Vs — V,?_, over
n € Z; see Definition 2.2.10.

(Ve2,02) shorthand for (V.2 a2, 02).

I/ a J-interval (persistence) module with
J C Ny an interval, see Definition 2.3.1.

Bar(V,) the persistence barcode of a persistence
module V,, see Definition 2.3.6.

T'crMod the functor Persy — GrModyy,) in the
isomorphism of categories bet. Persy and
GrModg|,, see Definition 2.5.1.

Tpers the functor GrMod]Fm — Persy in the

isomorphism of categories bet. Persy and
GrModg|,, see Definition 2.5.6.

Notation involving Filtrations and Persistent Homology. See Chapter 3.

K. a filtration K, : Poset(Np, <) — A-Simp
of a simplicial complex K, see Definition
3.1.1.

Cn(K,;F) the n't filtered chain module of a
filtration K, with coefficients in F, see
Definition 3.3.1.

CS(K,;F) the n'* graded chain module of a
filtration K, with coefficients in F, see
Definition 3.3.4.

Ker the standard ordered basis of CS(K,;F)
induced by the orientation on K, see
Definition 3.3.9.

on the n'! filtered boundary morphism
Op : Cp(Ke;F) = C1(K,), see
Definition 3.3.12.

a8 the n'? graded boundary map
%" : CS'(Ke;F) — CS | (Ko; ), see
Definition 3.3.13.

C.(Ke;F) the simplicial persistence complex of K,
with Cy (Ke;F) = (Cp(Ke;F), 02)nez, see
Definition 3.3.17.

CE(K,;F) the simp. graded chain complex of K,
with C*Gr(Ko;F> = (Cﬁr(K-; F), ar?r)nEZa
see Definition 3.3.17

H,(K,.;F) the n'® persistent homology module of
K, with coeff. in F, see Definition 3.2.1.

HES (Ko;F) the n'® graded homology module of a
filtration K,, see Definition 3.3.19.

[t a homology class in a persistent homology
module at scale t € Ng, see Defn. 3.2.1.

Bar,, (K.;F) the n'" persistence barcode of a
filtration Ko with coefficients in F, see
Defn. 3.2.1.

H, (K;p;F) the p-persistent n*® homology group
with coefficients in F, see Defn. 3.2.12.

Bn(Ky;p;F) the p-persistent n'" Betti number with
coefficients in F, see Defn. 3.2.12.

Notation involving Matrices and Smith Normal Decompositions (SNDs). See Appendix A2.

[v]s the coordinate matrix of v € M relative to
a basis S of some free R-module M, see
Definition A3.8.

the matrix of a module homomorphism
@ : M — N relative to bases S and A of
R-modules M and N respectively.

(U,D,V) usu. refers to an SND of some matrix A
such that U= AV = D, see Defn. 4.1.8.

I, the identity matrix in GL(n, R).

ELZJap(—) an elementary permutation of degree n
over some ring R, see Definition A2.5.

[]

dilate(—) an elementary dilation of degree n over

some ring R, see Definition A2.5.

Eg;]d(—) an elementary transvection of degree n
over some ring R, see Definition A2.5.
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Appendix A2. Matrices over Euclidean Domains

In this paper, we discuss algorithms over matrices over some Euclidean domain R, i.e. matrices whose entries are
elements of R. Note that Euclidean domains have multiplicative identities, typically denoted by 1 or 1g, which
are unique. Euclidean domains are also commutative rings, i.e. the multiplication operation is commutative.

Note that most definitions involving matrices over R are generally the same as that over R. For example,
since R has identity 1, identity matrices and invertible matrices are defined in the same way as that of GL(n, R).
Below, we identify notation involving families of matrices used in this paper.

Definition A2.1. Let R be a Euclidean domain. Let M,,, ,(R) refer to the collection of all (m xn)-matrices,
i.e. having m rows and n columns, over R. If m = n, we write M,,(R) to refer to M, ,(R). Let GL(n, R) refer
to the general linear group of degree n over R, i.e. the collection of all invertible (n X n)-matrices over R.

Next, we identify notation for certain components of some given matrix.

Definition A2.2. Let A € M,,,(R). Let A(j,4) denote the entry of A at the j** row and i*® column.

If n =1, we call A € M,,1(R) a column vector and write A(j) := A(j, 1) for the j*" entry of A. If m = 1, we
call A € M; ,,(R) a row vector and write A(i) := A(1,4) for the i*" entry of A.

Let col;(A) € M, 1(R) refer to the column vector corresponding to the i*® column of A € M,, ,,(R), i.e. for
all j € {1,...,m}, col;(A)(j) = A(j,?) for fixed i. Let row;(A) € M »(R) refer to the row vector corresponding
to the j* row of A € M,, ,(R), i.e. for all i € {1,...,n}, row;(A)(i) = A(j, ) for fixed j.

Note that indices of the rows and columns of matrices always start at 1. We emphasize this since, for some
objects referenced in this paper, e.g. persistence modules, the indexing starts at 0. In this paper, we make an
effort to use j and ¢ to refer to an index of some row and column respectively but this is sometimes not possible,
e.g. in cases where i or j have been defined beforehand.

We also talk about diagonal matrices in this paper. For brevity, we identify notation for describing diagonal
matrices by the elements on their diagonal.

Definition A2.3. Let D = diag(dy,ds,...,d,) with d; € R for all i € {1,...,n} refer to matrix D € M, (R)
given by D(i,j) = d; if i = j and D(4,5) = 0 otherwise.

We also talk about block matrices in this paper. We identify the notation used for these below.

Definition A2.4. Let A € My, n,(R), B € My, ny(R), C € Mypy i, (R), D € My, n,(R). We write
A B
X =
(@ b)
to describe the matrix X € My, »,(R) with m = m; + mg and n = n; + na2. We call X a block matrix and

the matrices A, B, C, D the blocks of X. When a block is given by a zero matrix, we usually do not write the
dimensions of the zero matrix and assume its dimensions are appropriately defined.

Listed below are three families of matrices that are generalizations of the elementary matrices over R, i.e.
those used in matrix reduction and are usually called Type (I), Type (II), and Type (III) matrices. Below, we
state a definition for these families of matrices, taken from [AW92, Definition 4.1.8]. Note that interpretation
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of the left or right multiplication of these matrices are given later in Proposition A2.7 (row operations) and
Proposition A2.8 (column operations).

Definition A2.5. The elementary matrices over R of degree n consists of elementary permutations, ele-
mentary dilations, and elementary transvections, defined below. Note that all indices are elements of {1,...,n}.

i. An elementary permutation Ewap(kl, k2) € GL(n, R) on two indices k1, ke € {1,...,n} is the matrix
obtained by interchanging rows ki and row ks (or equivalently, columns k1 and k2) of the identity matrix
I,,ie.

TOWyg, (In) lf] = kl COl]€2 (In) if i = ]{71
row; (EB&Jap(h, k;g)) = vow, (I,) ifj=ks or col (EL’JJap(kl, kg)) = coly, (I,) ifi = ko
I

row;(I,)  otherwise col;(I,)  otherwise

Elementary permutations are involutions, i.e. the inverse of Ewap(kl, ko) is Eﬁév]ap(kl, ks).

ii. An elementary transvection Eﬁd(kj,ki;a) € GL(n,R) by @ € R on the (kj,k;i)th entry with
ki ki € {1,...,n} and k; # k; is the matrix obtained by taking the identity matrix and replacing the
(kj, ki)™ entry with a, i.e.

e ifj=kjandi=k;

Bk ki @) (j, 1) = { LGid) otherwie

We may call o the transvection multiplier of Eﬁd(kj, k; ;). The inverse of an elementary transvec-

tion Eé[;]d(kj, k;; ) is the transvection Egé]d(k’j, ki, —«) where —a is the additive inverse of o in R.

iii. An elementary dilation Egﬁate(k,u) € GL(n,R) on index k € {1,...,n} by a unit p € R* is the
matrix obtained by replacing the k' diagonal element of I,, with s, i.e.

if j=kandi=%k
El (k) (God) = 4 1
ditate (K> 1£)(J,) { I,(j,i) otherwise

We sometimes call y the dilation multiplier of Egﬂate(k, w). The inverse of an elementary dilation

E([ﬁ%ate(k, 1) is the dilation Egﬂate (k7 u‘l) with ~! the multiplicative inverse of x in R.

One reason why elementary matrices are considered significant is due to the following result for matrices
over Euclidean domains, stated below.

Proposition A2.6. Any invertible matrix over a Euclidean domain R can be expressed as a finite product of
elementary matrices. That is, GL(n, R) is generated by the elementary matrices over R of degree n.

Remark. For a proof, see under [AW92, Theorem 5.2.10]. As a sidenote,

Observe that, given two Euclidean domains R; and Rp, the family of elementary permutations on R
and Ry are defined very similarly since only the multiplicative identities are used to generate them and these
identities are unique for each ring. For example, the elementary permutations of matrices over Z are exactly
the elementary permutations of matrices of R since they share identity elements.

We provide a visual description of these elementary permutations below. Observe that the order of the
arguments k1 and ko in EL’JJap(kl, ko) does not matter, i.e. ELZ‘Jap(kl, ko) = Egvlv]ap(kg, k1).
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=1 k1 ko n < column indices

j=1 1 --- 0 --- 0 --- 0

: o, : : : Color Scheme:

o ) 0 0 indices k1 and k2
Egﬂap( ky kz) - : o : entries in I, set to 1

ks | O 0 0 entries in I, set to 0

: : : : : with uncolored entries

’ ) ) ) T agreeing with I,

n\0 -+ 0 -+ 0 --- 1

N
row indices

Elementary transvections are relatively straightforward to work with since they allow any ring element to be
the transvection multiplier. Note that if & = 0 is the additive identity of R, then Eﬁd(kﬁ ki ;) = I, € GL(n, R).
Also, note that the order of arguments in the notation ngi]d(kj, k; ;) is important, unlike for elementary
permutations, i.e. Eﬁd(kj, ki) # Eﬁd(ki, kj;a).

Provided below is a visual description of Eﬁd(lﬂrow, kcol ;). As the labels suggest, the first two arguments

Erow, keol determine that the (krow, ko)™ entry of Egzl]d(k:mw, keol ; @) is multiplier a.

t=1 - krow -+ keol -+ n < column indices

j=t (1 -+ 0 - 0 - 0

: o : : : Color Scheme:

' ' | ' : index k
Frow | O 1 @ 0 row in o

: : . . . . column index k

EL”(Li]d( krow s kcol jeY ) = : : : .. : : column

ke | O 0 1 0 transvection multiplier «

with uncolored entries
agreeing with I,

YaN
row indices

An elementary transvection Eggd(kmw, keor ;@) can also be described row-wise as follows. Note that only

rOW Krow Of Egé]d(kmw, kcor ; @) differs from the identity matrix I,,.

n j Iv + : 3 Iw if j = kr W
rOwW (Egd]d(k'row,kcol;a)) — {row]( ) o 1owk, (In) i ©

row; (I,,) otherwise

It also has the following column-wise description. Note that only column k., of F := Egé]d(k‘row, keor ; @) differs

from I,,.
1; (I, - col I, if i = keo
col; (Egcli]d(krow,kcol;a)> _ {Co (In) + a-coly, (I,) ifi 1

col; (I,) otherwise

Let R be a commutative ring with identity and S be a subring of R. Since S and R must share an identity
element, the elementary dilations over R are exactly those over S. Given an elementary dilation ngi]d(kj, ki)
over R with r € R, it should be clear that if » € S, then Egz]d (kj, k;;r) is also an elementary dilation over S.
More specifically, Eﬁd(kj, ki;r) € GL(n,S).

However, we do not have this nice relationship for elementary dilations. That is, an elementary dilation
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dilate

dilate
considering which elementary matrices we can use for matrix reduction. We consider some relevant cases below.

(k,r) over R with r € R* is not generally an elementary dilation over S even if r € S. In particular,

(k,r) is that over S only if r is invertible in S. This distinction becomes extremely significant when

1. If R = F is a field, then any nonzero element of F can be used as the dilation multiplier p in Egﬂ ate Ky 14).

For example, row reduction of a matrix with R entries allows the multiplication of any entry by a nonzero
[n]

dilate (ks @) is a valid elementary dilation over R for any nonzero a € R.

constant. This is because E

2. In the case of R = Z, the family of elementary dilations over Z is much smaller than that of R, despite
Z C R, since the only units of Z are 1 and —1. So, when performing row reduction on matrices over Z,
we can only multiply each row by either 1 (which does nothing) or —1.

As another example, let M = Eg]late(lﬂ) with multiplier ¢ = 2. Observe that M is a valid

elementary dilation over R since p = 2 has an inverse of % € R. Given below is a more visual description
-1 _ i3] 1
of M and M~ = Edﬂate(l, 5).

1
"2

O O =

2 00 1
Mopl 0= (0 o) aa aow (1)) -
0 0 1

S = O
— O O

Since 5 € Z, M~' & M3 3(Z) and M~ is not a valid elementary dilation over Z.

3. In the case of R = Q[x], the elementary dilations over Q and those of Q[z] are exactly the same since
they share the same group of units, i.e. Q% = (Q[z])* = Q\ {0}.

So, when performing row reduction on a matrix over Q[z], we cannot use an elementary dilation
to reduce the powers since z* ¢ Q[z] for t € Z with ¢t < 0. For example, let M € M3 2(Q[z]) be as given

below. X
z2 0 0
M:
<O x 1)

The following row operation on M is not valid as a matrix operation over Qz]:

-3 3
[n] _3 [z 0\fzc 0 Oy (1 0 O
Edilatc(l’x )M - ( 0 1) ( 0 z 1 - 0 = 1

In particular, Ef  (1,273) & My 5(Q[z]) and we cannot multiply the first row of M by 273

We provide a visual description of elementary dilations below.

=1 k—1 k k+1 n < column indices
j=0(1 -~ 0 0 O -~ 0
: s : : : : Color Scheme:
k=1 0 I 0 0 0 row or column index
Egil%ate( k., n ) = W 8 8 (1) 8 dilation multiplier p
k+1

with uncolored entries
agreeing with I,

YaN
row indices

Below, we provide a characterization of row and column operations on matrices relative to these elementary
matrices.
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Proposition A2.7. Elementary Row Operations on a matrix A € M, ,(R) correspond to multiplying A
by some elementary matrix in GL(m, R) on the left. In particular:

[m]

i. Row Permutation or Row Swapping. The product Eswap(k1,k2)A corresponds to swapping the
k1™ and ko' rows of A, i.c.

rowg, (A) if j =k
row; (Egﬂap(kth)A) = qrowy, (A) i j = ko
row;(A) otherwise

]

ate

ii. Row Dilation or Row Multiplication. The product Egﬁ (k, u)A corresponds to multiplying the

k' row by a unit u € R, i.e.

(A) ifj=k
row; (Efil o (k, p)A) = prroms|
J( ditate (K 1) ) {rowj( A)  otherwise

iii. Row Addition. With a € R and column indices k& # p, the product Eggil(k,p, a)A corresponds to
adding an a-multiple of the p*" row of A to the k' row of A, i.e.

row; (Eggd(lﬁ,p ; a)A) =

rowg(A) + arow,(A) ifj=k
row;(A) otherwise

[m]

Note that the first argument k in E_ 3 (k,p, a) A is the target row.

Proposition A2.8. Elementary Column Operations on a matrix A € M,, ,,(R) correspond multiplying A
by some elementary matrix in GL(n, R) on the left. In particular:

i. Column Permutation or Column Swapping. The product AEQJVLp(kl, ko) corresponds to swapping
the k1™ and ko' column of A, i.e.

cole (A) if 4 = k’l
col; (ARG (1, 2)) = < cole, (4) i i = hy
col;(A) otherwise

ii. Column Dilation or Column Multiplication. The product AEgﬁate(k;, ) corresponds to multiply-

ing the k' column of A by a unit i € RX, i.e.

(A) ifi=k
CO] AE["‘] k7 = ILL €0
( dilate( “)> {coli( A)  otherwise

iii. Column Addition. With o € R and column indices k # p, the product Eﬁd (p, k; @) corresponds to
adding an a-multiple of the p** column of A to the k™ column of A, i.e.

colg(A) + acol,(4) ifi=k

col; (A) otherwise

col; (AELZ]d (p,k; a)) = {

Note that the second argument k in Egz]d(p, k;«) is the target column.
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Appendix A3. Notes on Ring and Module Theory

For reference, we have listed some relevant basic definitions and notation involving rings and modules. These
are mostly taken from the texts Algebra: An Approach to Module Theory [AW92] by William Adkins and Steven
Weintraub, and Abstract Algebra [DF03] by David Dummit and Richard Foote.

Definition A3.1. Let R be a commutative ring. An ideal S of a ring R is a subring of R such that RS C S and
SR C S, i.e. the subring S is closed under left and right multiplication of elements of R. An ideal S C R is called
principal if S can be generated by a single element, i.e. there exists a € R such that S = Ra = {ra:r € R}.
In this case, we write S = (a) and say S is generated by a € R.

Remark. In some references, S = (a) is written as S = (a), i.e. with angle brackets. We avoid using this
notation in this paper for clarity, e.g. in cases where torsion is present. Instead, we use angle brackets
as described in Definition A3.7, i.e. (a) is usually interpreted as Z{a).

Below, we provide a definition for PIDs. Note that, in this paper, we almost always require that the ring
R be at least a PID.

Definition A3.2. An integral domain is a nonzero commutative ring R with (multiplicative) identity 1z € R
such that product of any two nonzero elements of R is nonzero. A principal ideal domain R is an integral
domain such that every ideal of R is principal.

Remark. Note that some references do not necessarily require integral domains to have identities. For contrast,
an example of a commutative ring without identity is 27Z.

We also have references to Fuclidean domains in this paper but we have determined that an exact definition
for such is not relevant. It should suffice to know that all Euclidean domains are PIDs and are equipped with some
sort of division algorithm, in which quotients and remainders are well-defined and unique. Examples of Euclidean
domains (and therefore, PIDs) include the integers Z, all fields F, and polynomial rings F[z] for any field F.
Note that the polynomial ring Z[z] is not a PID. For example, the ideal (2,z) = {2f + zg : f,g € Z[z]} C Z[z]
is not principal.

Next, we identify terminology involving properties of modules.

Definition A3.3. An R-module M is called cyclic if it can be generated by a single element m € M, i.e.
Rm={rm:r € R} =M.

Note that R can be viewed as an cyclic R-module generated by its identity element 1 € R. Similarly, given
d € R, the quotient R/ (d) is a cyclic R-module with underlying abelian group R/ (d) and action s - [r] = [rs]
generated by the coset [1].

We also talk about notions of torsion and free involving modules over a PID. We provide definitions
involving these below.

Definition A3.4. Let M be a module over a commutative ring R. A subset B C M is called a basis of M
if each element of M can be written as a unique R-linear combination of elements of B. An R-module M is
called free if it has a basis.
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Definition A3.5. Let M be a module over a commutative ring R. We say that m € M is a torsion element
of M if there exists some nonzero r € R such that ¥m = 0. If M has no torsion elements, then M is called
torsion-free. If every element of M is torsion, then M is called a torsion module.

Modules over PIDs are considered “well-behaved” in that torsion and free can considered distinct notions
in such modules. A rigorous discussion of how this works is outside the scope of this paper and we refer to
[DF03, Chapter 12] and [AW92, Chapter 3] for more details. Listed below are a number of relevant results for
reference.

1. Let R be an integral domain and let M be an R-module. Then, the subset T(M) := {m € M : rm =
0 for some nonzero r € R} C M is a submodule of M and the quotient M /T(M) is torsion-free [AW92,
Proposition 3.2.18].

2. Let R be an integral domain and let M be an R-module. If M is free, then M is torsion-free [AW92,
Proposition 3.4.8]. Conversely: If M is a finitely generated torsion-free module over a PID R, then M
is free [AW92, Theorem 3.6.6]. Therefore, a module over a PID are free if and only if it is torsion-free.

3. Let M be a module over a PID R. If M finitely generated, then M = T(M) & M / T(M) [AW92,
Corollary 3.4.17]. Since M /T(M) is torsion-free and therefore free, each element m € M decomposes
uniquely into a “free” component and “torsion” component.

4. Let R be a commutative ring with identity. If M is a free R-module with a finite basis, then every basis
of M has the same number of elements [AW92, Corollary 3.6.18]. This allows the notion of “rank” to
be well-defined for free R-modules and implies that all free R-modules of the same rank are isomorphic.

5. If M and N are finitely generated modules over a PID R, then M = N if and only if T(M) = T(N)
and rank(M /T(M)) = rank(N /T(N)) [AW92, Corollary 3.6.20]. This determines that the “free part”
of M, i.e. the summand M /T(M) is unique up to isomorphism.

This motivates the following terminology for finitely generated modules over a PID.

Definition A3.6. Let M be a finitely generated module over a PID R. Define the torsion component T (M)
(also torsion submodule) and the free component F(M) of M to be submodules of M given as follows:

T(M) := {m € M : rm = 0 for some nonzero r € R} and F(M):=M /T(M)

Let the rank of M, denoted rank(M), be the cardinality of any basis of F(M).

In Section 4.1 and Section 4.2, we examine a proof of the Structure Theorem (Theorem 4.1.1) in Modg and
discuss how we can calculate invariant factor decompositions for finitely generated modules over a PID using
presentations and matrix reduction.

In this expository paper, we usually define R-modules (particularly in examples) using formal sums of some
set of indeterminates for convenience. We include relevant definitions below.

Definition A3.7. Let R be a PID. Let A = {a1,as,...,a,} be some set of indeterminates.

i. An R-formal sum in A is an expression in the form a = Y 1, ra; = r1a1 + r2as + - -+ + 10" for
some r1,...,r, € R. When R is unambiguous, we may refer to Y., r;a; as a formal sum in A. We
may also say that a is a formal sum of elements of A.

ii. The R-module generated by A is the free R-module with basis in correspondence with A. We usually
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write elements of R{A) as formal sums in A with coefficients in R, i.e.

R(A) ZZ{ZHCM : riER,aieRforallizl,...,n}

i=1
When an R-module M is generated this way, we may write M = R(A) or M = R{aq,...,an).

Remark. We somewhat abuse notation and also use R(—) to generate free submodules of R(A). For example,
let M = R{a,b). Then, we may write R(2b) to refer to the submodule R(2b) = {r-2b:r € R} = (2b),
treating 2b as an element of R(b) rather than an indeterminate distinct from b. In this case, we prefer
to write R(2b) to emphasize that R(2b) is free.

Below, we identify notation for matrices related to free modules and homomorphisms between free modules,
adapted from [AW92, Section 4.3].

Definition A3.8. Let M and N be modules over a commutative ring R with ordered bases A = (a1, ..., )
and § = (01,...,0,) respectively. Let ¢ : N — M be a module homomorphism.

i. The coordinate vector [a]4 € M,, 1(R) of a = 27;1 rja; € M relative to A is the column vector

given by [a]a(j) =7 for j € {1,...,m}, ie [a]a= (r1,72, ,7m) .
ii. The matrix [¢]a,s € My, »(R) of ¢ relative to A and S is the matrix given by

col;[plas =lp(oi)]a forall ie{l,...,n}.

If A and S are the standard bases for M and N respectively (if such are defined), then we may suppress the
subscripts and write [a] and [¢] for [a] 4 and [p]s 4 respectively.
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Appendix A4. A Brief Review of Categories and Functors

Below, we list a number of basic definitions and results relevant in this expository paper, mostly taken from the
text Category Theory in Context [Riel6, Chapter 1] by Emily Riehl.

Note that there are some topics in category theory that are relevant to what is discussed in this paper (albeit
some tangentially) that are not included in this appendix, e.g. abelian categories and homological algebra. For
said topics, we recommend Introduction to Homological Algebra [Rot08, Chapters 1 and 5] by Joseph Rotman
and Introduction to Homological Algebra [Wei95, Chapter 1 and Appendix A] for introductory reading.

Definition A4.1. [Riel6, Definition 1.1.1] A category C consists of a class Ob(C) of objects and a class
Hom(C) of morphisms such that all the following conditions are satisfied:

i. Each morphism has specified domain and codomain objects. This relationship is typically denoted
by f: X =Y, where f € Hom(C) with X and Y as its domain and codomain objects respectively.

ii. Each object X € Ob(C) has a designated identity morphism 1x : X — X.

iii. For any pairs for morphisms f,¢g € Hom(C) such that f : X - Y and g : Y — Z (i.e. f and g are
composable), there exists a specified composite morphism g o f € Hom(C) such that gf : X — Z.
The collection of these assignments is usually referred as the composition law of C.

iv. Composition is unital with identity morphisms, i.e. for any morphism f € Hom(C) with f: X — Y,
folx =fand f=1y o f.

v. Composition is associative, i.e. for any f,g,h € Hom(C) with f: X =Y, ¢g:Y > Z and h: Y — Z,
the composites ho (go f) and (ho g) o f must be equal.

A subcategory D of some category C is another category whose classes of objects and of morphisms are
subclasses of those of C.

Remark. For our purposes, it suffices to know that classes act similarly to sets, in that they are collections of
objects. They are distinct from sets to avoid paradoxes such as Russell’s paradox.

The class of morphisms and the composition law of a category determines the notion of similarity, i.e.
isomorphism relations, in said category. Below, we include a category-level definition of isomorphisms.

Definition A4.2. A morphism f: X — Y in a category C is called an isomorphism if there exists another
morphism ¢g : X — Y such that go f = idx and f o g = idy. The objects X and Y are isomorphic in C if
there exists a isomorphism f : X — Y. In this case, we write X ¢ Y. If the category C is clear from context,
we usually write X &Y for brevity.

Note that, in general, equality between objects and morphisms in a category C are considered in the
abstract sense. This is because not all categories are concrete categories. Loosely speaking, a category C is a
concrete category if each object X € Ob(C) are sets (usually with some additional structure). If a category is
not concrete, then notions such as injective maps and surjective maps, as defined in set theory, are ambiguous.
For morphisms that act similarly, new category-level terms are introduced. For example, injective maps are
monomorphisms and surjective maps are epimorphisms.

With the exception of Poset(I, <) (see Definition A4.3 below), all relevant categories discussed in this
expository paper are concrete categories. For clarity, we prefer the set-level terminology when applicable. Listed
below are some of these categories, taken from [Riel6, Example 1.1.3] and [BS14]. Note that the composition
law on the categories below are given by the usual function composition.
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1. Set denotes the category of sets (as objects) and functions (as morphisms). Isomorphisms in this
category are bijections, as is usually defined in set theory.

2. Top denotes the category of topological spaces (as objects) and continuous maps (as morphisms). Iso-
morphisms in this category are homeomorphisms. Recall that composition of continuous maps are
continuous.

3. Let F be a field. Vecty denotes the category of F-vector spaces (as objects) and F-linear maps (as
morphisms). Isomorphisms in Vecty are usually called isomorphisms, although we may call these vec-
tor space isomorphisms for clarity, Vectr has a subcategory denoted FinVectr composed of finite-
dimensional F-vector spaces, with the class of morphisms appropriately restricted.

4. Let R be a ring. Modpg (or ;Mod) refers to the category of right (or left) R-modules as objects and
R-module homomorphisms as morphisms. Note that if R is a commutative ring, then Modr = Mod.

Since we generally require R to be a PID in this paper, R is commutative and we refer to Modg
as simply the category of R-modules. We also prefer using the symbol Modg for formatting purposes.
As with Vecty, we may refer to isomorphisms in Modgr R-module isomorphisms for clarity.

5. Let R be a PID. Ch-Modgy denotes the category of chain complexes of R-modules as objects and
chain maps as morphisms. In this paper, we use the following definition for chain complexes: A chain
complex C, of R-modules is a Z-indexed collection of R-modules (), and R-module homomorphisms
On : Cp, = Cp—1. In this case, we write Cy = (Cy, On)nez and call 9, the differentials of C..

In this paper, for brevity, we usually call categories only by their objects, e.g. we say Modp, is the category of
R-modules, without reference to R-module homomorphisms.

Poset categories play a huge role in this expository paper. We provide a definition taken from [Riel6,
Example 1.1.4], but with notation slightly changed for clarity.

Definition A4.3. The poset category Poset(I,<), also called indexing category, induced by a poset
(I, <) is the category constructed as follows:

i. The elements of I are exactly the objects of Poset(7, <).
ii. For all a,b € I, there exists a unique morphism a — b if and only if a < b.
iii. Given all a € I, the morphism a — a is the identity morphism of the object a.

iv. For all a,b,c € I with a < b < ¢, the composition law on the morphism is given by (¢ < a) = (¢ «
b) o (b + c).

Posets can usually be described and defined using simple directed graphs. In particular, a poset (I, <)
corresponds to a simple directed graph where the vertices represent the elements of I and the arrows represent
the relations in <. For example, the poset (Ng, <) has the corresponding directed graph:

00— 1——a >3 — 4 >5 —> .-

Note that Ny is a totally ordered set and therefore, is also a poset. This interpretation also extends to the
induced category Poset(/, <), wherein the vertices and arrows of the graph represent the objects and morphisms
of Poset(I, <) respectively.

Since posets have to be antisymmetric, the only isomorphisms on Poset(/, <) are the identity morphisms.
Given any a,b € I with a < b, there cannot be a relation b < a unless a = b. In that case, there does not exist
a morphism b — a. In other words, the notions of equality and isomorphisms are the same in Poset(/, <).
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Functors are also present in a significant amount in this expository paper. Roughly speaking, functors are
functions between categories, but instead of just having assignments on the objects, there are also assignments
on the morphisms. We provide a definition of functors below taken from [Riel6, Definition 1.3.1]

Definition A4.4. A functor F' : C — D between categories C and D consists of the following:

i.

ii.

iii.

iv.

An (object) assignment of each object X in C to some object A in D, denoted F(X) = A.

A (morphism) assignment of each morphism f: X — Y in C to a morphism h : F(X) — F(Y) in D,
denoted F(f) = h. Note that the domain and codomain of the morphism assignment are determined
by the object assignment.

The functor must respect composition, i.e. for any composable pair f and g in C, F(f) and F(g) must
also be composable in D, i.e. F(fog) = F(f)o F(g).

The functor must respect identity maps, i.e. the functor assigns the identity morphism id x of any object
X in C to the identity morphism idp(x) of F/(X) in D, i.e. F(idx) = idp(x).

We call C the domain category and D as the codomain category. The last two conditions listed above are

often called functorial properties.

Remark. More generally, the statement above defines a covariant functor. There is another type of functor

called a contravariant functor but it is not relevant to this paper.

A number of constructions in algebraic topology can be considered functors, which is appropriate given
that category theory is said to be motivated by observations on algebraic topology theory.

Example A4.5. Listed below are some functors related to homology and simplicial homology, taken from
[Riel6, Example 1.3.2] and [Hat02, Section 2.3].

1.

The nt® singular homology functor H,(—; R) : Top — Modpg sends a topological space X to its n*®
homology group H, (X;R) with coefficients in a PID R and n € Ng. When R = Z, the n*® homology
functor is usually written as H,,(—), suppressing the reference to coefficient ring Z. The morphism
assignment sends an inclusion map i : X — Y to an induced homomorphism i, : H,(X; R) — H,(Y; R)
as denoted in [Hat02].

. Abstractly, homology can be calculated from any chain complex. For each n € Z, we have the n'®

chain homology functor H,(—) : Ch-Modr — Mody that sends a chain complex Cy = (Cy, O )nez
of R-modules to its n'® homology group by the following construction:

H,(C.) = ker(8y) / im(9pi1)

The morphism assignment sends the chain map ¢. : C. — A, with ¢, = (@, : C, = Ap)nez to
the homomorphism H,(C.) — H,(A,) induced by the cokernel operation on ¢, : C, — A, and

On+t1: Cnpr = Apya.

. The “free” functor F' : Set — Modp sends a set X to the free R-module R(X), with X treated as a set

of indeterminates (see Definition A3.7) and sends a function f : X — Y to the unique homomorphism
R(X) — R(Y') defined by mapping basis elements to basis elements.

As mentioned earlier, poset categories Poset(/, <) can be described using graphs. In the same vein, we
can illustrate commutative diagrams as functors with some poset category as the domain category. We provide
a definition below taken from [Riel6, Definition 1.6.4].
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Definition A4.6. A diagram is a functor F' : Poset(I, <) — C from some poset category Poset(/, <) to some
other category C.

Given a diagram F' : Poset(l, <) — C, the vertices of the directed graph corresponding to Poset(/, <) are
replaced by objects and the arrows by morphisms. The transitivity of (I, <) and the composition axiom for
functors require the resulting diagram (in the non-category theory-sense) be commutative. We provide a simple
example involving squares:

Example A4.7. Let the poset (S, <) be given by the following directed graph:
ae—>>e00

l

b—¢——i> 04

Let Vi, Vo, W1, W5 be R-vector spaces. Let ag : Vi — Vo, : Wi — Wh and @1 : Vi — Wi, 0 @ Vo — W5 be
linear maps. Then, the requirement that ps o @y = a3 0 1 can be restated as follows: Let F' : Poset(S, <) —
Vectyr be an assignment on the objects and morphisms of Poset(S, <) as follows:

F(a)=W F(c) =V, F(b) =W F(d) =W,
Fla—=b) =¢ Fla—c¢)=m Fb—d) =a F(e—d) =9

We illustrate the assignment F' as a diagram below:

[ YA 2
LR
U:-Vi=W U VG 5\
\0, > .
o‘l"WlHW;.

Then, pyo0a; = asoy; if and only if F' represents a functor. By definition of functor, the morphisms in the form
x — x are mapped to identity linear maps. In terms of compositions, we have the following chain of equalities:

wooa =F(d«c)oF(c+a)ZF(d+a)Z F(d+<b)oF(b+a)=ay0¢,

The equalities labeled by x are due to the uniqueness of morphisms in Poset(S, <).
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